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Foreword

THE tremendous research and development effort that went into the
development of radar and related techniques during World War II

resulted not only in hundreds of radar sets for military (and some for
possible peacetime) use but also in a great body of information and new
techniques in the electronics and high-frequency fields. Because this
basic material may be of great value to science and engineering, it seemed
most important to publish it as soon as security permitted.

The Radiation Laboratory of IllIT, which operated under the super-
vision of the National Defense Research Committeej undertook the great
task of preparing these volumes. The work described herein, however, is
the collective result of work done at many laboratories, Army, Navy,
university, and industrial, both in this country and in England, Canada,
and other Dominions.

The Radiation Laboratory, once its proposals were approved and
finances provided by the Office of Scientific Research and Development,
chose Louis N. Ridenour as Editor-in-Chief to lead and direct the entire
project. .4n editorial staff was then selected of those best qualified for
this type of task. Finally the authors for the various volumes or chapters
or sections were chosen from among those experts who were intimately
familiar with the various fields, and who were able and willing to write
the summaries of them. This entire staff agreed to remain at work at
MIT for six months or more after the work of the Radiation Laboratory
was complete. These volumes stand as a monument to this group.

These volumes serve as a memorial to the unnamed hundreds and
thousands of other scientists, engineers, and others who actually carried
on the Iesearch, development, and engineering work the results of which
are herein described. There were so many involved in this work and they
worked so closely together even though often in widely separated labora-
tories that it is impossible to name or even to know those who contributed
to a particular idea or development. Only certain ones who wrote reports
or articles have even been mentioned. But to all those \vho contributed
in any way to this great cooperative development enterprise, both in this
country and in England, these volumes are dedicated.

L. A. DUBRIDGE.
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Prejace

T HE title of the present volume, Electronic Instruments, carries with it
the implied adjective “some.” The specific kinds of electronic

instruments which are treated are electronic analogue computers, instru-
ment servomechanisms, voltage and current regulators, and pulse test equip-
ment. Aside from the common denominator indicated by the title,
these four types of equipment share claims as important adjuncts to
many modern radar systems.

It has been the object of the authors to present both theoretical
background and practical details of these instruments as they were
known tothe radar engineer. However, theauthors believe firmly that
radar applications of these devices represent only a very small part of
their field of utility. An attempt has been made to emphasize the sort
of information which the authors felt would have been most helpful to
them when they were required to solve problems in the fields represented
by this volume.

The preservation of the material of this volume was made possible
through the foresight of I. I. Rabiand L.A. DuBridge, who appointeda
committee consisting of L. J. Haworth, G. E. Valley, and B. Chance to
consider the scope and content of a series of books on the general subject
of electronic circuits. Volumes 17 to 22 of the present series arc the
result of the committee’s survey. At the termination of hostilities an
intensive writing program, under the leadership of L.N. Itidenour, was
put into effect. Because of the rapid dissolution of the Iladiation
Laboratory, an accelerated writing schedule, using as many authors as
possible, was unavoidable. Even with such a policy many authors made
real sacrifices in giving up or postponing positions and fellowships in
order to complete their contributions. The combination of accelerated
schedules and divided efforts has regrettably resulted in discontinuities in
the scope and treatment of the material covered, and in many cases has
led to historical study inadequate for the proper assignment of credit for
developments reported.

At the termination of the Radiation Laboratory Office of Publi-
cations, some of the \vriting, m{lch of the editing, and all of the proof-
reading of the present volume still remained to he done. (Urcdit !CYthe

v



PREFACE

completion of this vclume belcngs in a large degree to the General Pre- ~

cision Laboratory Inc. j of Pleasantville, N.Y. This Laboratory gener- ‘
ously permitted one of the technical editors of the present volume to
devote a large fraction of his time over a period of many months to the
project, and made available extensive secretarial and drafting assistance.
In addition, much of the manuscript was read and criticized by other
members of the staff. Credit is due the many authors who assisted in
the checking of proofs long after they had left the employ of the Radi- —
ation Laboratory.

Many of the developments described in this volume are contributions F(
from laboratories in the United Kingdom. It is a pleasure to acknowl-
edge the unstinting support of these British laboratories, and especially P1

of Telecommunications Research Establishment (TRE). Through their
generosity, several experts have visited this country and have contributed
much useful information to this and other volumes of the Radiation Cl
Laboratory Series. Our gratitude for this international cooperation is
due Sir Robert Watson Watt, W. B. Lewis, B. V. Bowden, F. S. Barton,
F. C. Williams, and N. F. Moody, and their associates.

Background material on which parts of this volume are based was
contributed by H. S. Sack of Cornell University.

The preparation of manuscript and drawings would have been imposs-
ible without the help of the production department under C. Newton; c
the Technical Coordination Group, under Dr. Leon Linford; the typing
pool, under M. Dolbeare and P. Phillips; and the drafting room, under
Dr. V. Josephson. The authors wish to acknowledge the invaluable
help of the following editorial assistants, production assistants, and
secretaries: Louise Rosser, Nora Van Der Green, Joan Brown, Helene
Benvie, Teresa Sheehan, Joan Leamy, Barbara Davidson, and Helen
Siderwicz, all of the Radiation Laboratory, and klary Pollock, N’ora
Applegatej and Gordon Clift of General Precision Laboratory.

THE AUTHOIiS.
CAMBBIDGE, NIAss.,

octob.r, 1946.
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PART I

ELECTRONIC ANALOGUE
COMPUTERS





CHAPTER 1

INTRODUCTION

BY I. A. GREENWOOD,JR.

1.1. General Comments on Computers. —Important parts of the
technology that man is developing are the understanding of relationships
as formalized in the science of mathematics and the application of the
techniques of this science. In recent years considerable progress has
been made in the development of devices that aid directly in the applica-
tion of mathematical techniques. One class of such devices is known as
“computers,” also referred to as “ calculating machines, ” “ calculators, ”
etc.

A computer may be defined as a device that performs mathematical
operations on input data to yield new and generally more useful results.
The abacus, for example, is a simple kind of manually operated computer
that has been used for centuries by the Chinese and others as an adding
machine. The input data of this device are the separate numbers that
are entered by sliding beads according to definite rules. If this manipula-
tion is done properly, the mathematical operation of addition of numbers
is performed, yielding the total in the form of numbers represented hy
bead positions. Computers today range in complexity from devices as
simple as the abacus to machines filling large rooms with many thousands
of intricate parts and capable of solving rapidly problems of a very high
order of complexity or capable of solving simpler problems in large quanti-
ties with considerable economic savings as compared with other less
mechanized methods of calculations.

Applications oj Computers.—The Radiation Laboratory has been
concerned with computers because of the important and intimate rela-
tionship of computers and military radars. Computers have been used
as integral parts of systems built around radar for such applications as
blind bombing, navigation, control of gunfire, radar trainers, etc. 1 Pos-

1The unique characteristicsof radar have usually made it nscessary or at least
desirableto use special computers designed to use the radar information to fullest
advantage. For example, early ship-to-ship tire-controlcomputerswere designedto
takefull advantageof accurateoptical azimuth data but to accept poor range data;
fire-controlradar, with its excellent range accuracy but only fair azimuth accuracy
requiredcompletelydifferentcomputersfor maximumeffactiveness. Radars are also
modifiedfor integrationwith computcrs, For example,the I,AB (low-altitudebomb-
mg) radarand computer equipment that achieved such spectacular results against

3
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sible uses for computers are both numerous and of far-reaching technical
consequence. Vannevar Bush has remarkedl that “the world has arrived
at an age of cheap complex gadgets of great reliabilityy,” citing 30-cent
radio tubes as examples. This quotation, the authors believe, may well
be used to summarize the present or near-future status of the computer
field. Of course, ‘‘ cheap” is here understood to mean cheap in compari-
son with savings effected or in relation to val’ue of goods produced with
the assistance of computers. Among the possible uses of computers are
numerical solution of scientific and engineering problems, z industrial
process control computations, conduct of purely mathematical research,
transformations of data in physical measurements, and, in general, sub-
stitution of mechanization for specialized human operations. The process
control field appears to be particularly fertile and is relatively unex-
ploited from the standpoint of equipment whose operation is based on
more than just simple linear functions of a very limited number of meas-
ured variables. The design of large aircraft is providing an expanding
field for computer applications, for lightweight devices improving the
efficiency a’nd safety of aircraft operation are of great economic importance.
It is anticipated that computers will be developed and used in large air-
craft for automatic solutions of all or major parts of the following prob-
lems: navigation, air-traffic control, engine efficiency, etc.

A word regarding the more distant future may be of interest, even if
risky. Without exceeding a reasonable extrapolation of known tech-
niques, one may speculate on the possibilities of desk-size machines con-
taining the equivalent of whole libraries and capable of high-speed selection
and cross indexing)3 machines that perform simple associative rea-
soning, machines that type spoken words, machines that translate one
language into another, etc. Even that favorite of the cartoonists, the
‘~mechanical man” that can beat its human master in a chess game, can-
not be said to be an impossibility.

Reasons jor Using Compulers.—Computers are presently used and can
be used for a variety of reasons. In some cases the problems that must
be solved are too difficult for simple methods of numerical solution. A
differential analyzer,4 for example, is capable of giving numerical solu-

Japs,neseshippingin the recentwar used a special bombardier’sradar indicatorwith
computer-controlledsweepsand electronicmarkers,

1V. Bush, “As We May Think,” Athmfic Monthlv, 176, No. 7, 101–108,July 1945.
zAn examplechosenat randomfrom many such devicesdescribedin the literature

is C. E. Berry, et al., “ A Computer for Solving Linear %rnultarmousEquations,”
Jour. Applied Phys., 17, 262-272, April 1946.

~The “memex” of V. Bush’s stimulatingarticle, 10C.cit.
~See, for instance, V. Bush and S. H. Caldwell, “ A New Type of Differential

Analyser.” Jour. Franklin lnat., Z40, 255, October 1945.
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tions of differential equation problems that are impractical (usually for
economic reasons) to solve by other means. This valuable research tool
has stimulated activity in the mathematical fields where ordinary proc-
esses of analysis are severely limited. As Bush and Caldwell point out,
the way is open for the creation and practical use of new functions defined
only by their differential equations. To this should be added functions
defined only by implicit equations.’ Certain mathematical processes,
such as adding long columns of figures, may be simple but very tedious;
devices such as adding machines are useful for handling this type of work.
Sometimes a very rapid solution of an involved problem is required.
For example, compilation of a ballistic table by unmechanized computing
methods might take man-years to complete; with the right computing
equipment the entire job can be done with a few man-days or man-weeks.
Computers are often used merely to simplify complicated procedures or to
present data in a more convenient form. One important advantage of
many computer-and particularly so of those which this book will
emphasize—is that they will do their work unattended or with little
manual supervision. For example, the computing mechanisms associ-
ated with radar or visual bombsights will do a large part of the” thinking”
that is needed to solve the somewhat involved geometry of the bombing
problem. The ability of computers to work unattended is of utmost
importance in the field of automatic process control, where it may be
necessary to perform certain mathematical operations on input data in
order to arrive at the correct information for actuating the control mem-
ber of the system. The ability of computers to work unattended is a
major economic consideration in this field.

1.2. Types of Computers and Computer Elements.—It is of interest
to classify the various types of computers and computer elements. Such
a classification will be referred to in the following section w-here the scope
of this treatment will be discussed. Four useful types of classification
are

1. Automatic vs. manually operated.
2. Electronic and electromechanical vs. purely mechanical.
3. Digital vs. analogue.
4. Single-purpose vs. multipurpose.

Manual vs. Automatic Computers.—The abacus has already been listed
as a simple example of a manually operated computer, without definition.
A “manually operated computer” is defined as one in which most of the

1It is truethat suchequationscan usuallybe writtenas differentialequationsand
solvedas such on a differential analyzer. This particular type of mathematical
rearrangement,however,is not essentialto the design of computerssolving implicit
equationshv the techniquesto be described;hence the distinction,
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manipulation of data is done by manual operation, while an ‘‘ automatic
computer” is one in which most of the manipulation of data is done with-
out manual assistance other than entering the input data and receiving
the output data. Thus, a simple slide rule is a manually operated com-
puter. If a series of slide rules were connected together by motors and
other gadgetry to perform something more than the simple operations
that may be done with a slide rule by itself, then there would result an
example of an automatic computer. The distinction between the two
computer types, although admittedly not clear-cut, does serve a useful
purpose in roughly subdividing the general field of computing mecha-
nisms. As \yill be explained below, the contents of Part I of this
volume are limited principal y to automatic computers and computer
elements.

Electronic and Electromechanical US. Purely Mechanical Computer
Elemen~s.—This distinction is of interest, for it means a major difference
in the background and facilities required to design and produce these two
types of computer elements. There are fairly distinct characteristics
that can be associated \vith each type of element; these will be discussed
in some detail in Sec. 2.11. The difference between these two types of
computer elements is also important in connection with the emphasis of
this treatment, as discussed in Sec. 1.3.

Digital vs. A nalogue Computers.—In considering the subject of com-
puters, one is immediately concerned with the concept of quantity and
magnitude. There are three ideas associated with thk concept: (1) the
thing described, that is, length, voltage, etc.; (2) the unit, that is, feet,
volts, etc.; and (3) the number of units, that is, 10 ft., 12 volts, etc.
Quantity in a strict mathematical sense is a very abstract concept. In a
computer the representation of quantity must be specific. In the way
that it is specific, computers may be divided into two categories: those
which deal wit h continuously variable physical magnitudes and those
~vhich deal with magnitudes expressed as a number of digits. The first
type will be referred to as ‘‘ analogue computers”; the second type ~lill
be referred to as ‘( digital computers. ” Thus, the simple computer shown
in Fig. 1.1 is an example of an analogue computer. The standard com-
mercial desk calculating machine may be classified as a digital computer.
Some of the newer high-speed electronic and electromechanical computers
operate on the digital principle and will be discussed briefly below and in
following chapters.

A fundamental distinction between digital and analogue computers
is the fact that in digital computers the accuracy is limited only by the
/1umber of ,siY)/i,fica)~I ,figW(,S provided JOT\vllereas in analogue computers
accuracy is limited by the percentage errors of the devices used multiplied
/)!/ the jILll TaILVeSOJ[//e ,ariable.s that they represent. This difference is so
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fllndament:d and m important, that it can scarcely bc mnphasizcd enough.
A decision bet iveen the two mdically clifferent philosophies of design is
the first step that is made in selecting or designing a computer for a
specific purpose. If four or five or more significant figures are required
in computations, analogue computers are usually simply not good enough
and digital devices must be used. Where two, three, or four significant
figures are all that are required, analogue
computers may be far simpler than digital ~’
computers, and it would be foolish to pay
in complexity for the digital computers’
unused ability to handle more significant
figures.

Analogue computers represent a gen-
eral method that has numerous appli ca-
tions, namely, the use of one physical
svstem as a model for another system,

Nullmeter

{

z

1

Ex- ~
more difficult to construct or measur_e,that
obeys equations of the same form. —
amples of applications of the general -FIG. 1.1,—Simple bridgecomputer
method that might be called analogue for z = z/y.

computers but are generally not thought of as such are the use of elec-
trolytic troughs to represent certain systems involving functions of a
complex variable and the use of equivalent electrical networks to
represent complicated differential equations. 1

Single-purpose vs. Multipurpose Elements.—l’he type of computer
generally used in bombsights, fire-control equipment, process control,
etc., consists of a group of elements each of ~~hich performs a single
mathematical operation, the data passing through each element only
once. The presence of feedback loops is not considered an exception to
this statement. Such elements may be called “ single-purpose elements. ”
Computers are also built on a different and very interesting philosophy.
This type of computer involves a relatively small number of simple
adding, subtracting, and memorizing elements. Data are switched
through these elements in a complicated fashion by a control or program-
ming center, which is usually operated by a coded tape or its equivalent.
Thk concept has been used in many of the interesting high-speed digital
computers that have been developed for the numerical solution of
complex mathematical problems as aids to scientific and engineering
researches. Among the important examples of this type of computer
are the IBM-Harvard L1niversity electrically controlled mechanical com-

1G. Kron, ‘‘ NumericalSolutionsof Ordinaryand Partial DifferentialF,quations
by Meansof Equivalent Circuits,” Jour. Applied Phys., 16, 172–186, March 1945.
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puterl and the electronic computers developed at the University of
Pennsylvania. 2

When several sets of data are sent through a multipurpose element, it
is necessary to keep them separated. Coding for identification of data
may be accomplished

1. Through position in time of pulses relative toa timing pulse.
2. Through amplitude, width, orinterval coding ofpulsesor by other

wave-shape characteristics.
3. Through frequency differences.

Advantages of multipurpose computers at present are flexibility and,
in the case of electronic types, extremelyhighs peed. Electronic or elec-
tromechanical computers using multipurpose techniques are usually
digital devices based on the binary system of numbers rather than the
decimal system, since only the digits O and 1 are used in this system and
can conveniently be represented by two states of a vacuum tube, namely,
conducting and nonconducting, by the absence or presence of a pulse in
a given time interval, or by the two positions of a relay armature. In
pulse digital computers, numbers are thus represented in the binary
system by a sequence of pulses and spaces, the pulses corresponding to
1’s and the spaces corresponding to zeros. hTumbers so represented may
be “remembered” by injecting them into a system having a transmission
delay greater than the period of the pulse sequence, the output of such
a delay being amplified, “desynchronized with a master timing standard,
and reinj ected to circulate in such closed cycles indefinitely until called
Up for use. A variety of other memory methods are used or under
investigation.

The field of electronic pulse digital computers is one of great research
interest at this time, for the combination of high-speed operation and
ability to retain as many significant figures as desired offers exciting
potentialities. It appears possible to build electronic pulse digital com-
puters that operate on continuously varying data but in which the neces-
sary computations are carried out repeatedly at closely spaced time
intervals. This would give outputs equivalent for most purposes to those
of continuous (analogue) computers, but with the advantages of speed and
the extra significant figures that can be carried as compared with analogue
devices. More is said about speed of computation in Sec. 1.4.

1.3. Limitations of Scope and Plan of Part I.—The treatment of this
book is of necessity somewhat limited in scope. Limitations of time and
personnel have made it seem desirable to concentrate the emphasis of
this treatment on devices on which the Radiation Laborat ory had worked
or ones with which it was familiar. An attempt has been made, howeyer,

1A Manual of Operation for the A uiomatic Sequence Controlled Calculdor, Harvar[i
UniversityPress, 1946.

zSee footnotes, Sec. 3.8, for references.
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at least to mention other important devices, with references, so that the
interested reader may pursue further the study of devices not discussed
in detail.

The majority of the computers that Part I of this volume treats may
be classified as automatic, electronic or electromechanical, analogue com-
puters, with single-purpose elements. To the extent possible, infor-
mation on mechanical elements has been included but is not complete
or detailed. Excluded are such important aids to mathematical com-
putation as the ordinary commercial desk calculating machine (a mechan-
ical digital computer).

Following this introductory chapter will be found discussions on over-
all design procedure, important design principles, and a discussion of
various representations of quantities and their characteristics. Other
chapters will treat isolated operations, groups of operations, and complete
computers.

Two goals have been set for Par t I: a listing and explanation of a
number of devices and methods and a systemization of the analogue
computer field, including a scheme for “cataloging” computer elements
and methods, and a summary Oi the basic principles underlying the]r
logical selection and combination.

1.4. Speed of Computations.—l-on Neumann’ points out that for a
typical binary system multiplication problem carrying eight significant
decimal digits some 1000 to 1500 steps are required. Using relays with
reaction times of 5 msec (a lower limit for a~-ailable relays) roughly 5 to.
8 sec per eight decimal digit multiplication ~~ould be required. The
same multiplication on a fast modern desk computing machine at present
takes 10 see, and for standard International Business Machines multi-
pliers, the time is 6 sec. Some time may be saved in such a process at
the expense of complexity of equipment. With vacuum tubes, a reac-
tion time of 1 psec now may be readily achieved. With this reaction
time, the multiplication involving 1000 to 1500 steps would require only
1 to 1+ msecj far less than any nonvacuurn-tube device. 2 Though this
discussion applies directly to digital computers, the details of which are
outside the. scope of this book, the general conclusion that electronic
devices can be much faster than electromechanical or mechanical devices
nevertheless applies to most computing problems. However, extreme
speed is often not of great importance; and for a wide variety of computer
purposes, the speeds available with electromechanical and mechanical
devices are completely adequate. For the remaining cases where very

IJ. Von Neumann, “ First Draft of a Report on the EDVAC,” Moore School,
Universityof Pennsylvania. Sce also other refcrcnccsg,ivcnin footnotes of Sec. 38.

! D. R. Hartree, “ The ENIAC, An Electronic Calculating Machine,” Nature
(London), 167, 527, Apr. 20, 1946, states that the multiplication of two numbers of
10decimaldigitstakes “ a few milliseconds” with them methods.
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high speeds are required, the all-electronic devices are fortunately becom-
ing available. In most of the computing devices with which Part I will
be concerned, methods of computation are arranged so that only two to
four significant figures are retained, and the isolated operations described
have minimum reaction times ranging from a fraction of a millisecond ta a
few seconds.

1.5. The Computer Problem.—The computer design problem as i L
generally exists may be stated as follows: Given input data of a specified
nature, range, speed, etc., design a device that will operate on these data
to give output data of a specified nature, range, speed, etc., and that will
operate at a specified accuracy under specified service conditions.

Usually one is faced with the problem of designing a specific computer
for a specific task, and consideration of flexibility will give way to othe,
considerations such as cost, weight, complexity, etc. In many computers
just the opposite is true: examples are the MIT differential analyzer,
the Harvard computer, the University of Pennsylvania vacuum-tube
computers, and some commercial computing devices. Most of the
devices with which the Radiation Laboratory has been concerned are
classed as specialized computers, although in almost every case an attempt
was made to use standard components or components suitable for
standardization.

Throughout this book there \vill be frequent discussions of design
factors applying to the design of some special device. In the interests
of compactness, a master list of design factors has been prepared and
will be found in Chap. 19. When practical, this list will be referred to
for the majority of the design factors applying to any specific device,
leaving for detailed discussion only those factors of special importance
to the specific device. In applying the master design-factor list to any
specific device, it will, of course, be found that many factors do not apply.
These are generally obvious, however, and it is felt that the advantages
of a reasonably complete design-factor “check list” will be of sufficient
practical assistance to the designer to outweigh such lack of universality.

1.6. Summary .-Computers are defined; examples given; and uses
discussed. Four types of classifications of computers and computer
elements are mentioned: automatic vs. manual, electronic or electro-
mechanical vs. mechanical, digital vs. analogue, and single-purpose vs.
multipurpose. It is stated that the emphasis of Part I \vill be on auto-
matic, electronic and electromechanical, analogue, single-purpose com-
puters and computer elements. Speed of computing is mentioned, with
the conclusion that }vhcre very high speeds are required, electronic
computers should be considered but that for a very wide range of appli-
cations speeds available with electromechanical computers w-e adequate.
The usual problem of computer design is mentioned.



CHAPTER 2

COMPUTER DESIGN

BY I. A. GREENWOOD,JR., AND D. MACRAE, JR.1

2.1. Introduction.-The usual problem with which the computer
designer is faced is discussed in Sec. 1.5. This chapter will summarize a
systematic procedure for designing computers. Although this procedure
is arbitrary and subject to the readers’ revisions to suit the readers’ needs
and temperament, it has nevertheless been found to be both useful and
expeditious in the long run. This procedure summary is followed by a
presentation of some of the more important basic principles and techniques
used in computers. The chapter concludes with a discussion of the sub-
ject of representation of quantity and includes a brief comparison of the
characteristics of some of the more important types of data representa-
tion used in electronic and electromechanical computers.

DESIGN PROCEDURE

2.2. Summary of a Systematic Design Procedure .—Systematic
procedure for designing electronic and electromechanical computers is
presented in the present section. Reference is made to Chap. 7 wherein
a sample computer design is discussed in terms of this design procedure.
Reference is also made to Chap. 19, in which the subject of electronic
engineering is discussed from a more general standpoint.

Preliminary Information. -In starting the design of a computer, the
designer must have specific information as to what is to be computed.
This statement sounds trite, yet it contains an important truth. The
translation of an operational need, often vague, into computer specifica-
tions may be a difficult task, requiring a high caliber of professional
judgment. It should preferably be done by or in close consultation with
the person or team that is charged with the computer design. It fre-
quently turns out that over-all specifications need revision after a design
has been carried along. It is profitable for the designer always to keep
in mind the operational need as well as the final over-all specifications.
Included in the specifications should be such things as the characteristics
of the inputs and outputs and a complete list of the design limitations

1Section2,5 is by I. A. Greenwood,Jr., and D. MacRae, Jr. The restof Chap. 2
by 1, A. Greenwood,Jr.

11
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and operating conditions that must be met (e.g., cost, design time, tem-
perature, vibration, etc.). A comprehensive check list of design factors
will be found in Chap, 19. In starting a design, a designer will want
to be familiar with a variety of methods and devices for performing iso-
lated mathematical operations and groups of operations and the basic
principles and techniques for bringing together these methods and devices
into a high-quality computer.

At this point, the designer will wish to draw an over-all functional
block diagram and to formulate the fundamental computer equations.
It is worth while to do this very carefully. Some of the methods of
Sec. 23 may be found helpful in this process.

Creating a Block Diagram. —Having the over-all specification, the
over-all functional block diagram, and the computer equations, the
designer is next ready to create a detailed block diagram. The creation
of a block diagram is an experimental technique in which the designer
tries fitting together on paper the various blocks at his disposal, using
the principles of implicit and explicit functions, error cancellation, etc.,
as discussed in Sees. 23 to 2’4, immediately following the present sec-
tion. That combination of blocks which best satisfies the initial design
requirements and applicable engineering considerations may be accepted
as a starting block diagram. It will often be found that the best com-
puter will combine a number of types of representations of data, such
as mechanical displacements and rotations, voltages, and impedances.

Concurrently with the creation of a block diagram over-all scale
factors should be roughly determined, as they may have a great deal to
do with the choice of blocks. At this point also it is wise to investigate
those components or circuits whose performance is critical to the success
of the block diagram selected. An example of the application of this
statement is found in Chap. 7.

In selecting blocks for a block diagram, it is important to consider
both (1) the possible effects of the block being considered on other blocks
and linking devices in the complete chain of operations of the computer
and (conversely) (2) the possible effects of other blocks on the data inputs
and out puts, scale factors, accuracy, etc., on the block being considered.

Preliminar~ Design. -With a block diagram chosen, a preliminary
design may be made in some detail. The first step in this process is a
detailed choice of system scale factors and assignment of permissible
errors to the various blocks.

At this stage in the design it should be kept in mind that all com-
ponents which are used in the design should be procurable or capable of
being manufactured in the quantities desired. It is a common fault of
designs to carry along too far a scheme using unprocurable components.
This statement should not be interpreted as arguing against the use of
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special components where justified; however, where special components
are used, they must be suitable for production in the quantities desired.
Naturally, the smaller the quantities the more special may be the com-
ponents. Very large quantities may also justify special components,

Detailed Performance A nalysis.—.4 preliminary design having been
completed, it should be analyzed in some detail for expected performance
under all operating conditions wherever this is practical in order to make
sure that all design considerations have been met satisfactorily and
that reasonable compromises between conflicting factors have been
effected.

Detailed Design. -If this analysis turns out satisfactorily, the design
should be worked over in great detail in order to make certain that all
elements used are consistent wit h the design considerations. Exact
and complete specifications and tolerances for all component parts must
be determined. The design is not completed until this is done; a single
adverse characteristic of a component may require a new block diagram
to be chosen. It is the practice of some successful laboratories to
consider detailed production inspection procedures as essential parts
of the complete specifications for all components and assembled
equipments.

Construction of Model. —Either after the theoretical analysis or after
the detailed analysis of the components, a breadboard or prototype model
should be constructed. Two important functions of a model are (1) to
serve as a check on design calculations and (2) to stimulate further think-
ing. Models also provide the means for obtaining information that is
impractical to calculate. An example of such information is stray
capacitance. A working model is always useful and almost always
essential when production is being initiated.

Repetition oj Steps.—It will generally be found that the entire process
must be repeated perhaps several times before a really satisfactory final
design is achieved.

Two of the most important factors in successful computer designing
are (1) getting the feel for the proper type of data representation at each
point in a chain of operations and (2) mastering the techniques of implicit
solutions by means of feedback loops. In all computer design, experience
and ingenuity assist one considerably. However, by the exercise of
only a little extra patience in the process of fitting blocks together on
paper in the creation of a block diagram and in the execution of detailed
design, the reader new to the field should be able to design satisfactory
computers ior most technical purposes. The authors maintain that com-
puter design can and should become a working tool of the modern engi-
neer and scientist rather than a “black art” available only to a few
initiates.
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BASIC PRINCIPLES AND TECHNIQUES

2.3. Rearrangement of Computer Equations.—~fuch \York can b{,
saved and devices of less precision used in the average computer if full
advantage is taken of the simplification in instrumentation that, may be
effected by juggling the fundamental computer equations. IVhile all
the methods of mathematics are possible sources for these simplifying
steps, a few of the more important methods can be listed specifically.

Among these is the principle that a problem may often best be solved
in terms of increments from a chosen set of values rather thanin terms of
the full magnitude of the quantities involved. Thus, for example, in a
computer converting Loran data to rectangular coordinate data covering a
small region, it would be desirable to work in terms of distances from an
origin at the center of the region. This has the advantage that devices
with fixed percentage errors are operating on quantities whose magnitudes
are relatively small.

A frequently useful method of simplification is that of zero shifting,
Where both positive and negative values of data must be handled, a
simple renumbering (shift of zero) will allo}v the same data to be repre-
sented on a data scale that does not include negative values. There are,
obviously, many cases u-here this procedure will not work. Addition of
constants (shift of zero) has been used in multiplying devices to avoid
operating with zero inputs to the devices, even though the data go to or
through zero. A discussion of this point is given by Fry.’

A common mathematical procedure of considerable use in computer
design is that of series expansions and approximation. This method is
particularly helpful when complicated nonlinear functions must be repre-
sented. The possibilityy of series expansions or approximations should
at least be considered carefully when such functions are encountered.

For problems in which a point is represented by simple coordinates,
rectangular, cylindrical, and spherical coordinates should be considered,
and the most appropriate selected. In almost every case one of the
three will be found to have a distinct advantage over the others. The two
computers of Chap. 7 represent examples of position representation in
rectangular and spherical coordinates, respectively. Other types of

1Generalreferenceson computersincludethe following: F. J. Murray, The Theorv
of Mathmrmtical Machznss (good bibliography), Kings Crown Press,New York, 1947;
M. Fry, “ Designing Computers,” reprintedfrom Machine Desz’gn, August 1945 b
February1946,Penton,Cleveland,1946;H. Ziebolz,Analysis and Design of Tramkztor
Chains, AskaniaRegulatorCo., Chicago, 1946;A. C. Blaschke,“Solution of Differen-
tial Equationsby Mechanicaland Electromechanicalhleans,” AAF Eng. Div. Report
TSEPE-673-4, 1946, available as Dept. CommerceNo, PB 10298 (bibliographyhas
108listings); and V. Bush, and S. H. Caldwell, “A New Type of DifferentialAnaly-
ser,” Jmw.FranklinInst., 240, 255, October 1945.
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wordinate systems may also be considered, of course, but rec t~ngular,
cylindrical, and spherical coordinates are by far the most comm(m types
used in computers,

In generating nonlinear functions, a frequently used techni(lue invol~es
the generation of an approximation to the desired function by some very
simple and rrliahle device together with a nonlinear element (such as a
cam) supplying only the correction to the approximation rather than the
entire quantity being generated. Cams are also used in this manner to
remove errors \vhen the simple device referred to abol-c generates the
function desired, but \vith insufficient accuracy or \yith errors introd(lced
by external conditions. A good example of this type of cam correction
of errors is found in the Bendix-Pioneer Flux Gate Compass LIaster
Indicator. Another simplification technique, that of implicit functions,
is treated separately in Sec. 2.5. It is probably the most important of
the methods available to the computer designer.

2.4. Explicit Analogue Computers.—As has been mentioned in the
previous chapter, analogue computers operate by identifying variables in
one physical system with those of a different physical system obeying
equations of the same form but usually with different constants. It is
this simple and fairly obvious principle which forms the basis for most of
the computers that are discussed in the present part of this volume.
Jvhen the fundamental equations cannot be written simply or instru-
mented readily, implicit analogue techniques may be required. These
are discussed in the follo]ving section.

2.5. Implicit Function Techniques. —Implicit function techniques
are among the most important tricks used in computer design. Through
the use of the implicit function techniques described in this section and
elsewhere, considerable simplifications and increased accuracy are easily
achie~erl in many typical computers.

T.ABLE2.1. —(’ORRESPONDINGI}lrLIcIr .+x~ Exi,ucIr E~uIrIo~s

~ Explicit Implicit

Subtraction .Z=z–y Z+y=z

Division., z=%
Y

yz=z

Integration. d.‘z=-frJdt z =Y
Squareroot z.& ~2=z

‘I here are numerous computations for which direct physical analogues
are inconvenient, insufficiently accurate, or not available but for which
another method of solution is possible. This other method is similar to
the mathematical operation of computing the function z = g(z,y) from
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the defining relation f (x,y,.z) = O; that is, of deriving an explicit function
from the corresponding implicit function. It is especially convenient
when the function f(z, y,z) has a relatively simple instrumentation and
the function z(z,g) is difFcult to instrument. It is used, for example, to
perform subtraction by means of addition, division by means of multi-
plication, integration by means of differentiation, and the extraction of
square roots by means of squaring. The explicit and implicit equations

corresponding to these operations

‘k’ aregiveninTab1e2”’”

The simplest method in princi-
ple of producing the function Z(xjy)
from the equation ~ (Zjy,Z) = O is
to use a high-gain amplifier with

FIG.2.1.—S0lution of implicit function using
feedback high-gain amplifier.

feedback as shown in Fig, 21.
The variables x, y, and z are fed

into a device producing the function ~(z,g,z); the output is amplified by
a factor A and fed back as the variable z. The result, if the system
assumes a stable state, is that the device solves the equation

If A is sufficiently high,’ the device produces values of z such that

f(z,yjz) = o.

(1)

(2)

The quantity z/A may be called an ‘‘ error signal. ” Thus there is an
inherent error Az in z which may be expressed by

()af
z Az = :,

z-o
or

AZ= z .
()A$

2==0

(3)

Consider, for example, the case of division. This maybe accomplished
either by a device that divides directly or by a device that multiplies,
used with feedback. In performing any other operation a similar set of
alternative methods, one with and one without feedback, is often possible.
A choice betveen the two alternatives is made on the basis of the usual
engineering considerations, such as accuracy, cost, availability, com-
plexit y, weight, size, etc. A schematic diagram and a possible instru-

LIn Vol. 18, designproceduresare given that are suitablefor stabilizinghigh-gain
amplifier.
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mentation for division using multiplication and feedback are shown in
Fig. 2.2. The input y multiplies the input z. The product yz is then
subtracted from the input x. Thus in this case j(z,y,z) is

——

“puts{:=J
Multiplying‘z

dewce device

x — yz, and

1

‘“’p”’‘-r--i I x-yz=~=o I

‘_%il=L-’
FIG. 2.2.—Blockdiagramof computerfor z = z/v using~z = Z.

“*’2
FIG. 2.3,—Integrating circuit.

Network1

’13
FIG. 2.4.—Feedback circuit for general operational equation.

the explicit function produced by equating this to zero is z = z/y.
inherent error is

An application of this method to the solution of the equation

y2+siny +x=0

The

(4)

is discussed in Sec. 6.1.
This method may also be used for producing the negative of a voltage

(Chap. 3) or for integration with respect to time (Chap. 4). An inte-
grator circuit is shown in Fig. 2.3. There is again an inherent error due
to finite gain, best expressed (Chap. 4) in a different way from the above
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expression. The same method can be used with more complicated
integr-differential functions. The general circuit of Fig. 2.4 produces
an approximate solution of the equation

jl(p)JXeJ + j2(p)S(e2) = O,

where fl(p) = transform expression for admittance of Network 1,
jt(p) = transform expression for admittance of Network 2,

& = the Laplace transformation. 1
In high-gain feedback circuits, special care must be given to the pre-

vention of oscillations. The higher the gain the more difficult this
becomes. The general procedure is to design networks that give the
desired shape t; the loop gain and phase-~hift characteristic; z The
design procedure in this respect is similar to that for servos as discussed
in Chaps. 9 to 11. !

Feedback with Integration. —Where feedback is used in implicit solu-
tions, it is often of value to modify the error signal by other than straight
amplification. Shaping loop gain and phase characteristics to achieve
stability is one such modification that has already been mentioned.
A form of such modification is integration of the error signal. If, for
example, the error signal is used to operate a simple servomechanism
whose motor forms part of the complete feedback loop and whose speed
is proportional to the error signal, then integration of the error signal
with respect to time is achieved. This has the useful effect of eliminating
(in practice, of reducing) steady-state position errors. This subject is
discussed in more detail in connection with servo theory in Chaps. 9 to
11 and by Hall. 3

Additional integrations or differentiations may also be used to take
fullest advantage of the data available rather than merely to achieve
stability when high gain is used. The stability modifications must, of
course, be made after the integration, etc., modifications have been
~eiected.

Feedback without High Gain.—For some computations it is convenient
to use a circuit that is somewhat like that of Fig. 21 except that a high-
gain amplifier is not present. Such a circuit or device is shown sche-
matically in Fig. 25. The equation that it solves is

$(z,y,z) = z. (5)

1See Chaps. 9 to 11. In these chapters, the symbol s rather than p is usedto
representthe complex variable.

~H. W. Bode, Netwo7k A mlysis and Feedback A mplifir Design, Van N’ostrand,
New York, 1945;and Vol. 18, RadiationLaboratory Series.

‘{A, C, Hall, Analysis and Synthesis of LinearServomechanismrrL.$, Technology Press,
Lfassm-hllsettsInstitute ~f Techl]ology, 1943.
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The conditions under which this method may be used are that a
solution exists and that the desired output z may be expressed as a func-
tion of x, y, and z, this expression
being of a form suiLable for instru-
mentation with available tech-
niques. If ~(z,y,z) contains an
additive term z with unity coefi. ci-
ent and its computation involves
one or more unilateral elements,
then the feedback of z to the point
in the j(z,y,z) computations where
it is added to the other terms must

=0”””
z ‘M

FIG. 2.5.—Feedback circuit without high-
gain amplifier.

be unilateral; in other cases it may be bilateral. For good operation and
high accuracy, df/dz should be much larger or much smaller than unity.
The equation

e’+3z+y+2z=o (6)

is readily changed to either of the following forms,

ez+4z+y+2z=z
e’+y+2z

/

(7)
–3

=Z

and may be used as such provided the Ieft-han(l sitles of the expressions
may be instrumented. The equation

Cz+y+h=o (8)

may be changed to the proper form by adding a z to each side, becoming

ez+y+2z+z=z (9)

which requires unilateral z feedback if any of the operations on the left
hand side are unilateral. Equation (7) can also be rearranged to such
forms as

ln(–2.z – y – 3z) = z, (10)

which may be used provided the left-hand si(k of the expression can be
instrumented.

A comparison of the two types (Jf feedback connection is of interest.
When put into the proper form for use in a feedback loop without high
gain, the resulting equation mav bc more difficult, as difficult, or easier
to instrument than the same equation in optimum form for the more
conventional feedback with amplification. The comparative difficulty
of instrumentation is always an important factor in the choice of a
method, When appreciable time constants are ass(wiated with the
circuits or devices used, the feedl Jack amplifier nl(’thod ass~lres a faster
transient response than the no-arnplificr methu(l. ITsllallv when the
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no-feedback amplifier method is used, some means is needed of compen-
sating for decrease of scale factor due to the instrumentation of the
various terms of the left-hand side of the equation of the form of Eq. (5).
Where electronic circuits are concerned, this may require a stable low-
gain amplifier, whereas in the feedback amplifier method a high-gain
amplifier with little restriction on gain variations will suffice. For these
reasons, a choice between the two alternative amplifiers may often favor
the latter, although the former is simpler. In mechanical systems,
mechanical amplifications are similarly to be considered, although here
the problem of gain stability is not so serious as in the case of electronic
amplifiers.

Interchange of Vam”ables.—There are several ways in which the inverse
of a function can be produced without the use of feedback. Probably
the simplest is possible in the case of a mechanical function-producing
device having two shafts that may be used alternately as input and
output. One device of this sort is the combination of a cone and a
cylinderl by a wire that winds onto one as it unwinds from the other;
this device can be used to produce either squares or square roots. The
interchange of mechanical inputs and outputs is limited by the nature
of the function produced; if in some region the derivative of output with
respect to input is nearly zero, the variables cannot be interchanged in
that region.

Another type of interchange of variables occurs in the case of some
tw~terminal electrical devices with special voltage-current character-
istics. Ordinarily the voltage ‘is considered to be the independent
variable and current the dependent variable, as in the case of diodes,
triodes, and crystals. If a current generator rather than a voltage
generator is used, however, the inverse function may be produoed. This
procedure is used in the logarithmic multiplying device of Chap. 5, in
which the exponential grid-current characteristic of a triode is used with
a high grid resistor to produce the inverse function, a logarithm. ,,=

A third method of interchanging variables finds particular application
,

to computation with periodic waveforms. If a repeated voltage wave-
form is compared by means of an amplitude comparison device (Vol.
19, Chap. 9) with an input voltage, a pulse or other indication of the
time of coincidence may be obtained. If the original waveform is a
given function of time, this same function of a slowly varying input
voltage may be obtained by time selection (Vol. 19, Chap. 10). Thus,
for example, a parabolic waveform can be used to produce either squares
or square roots.

The principle of repeated functions with amplitude comparison to
compute inverse functions or with time selection to obtain direct func-

‘See. 511.
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tions maybe applicable in a number of ways to a wide range of problems,
although its use is not widespread. Its principal disadvantage, apart
from considerations such as complexity, is that of the time required for
the repetition period of the repeated function. An interesting applica-
tion of this principle is found in the Keinath sweep balance multiple-
data recorder. 1

Stability in Implicit-function Loops.-Some general observations may
be made concerning the realizability of solutions in loops such as that
of Fig. 2.1. It is necessary that in the case of constant input the polarity
of feedback be such as to produce equilibrium at the desired solution.
This condition is equivalent to stating that the polarity of the amplifier
must have the opposite sign from c?~/dz in the desired region. If the
function j(z,y,z), assumed to be continuous, has multiple real roots for
z = xl and y = vI, some of these roots may have 13f/.3y of the proper
polarity to make the roots stable and others may not. An example of
this case is shown in Fig. 2.6. The arrows indicate the direction in
which the system will go; the cent ral root may be considered a position
of unstable equilibrium. If the
polarity of feedback is reversed,
the formerly stable roots will be- ~ .- Stableroots~
come unstable, and vice versa. < :“ \

When the system is turned on, its ,1
behavior will depend on the polar- Y

ity of feedback, on the region in
which the system was when turned
on, and on the changes that take
tiace during warm-up. If the I
~olarity of feedback is such as FIG. 2.6.—Stableandunstableroots,

to make the outermost roots unstable, the system may oscillate at the
limits of its region of operation. In order to examine stable inner roots
it is necessary either to restrict the region of operation by modifying
the device or to force it into the region desired, where it will then assume
a stable state,

A principle that is often useful in computer design maybe generalized
from the “rule of torques” set forth by Bush and Caldwell.2 This
generalized principle may be stated as follows: Every input to every
element or “ block” in a computer must be actuated by one and only one
driving source.

2.6. Tolerances and Errors.—A standard designation for errors has
been followed by the Navy for fire-control computers. According to

1G. Keinath, “The Keinath Recgrderl” Instruments,19, 200, April 1946.
~V. Bush and S. H. Caldwell, “ A New Type of Differential Analyser,” Jour.

Franklin Inst., 240, 255, October 1945.
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this designation, errors are classified as Class A, Class B, ancl Class C.
Class A errors represent the deviation of the operation of the equipment
from the theoretical design operation. They include reading errors,
incorrect adjustments, errors in components, etc. Class B errors repre-
sent the mathematical approximation of the design. The sum of Class A
and Class B errors is called a Class C error and represents the accumcy
of the equipment. Class A errors when reduced to a minimum by
accurate adjustment and accurate reading, etc., represent the preciw”on
of the equipment. Where Class B errors are required, the distinction
between these terms is a useful one. With the exception of Chap. 5,
most of the discussions of I’art I do not involve Class B errors and
therefore the terms” accuracy” and” precision” are used interchangeably.

In considering the accuracy of computing equipment, the question of
calibration is encountered, particularly in the case of electronic circuits.
In order to specify completely the accuracy of an equipment, its errors
should be specified in terms of the frequency of calibration or of time
since last calibrated. The principal reason for this is that components
of all types change with time and use. The process of component drift
may be very complicated and usually involves such things as thermal
and moisture cycles, mechanical wear, creep, vacuum tube cathode
disintegration, vibration, chemical reaction, etc., but regardless of the
explanation, some drift is usually to be expected, and calibration intervals
must be chosen so that errors due to component drifts are not excessive.

The terms component tolerance and component variation are fre-
quentl y encountered. Tolerance is an allowable deviation as from a
specified value under fixed conditions and is used to define permissible
errors of manufacture or construction. Thus, a resistor might be partially
specified as a 100-k 5 per cent resistor, the 5 per cent being the manu-
facturing tolerance. Component wm-iationmay be defined as the change
of a component value as conditions change. Thus the 100-k 5 per cent
resistor might have a value of 103 k at 20”C and change to 104 k at
70°C. The l-k change would be referred to as the variation in this case.

In general, the effect of errors introduced by: component tolerances
and variations from design center values, reading errors, calibration errors,
etc., is treated by considering each component or other error source
independently, computing the effect on the over-all operating accuracy
to be expected from each of the given errors, and combining results by
simple addition to give a limiting error or by probability methods (to
he discussed) in order to arrive at a probable error. There are many
situations, however, in computer design, where this type of analysis
leads to false conclusions. As is described in the foilowing section and
elsewhere, variations in several components may often be made to cancel
each other. For example, a divider network composed of elements with
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matched temperature coefficients operated at the same temperature
will show no change in the division ratio with changes in temperature.
Such components, whose errors are not independent, must be analyzed
together.

The subject of the combination of errors of independent components,
groups of components, or other independent error sources is one that
can be approached from two different viewpoints, each of which may be
applicable under certain circumstances. In many cases, the only sat-
isfactory procedure is to design the computer such that even if all the
effects of tolerances and variations under expected operating conditions
add unfavorably, the devices will still operate within the required limits
of accuracy, assuming that the desired performance can be described in
terms of limiting error. In other cases, particularly where the use of
the computer itself can be treated on a probability basis, there is con-
siderable justification for combining errors according to the methods of
probability. For example, such an approach would be justified in the
case of a bombing computer, since bombing is usually evaluated on a
probability basis. A serious problem immediately arises when this
method is applied to electronic components. one must assign probable
errors to components that are usually specified only in terms of limiting
errors. A method that has considerable use as an approximation for
engineering calculations assigns a “probable error” to a component
equal in value to roughly one-third the limiting error. The term ‘‘ prob-
able error “ is, of course, not strictly valid here; but since all the calcu-
lations are carried on as if it were a true probable error, the term will
be used, with the understanding that it involves a big approximation.
In a normal distribution, the figure of three times the probable error
would include 96 per cent of a large number of samples, whereas in this
approximation it includes all samples. It must be emphasized that the
results of an analysis of this type cannot be more accurate than the
assumptions on which it is based. However, the method allows cal-
culations to be made that are of great assistance in engineering a design
where limit values added unfavorably would give a completely mislead-
ing picture of the computer operation.

2.7. The Use of Servomechanisms in Computers.—A very important
tool in computer design is the proper use of servomechanisms. A servo
or servomechanism has been defined by Hazenl as “ a power amplifying
device in which the amplifying element driving the output is actuated
by the difference between ihe input to the servo and its output. ” A
detailed discussion of servomechanisms will be found in Part II of this
volume and in Vol. 25. For purposes of illustration, a simple example
of the use of a servo in a computer is shown in Fig. 2.7. This simple

1SeeChap.8.



24 COMPUTER DESIGN [SEC. 28

computer is the same bridge circuit of Fig. 1.1, but with the null meter
replaced by a servoamplifier and servo motor which adjusts resist ante
Z such that the bridge is always balanced, i.e., such that the voltage
between c and d is zero. Its use in this simple computer allows the

Ebb
computer t o b e automatically

B

operated rather than requiring
an operator to adjust the resist-

Input z
t-- i

Motor --- z
ante Z.

The use of servos in computers

Sewo
‘“tPut allows a designer to apply high-

C amplifier d gain feedback techniques to loops

t

involving electromechanical ele-
Input ~ -

1 ments, whereas without servos
fee d b a c k technique is limited
principally to all electronic loops.
Servos are also useful as parts of=

FIG. 2.7.—Bridge computer for z = z/u, data-transmission systems. A
illustrating use of servomechanism for autO-
matic balancing. major advantage of servomecha-

nisms is included in the defini-
tion, namely, that of torque amplification. The ~roperty of torque
amplification allows blocks to be connected in such a way that they do
not act back to disturb previous blocks.

2.8. Error Cancellation. -Accuracy is, of course, a factor of great
importance to the computer designer. Accuracy may be achieved by
“ brute force 7’ methods, in this case by making all components and
operations accurate to the requisite degree. Accuracy may also be
achieved by using components whose errors may be relatively large but
that are used in such a way that their errors cancel or nearly cancel each
other. Error cancellation is a concept of great fundamental importance
to the computer designer, and many applications of this concept are
found in every well-designed computer. Through the use of applications
of this concept, computers are made simpler for the same accuracy or
more accurate for the same complexity as compared with designs wherein
accuracy has been achieved merely by reducing all individual errors
independently. Although not always evident, the basic principle used
in most error cancellation methods is that of the bridge circuit.

Following are listed a few common applications of the techniques of
error cancellations. The list of applications discussed, although it is not
comprehensive, should allow other applications of the principle to be
easily recognized.

Reference and Power-supply Voltages.—When precision is an important
factor, it is necessary to ensure that variation of power-supply and refer-
ence voltages will introduce only small errors. As described above, two
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approaches to this problem are made. In the first and most obvious,
but usually the most costly method, the voltage and power supplies are
highly regulated so that accurate and stable voltages are available. In
practice, the limiting factor in this procedure is usually the standard to
which voltages are regulated. This subject is dkcussed in detail in
Chaps. 15 and 16.

The second approach is that of cancellation of errors. Typical
methods falling in this category are bridge circuits such as the one
shown in Fig. 2“2, change of sweep slope in time-modulation circuits to
cancel changes in “pick-off” or comparison voltages (Sec. 3.17), and
condenser tachometer voltage output variation with supply voltage to
cancel changes in velocity servo control voltages (Sec. 3.17).

Even when error cancellation methods are used to avoid the effects
of supply variations, it is usually necessary to incorporate fair regulation
in the voltage supplies. The reason for this is that although first-order
cancellations can be taken care of by other means, second-order effects
may rem”ain, and these, together with transient errors, may introduce
appreciable inaccuracies if voltages are allowed to change widely.

Where both a-c and d-c voltages are used in a computer as accurate
representations of the magnitudes of quantities entering into the computa-
tion, it is desirable, following the principle of error cancellation, to regulate
the alternating from the direct current or the direct from the alternating
current. The principal argument for regulating the direct current from
the alternating current is that to do the opposite by electronic means
requires control elements such as vacuum tubes or saturable reactors
that may introduce harmonics into the alternating current or require
heavy and complex filters if appreciable power is taken from the a-c
supply.

Other examples of error cancellation are the cancellation of altitude
error in the so-called H plus B bombing computers (cf. Sec. 3.7), can-
cellation of resistance variations in a voltage divider by matching tem-
perature or other coefficients (cj. Sec. 3.2), matching error curves of
synchros to reduce operating inaccuracies when two synchros are oper-
ated together, etc.

A careful consideration of any computer design from the standpoint of
possible applications of error cancellation methods is generally profitable.

2.9. Data Smoothing, Speed of Operation, and Stability.-It is the
rule rather than the exception that the input data of an analogue com-
puter either have power-frequency spectra differing from that which
would be considered optimum or have extraneous signals (usually called
“noise”) mixed with them. Often input data are subject to both defects.
The average computer, therefore, ~vill incorporate means for modify-
ing the power-frequency spectra of the data as they pass through the
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computer. Usually this modification takes the form of “ smoothing,”
that is, removing or reducing high-frequency components. Thk is
illustrated by the action of an antiaircraft computer working with
automatic-tracking-radar line-of-position data. such radar data, as

furnished by an equipment such as the SCR-584,’ contain a consider-
able amount of high-frequency “ noise. ” A computer, such as the BTL
Mark IX director, used \vith this data m~~st do considerable ‘[ smooth-
ing ‘‘ in the process of comp~lting data for gun pointing in order to assure
a high probability of hits. I)ifferent quantities must be smoothed in
different \vays; for example, rate data derived from position data must
be “ smoothed” considerably more than the position data. Smoothing
is not the only t?fpc of frequency modification useci. Removal of drifts,
that is, reduction or removal of low-frequency components, is also occa-
sionally necessary. The subject of modification of frequency charac-
teristics is discussed in Chap. 11, with some introductory material in
Chaps. 9 and 10.

The somewhat loosely used term ‘‘ speed of response” is closely
related to steady-state frequency characteristics. The relationship is
analogous to the relationship between a function of time and its Laplace
transform. Speed of response is usually treated more satisfactorily from
a quantitative standpoint in terms of frequency characteristics. Velocity
and acceleration errors are also useful quantitative indices of ‘[ speed
of response” and are also discussed in Chaps. 9 to 11. Particular refer-
ence is made to the Farrell method for determining velocity and accelera-
tion errors from decibel loop gain vs. log frequency plots (Sec. 104),
and a simple criterion for the choice of transmission \Fs.frequency char-
acteristics reported b}” Graham (Sec. 11”10). This criterion specifies
that the transmission characteristic of a servo or computer should
approximate the amplitude spectrum of the useful part of the most prob-
able input signals, i.e., exclusive of noise, which is assumed to be uniform
with frequency.

Where feedback loops are involved, smoothing circuits and devices
must be carefully considered from the standpoint of stability, Refer-
ence is made to Chaps. 9 to 11 for the theory of stability in feedback
loops.

2.10. Reduction of Weight, Size, and Power Dissipation. —There are
a number of points in good engineering design that, if followed carefullv,
may substantially reduce the weight, size, and power dissipation of an
electronic or electromechanical computer. While the subject of design
and construction practices is discussed in detail in Chap. 19, several of

1“SCR-584 Radar,” Electronics,18, 104–109,November 1945; IO4–109,Tkembcr
1945: and 19, 1](LI 17 Frhrunrvl!44&
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the more import:mt points will be mentioned here, since they are important
basic principles in computer design. Size, wcightj and power dissipation
are intimately related, and circuit ;hanges resulting in a reduction in an,y
of the three items may often be reflected as reductions in the other two.

Some important design principles are

1.

2.

3.

4.

5.

6.

Scale factors in a circuit or device should be such that some opem-
tions are carried out at small signal amplitudes and followed by a
signtil amplification in a stage just preceding elements such as
detectors that require large signal amplitudes for good percentage
accuracy. This saves power.
Wherever possible, tubes should be normally nonconducting.
This also saves power.
The use of miniature and subminiature tubes and some other
special components saves both space and appreciable heater power
w compared with standard-size tubes.
The use of special card or subassembly methods (cj. Chap. 19),
short leads, and sometimes sealed enclosures allolvs circuits to be
operated at high inpedance, thus saving plate and other power
and reducing inaccuracies due to loading of previous circuits.
Where feasible from the standpoint of accuracy, etc., it is simpler
and more compact to compensate components for temperature
changes rather than to regufate temperature.
By close design it is possible to cut down the large factors of safety
usually provided as a substitute for accurate knowledge of com-
ponents and working conditions.

REPRESENTATION OF QUANTITY

2.11. Fundamental Concepts.—The term representation of quantity
as used here refers to the physical property of an analogue computing
system that is identified with a specific quantity in a system for which
computation is required. Thus, for example, in an aircraft navigation
computer, a specific quantity, altitude, in the system for \vhich compu ta-
tion is desired may be identified with an a-c voltage in the analogue
system that is to perform the cornputati on. In considering the repre-
sentation of quantity it is useful to distinguish between single-scale
and multiscale devices. Although multiscale techniques can be used in
addition and subtraction, they are not usually suitable for other com-
puting operations.

A single-scale data system may be defined for most purposes
as a system in which the full working range represents the full range
of the variable represented. An ordinary potentiometer is a simple
example of a single-scale device. A muliiscale data system is one in
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which two or more channels are provided, one channel in which the full
working range represents the full range of the variable represented and
one or more channels in which the full \vorking range represents only a
portion of the full range of the variable represented and hence is repetitive
in covering the full range of the variable represented. The first channel
is called, alternately, the coarse, single-speed, or one-speed scale, and the
latter channels are called the fine or high-speed scales and provide a
“magnification” of the coarse scale. A high-speed channel may be used
without a coarse or single-speed channel, but in this case an ambiguity
of indicated value will exist. The principal advantages of multispeed
data systems are increased accuracy, increased resolution, and increased
gain. These are obtained at the expense of increased complexity.

Three criteria are particularly important in evaluating a specific type
of representation for a specific quantity at a specific point in a computer.
These considerations are impedance, scale factor, and useful range.
The question of whether bidirectional data or unidirectional data are
used is included in the third item. Impedance is considered from the
standpoint of the effect that a device will have on a prior device and its
susceptibility y to pickup. The question of scale factor is a most important
one, particularly in d-c computers, since scale factors must be large
enough to make the proportional change of tube characteristics small yet
must not be so large as to necessitate unduly large tubes, to cause non-
linearity trouble with normal tubes, or to waste power and add unneces-
sary weight. The useful range of a device must be considered simultane-
ously with the scale factor in evaluating a representation of data. Useful
range is limited by such factors as nonlinearity, power dissipation,
mechanical limits, voltage limits, etc. Some devices need operate only
on the magnitude of a quantity, whereas in other devices both magnitude
and sign must be taken into account. For example, altitude is a quantity
that is represented by its absolute value, whereas latitude may be either
north or south and hence must have a sign associated with its magnitude.

2.12. Seventeen Important Types of Data Representation.-The
following list of representations covers those which are most frequently
found in electronic and electromechanical computers, although the list
is by no means complete. Following each type of representation will be
given the abbreviation that will be used in subsequent chapters in clas-
sifying the inputs and outputs of the standard blocks from which a
computer may be built. In this system of classifying abbreviations,
the symbols preceding the colon represent the inputs; those following
the colon, the outputs. Thus, a resistor dividing circuit having voltage
and resistance inputs and a voltage output would be represented by the
notation E, Z: E. It is to be noted that classification by data representa-
tion is lower in rank than classification by operation performed, according
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to the system used in Part I of this volume. The seventeen important
types of data representations are

Force, F.
Pressure, p.
Torque, T.
Translational displacement, S.
Angular rotation, 6.
Translational velocity, V.
Angular velocity, w.
Translational acceleration, a.
Angular acceleration, a.
Voltage, E.
Current, Z.
Charge, Q.
Impedance, Z, usually resistance.
Frequency, f.
Phase, O.
Count, N.
Time interval, t.

2.13. Some Characteristics of Various Types of Representation. -It is
not practical to compare every type of representation with every other
type, A few generalities can, however, be pointed out. It must be
remembered that there are exceptions to many of the following state-
ments, and each device should be considered individually.

Electrical vs. Mechcmical.-The advantages of mechanical devices are:
fewer adjustments; no vacuum-tube or other similar component drifts;
greater ease in understanding; and less difficulty in writing complete
specifications.

The disadvantages of mechanical devices are: they are subject to
friction and wear; complicated procedures of design and construction are
involved; and h~gtdy skilled labor is needed for producing precision devices.

Advantages of electronic devices include: flexibility, in that many
devices may be made from standard parts; cheapness, in that semi-skilled
labor can wire complicated equipment and expensive tools and dies are
not required; short design time; in some cases, accuracy; lightness; and
speed of response.

Electronic disadvantages are: more controls are required in precision
circuits; vacuum-tube drifts and burnouts are sometimes bothersome
(this is normally not a serious limitation if proper design precautions
are taken): and electronic devices are usually more complicated to under-
stand and service, although new techruques embodying subassembly
construction are tending to change this.
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A lke?naling vs. Direct Current for Data Representation. —Alternating-
current advantages are the following: vacuum-tube zero drifts do not
seriously affect the over-all accuracy; transformers can be used; in rotat-
ing machinery no commutators are required; d-c voltage levels may be
more easily isolated when a-c data are used; and additional variables are
available in the form of frequency and phase.

Alternating-current disadvantages are: dlficulties arise in clifferentiat
ing and integrating; a-c tachometers are not very satisfactory; and prob-
lems of phase shift, frequency variation, and unwanted electrostatic and
magnetic pickup are generally troublesome.

Direct-current advantages are: differentiating and integrating are
easy; because of this, simple and reliable phase lead circuits can be used;
no phase shift or frequency problems are encountered; and no electro-
static or magnetic pickup is involved.

Direct-current disadvantages are: drifts in vacuum tubes cannot be
distinguished from d-c data; contact potential troubles are encountered;
difficulty with d-c voltage level is frequently a severe design limitation;
and no good d-c resolver is readily available.

Time Interval and Pulse Wavejorms.-These are of some interest but
are usually more complex than other alternatives. They are most likely
to be useful when the output data representation required is a time
interval.

Impedance.—The impedances generally used in computers are
resistors or transformers and resolvers. Resistances in the form of
variable resistors or potentiometers are good, simple transitions from
mechanical to electrical representation of data and are particularly
useful in bridge circuits.

Phase Shift.—In some cases phase shift proves to be a reliable and
accurate means of representation. Phase-shift techniques, however,
require special design care; and where high accuracy is required, close
frequency tolerances must be imposed. Phase-shift techniques are
widely used in accurate time-modulation and -demodulation equipment
(cf. Vol. 20) which may occasionally be combined with computing
equipment.

Count. —Count is of more importance in the digital computer field
than in the analogue computer field. In the latter field, a typical prom-
ising application is in process control computers where the input data are
the number of items passing a counter station.

Frequency .—Frequency is more likely to be used as a data representa-
tion for data transmission (telemetering) than for use in a computer.
A few uses in computers are common, as, for example, the use of a-c
frequency to represent the speed of rotation of a shaft on which is mounted
an alterna tol supplying the alternating current. It is worth remembering
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that phase is the integral with respect to time of frequency or, conversely,
frequency is the time derivative of phase.

2.14. Summary of Chapter.—The following steps have been listed as
a suggested systematic design procedure: preliminary information, block
diagram, preliminary design, detailed performance analysis, detailed
design, construction of model, and repetition of steps. Basic principles
znd techniques used in computers have been discussed under the follow-
ing topics: simplifications in the formulation of computer equations and
choice of over-all block diagram; explicit and implicit analogue com-
puters; errors, tolerances, and variations; error cancellation; use of
servomechanisms in computers; data smoothing and stability; and
reduction of w-eight, space, and power dissipation. The important sub-
ject of data representation has been treated in some detail. Seventeen
important types of data representation are listed, and some general
comparisons of some of their characteristics have been given. A con-
venient system of abbreviated classification of operations from the
standpoint of types of input and output data representations has been

introduced and is illustrated in the chapter which follows.



CHAPTER 3

ARITHMETIC OPERATIONS

BY J. LENTZ AND I. A. GREENWOOD,JR.

3.1. Introduction. —Arithmetic operations described in this chapter
include the operations of addition, subtraction, discrimination, multi-
plication, division, and the “identity operation” the latter term referring
to changes in level, impedance, scale factor, or representation.

In presenting the highly varied material of this chapter, the authors
have attempted to classify methods and devices according to the opera-
Lions for which they are used rather than the method by which the opera-
tion is performed. Thus, for example, the method of multiplication
that is based on the equation Xy = -fx dy + f y dx involves both integra-
tion and addition but is classified as a method of multiplication, the end
desired, rather than as a method of integration or addition, the means
employed. The operations listed above are further subdivided according
to the method used, and the shorthand notation discussed in Chap. 2
is used to indicate inputs and outputs. 1

The operations described in this chapter may be said to be the heart
of most electronic, electromechanical, and mechanical computing devices,
for it is usually found that a generous proportion of the basic operations
that must be carried out are those listed above.

3.2. Addition Using Parallel Impedance Networks (E or 1 :E or Z) .—
It is well known that if a network of linear impedances is energized by
two or more generators, the current or voltage at any specified point in
the network can be expressed as the sum of the voltages or currents that
each generator would produce were it alone connected to the network
with each of the other generators replaced by its internal impedance.
This property makes possible the use of such networks to perform the
addition of voltages and currents. Subtraction of quantities as well as

1In this scheme, the symbols preceding the colon representthe inputs, those
following it the outputs. Thus (E,E:Z) would indicate a device with voltages as the
two input representationsand a currentas the output representation. Usuallyonly
the most importantvariationsof the representationsusedwith any method aregiven,
but it will be understood that others may be possible; for example, by including an
appropriate resistor, most data representedas current can also be representedas
voltage. Derivatives of the inputs and outputs given may usually themselves be
consideredinputs and outputs. Thus, a mechanical differentialadding rotational
displacementsmay also be used for adding rotationalvelocities,the output being also
a rotational velocity.

32
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the addition of quantities is also accomplished by this method by the
representation of positive quantities by negative voltages or reversed
currents. The following discussion is limited to a few of the simpler
examples, as the general topic of addition of electrical quantities has
been covered in some detail in Vol. 19, Chap. 18.

A simple illustration of this principle is shown in Fig. 3“ la, the opera-
tion of \vhich is easily understood by reference to its Th&enin equivalent
shown in Fig. 3. lb. This circuit has the advantage that each voltage
source may have one terminal grounded, as is usual and convenient
in vacuum-tube circuits. The network is particularly useful as an input
network in a feedback amplifier where the algebraic sum of several
voltages and a feedback voltage is used as the input error signal to the
amplifier and is made nearly equal to zero by the feedback connection.

( IEo= ~+= ‘L

1R,+R2 R,+R2 ~L
S’&

(a)

R,Rz
R,+R2

D

E.

E~ -v
E- +E& RL

R,+R2 R,+R2

(b) (c)
FIG. 3.I.—Additionwithparallelimpedancenetworks.

This is illustrated in Fig. 3. lc. With the circuit of Fig. 3. lC and assuming
infinite gain in the amplifier, the output voltage Eo is proportional to
the negative of the algebraic sum of El and Ez, each multiplied by a
constant that is a function of the network. There are many variations
of this simple circuit, among the most important of which are the sub-
stitution of capacitances and inductances for the resistances Rz and RI of
Fig. 3.1, giving integrating and differentiating circuits. This subject is
discussed in the following chapter and in Vol. 19, Chap. 18.

There are a number of practical considerations that should be taken
into account in connection with this circuit. In order to obtain pre-
cision operation over a range of conditions, the ratios of the impedances
must remain fixed. This means, among other thingti, that temperature
coefficients must be matched to the desired precision, although there is
usually no requirement that the absolute value of the coefficient be
zero if all components operate at the same temperature. If, however,
there are variations in temperature between components, such as might
arise from local hot spots near high dissipation elements, then such tem-
perature differences will act on the absolute temperature coefficients to
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produce errors. As an example, suppose resistors RI, Rz, and RS of
Fig. 31 are precision wire-wound resistors )vhose temperature coefficients
:we plus 300 i 5 ppm/ ‘C. In order to calculate maximum errors,
assume that the coefficients of RI and 1/2 are 295 ppm/°C and that the
coefficient of Rs is 305 ppm/°C. Then, for a 100”C change in tempera-
ture, Eo will become

EOlloo = El
1?3(1.0305) R3(1,0305)
~0295j + Ez ~2(1T0295) = 1.00097E0, (1)

a change of only 0.1 per cent for 100”C change of temperature. on the
other hand, if R, and RZ are at the same temperature and R~ differs from
that temperature by only 10°C, then

Eolu. d,ff =
El &(~oo305) E2R,(1 00305)

—- + -- --—-~ --– = 1.00305Eo,i?,
(2)

a change of 0.3 per cent for 10”C temperature difference, or only 3.3°C
difference for the same 0,1 per cent change calculated above for a 100°C
rhange of temperature.

From this discussion it follows that elements used in circuits of this
type should have low absolute temperature coefficients and should be
mounted to ensure a minimum of local temperature variation. These
requirements have sometimes necessitated use of a copper temperature-
equalizing strip between elements where low absolute coefficients are
unavailable or undesirable for other reasons but where high precision
must be maintained.

If, as is usual, the operations performed by the circuit of Fig. 31 or
those like it must be accurate, then either all voltages and all impedance
ratios must be accurate, or either impedances or voltage scale factors or
both must be made adjustable to allow for production tolerances in
impedances or voltages. If the network has been made from large
fixed resistors in order to avoid loading the voltage sources El and E,,
then large adjustable resistors will be required. The stability and tem-
perature coefficients of such adjustments must be carefully taken into
account in the -hoice of network impedances and tolerances. The
commercial availability of resistor networks matched in value to 0.1 per
cent makes it possible in many applications to eliminate impedance
ratio controls where resistance adding circuits are used. Alternately,
other design considerations may dictate adjustment of voltage scales,
using this adjustment to compensate for production tolerances in imped-
ance ratios.

Zero adjustments in this circuit are best made in the amplifier itself,
and for a discussion of this problem the reader is referred to Vol. 18.
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Bridge circuits are also useful for addition and subtraction of voltages
and currents. In a balanced bridge network Fig. 3.2 the mutual
coupling between inputs is reduced to zero. The most useful form of this
circuit is the equal-arm bridge network, as illustrated in Fig. 3.3. For
this circuit,

( EZ

)
Eo=: &1+z+Z2’ (3)

and the mutual coupling between E, and Ez is zero. The input impedance
at either input is Z, Zl and 22 being source impedances.

z,

El

?

z~

z,
o

El E.

o.

3.3. Addition and Subtraction with Series Sources (1! or I: f< or Z) .—
The fundamental principle underlying this method of addition and sub-
traction is identical with that given in the preceding section; namely, if a
network of linear impedances is energized by t!vo or more generators,
the voltage or current at any specified point in the network can be
expressed as the sum of the voltages or currents that each generator
would produce were it alone connected to the network with each of the
other generators replaced by its internal impedance.

If two generators of internal impedances ZI and Z, and internal
voltages E 1 and Ez are connected in series with a load impedance Z~,
the voltage EL across Z~. is given by

Z,.(E, + E,)E,, = .- —-
Zl+zj+z’

(4)

If El and Ez each represents a distance to a scale of, say, 1 ft per volt, then
ELrepresents the sum of the two distances to a scale of (Z1 + 22 + Z~)/Z,
ft per volt.

It is to be noted that with series addition and subtraction, all genera-
tors but one must be such that their terminals may be isolated from
ground (“ float”) if the desired sum or difference must be with respect
to ground. If the sum or difference is desired as the voltage across two
terminals that may both be isolated \vith respect to ground, then all but
two generators must be isoiate(l from grmlnd. “ C~round” is here ~lsecf
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in the sense of a reference node; it is by no means uncommon for this
node itself to vary with respect to ground as part of another circuit.

In using series addition and subtraction, the effects of stray imped-
ances, usually capacitances, from various parts of the series network to
ground must be carefully considered. Where alternating current is used
these stray impedances are apt to give troublesome phase and amplitude
changes. If there is a-c information or ripple on the reference node

Ebb

‘1+151 ~Eo=E-E

(a) ==-

D@EOR&Eo

‘E ‘0=’1”2
(d)

FIG.3.4.—Addition or subtraction with series sources,

unbalanced impedances to ground may cause undesirable amounts of
a-c voltage to appear in the series network.

A number of typical examples of series addition and subtraction are
shown in Fig. 3.4.

3.4. Addition and Subtraction with Synchros (8,0:0 or E).—B y the
use of a chain of three synchros (Fig. 3.5), consisting of a synchro gen-
erator, synchro differential, and either synchro control transformer or
motor depending on whether or not a servo drive is desired, a shaft rota-
tion may be produced that is the sum or difference of two shaft rotations,
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emd any of the three synchros may be remet ely located with respect to
the other two. Thus, in Fig. 3.5, 83 = 01 + et; or if connections or
definitions of positive directions are changed, 83 = O, – 6, or 0, = % – 0,.
The method may obviously be”extended to a chain of more than three
synchros.

This method has the advantage that multiscale methods may be
used. By the use of, say, 36-speed synchros as well as the l-speed syn-
chros shown, 1the accuracy of the 36-speed synchro chain may be realized
in the addition or subtraction indicated. The method is therefore one
of great accuracy and flexibility and is often used where the input and
output data may be mechanical shaft rotations or may easily be changed
to shaft rotations. A typical example of the use of this method is the

A-c

A-C

/ \
J .3

Sewo

I +
:_-4_J

A Am
i # y

0, ;2 e3
63=e, *e2

FIG.:3.5—Additionor subtractiorlwithsynchros.

introduction of ballistic lead information into the servo-positioning of
guns from synchro data representing visual or radar line of sight to a
target.

It is of some interest to note that by the addition of a voltage of
amplitude E sin 84 to the output of the control transformer synchro,
where E is the maximum rotor output voltage, it is possible to shift the
output shaft position from & to 83 + 04.

This method is useful when a shift of the output shaft by only a few
degrees is desired and where electrical data are available. An example
of the application of this method is the roll and pitch correction of a radar
azimuth marking circuit using synchros by means of signals derived from
a vertical gyro or gyros.

3.5. Impedance Addition and Subtraction (Z,Z: Z), (O,@:d).—It is
frequently convenient to represent the physical parameters involved in
the solution of a problem as impedances. Quantities represented by
impedances may be added simply by connecting the impedances in series.

I,SeeSec. 13.8for a dlscusslunof n~ulLispeeddata-transmissioncircuits
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of compounding mechanical rotations based on
have been found quite useful. In Fig. 3.6a is

shown a type of system that has been employed to add two shaft rota-
tions. ZI and Zz are two variable resistors whose resistances are linear
functions of the rotations hf their shafts. The bridge whose elements are

e3=(e,+e2) (zb/z.)

(a)

(b)
FIG. 3.6.—(a) Addition of shaft rota-

tions with bridge; (b) element of squaring
and square-rooting bridge.

Za, Zb, 21 + ZZ, and Z~, is kept in
balance by means of a servomecha-
nism, using as an error signal the
voltage at the horizontal junctions
of the bridge. The servo operates to
adjust the impedance of the resistor
28. If Zl, Zz, and Z? are identical
linear variable resistors, it is easy to
see that

e, = (81 + e,) ;. (5)

By the use of a simple variation
of this circuit, an interesting com-
puting device may be designed to
solve for one side of a right triangle,
given the other two sides. The
description of thk, circuit is presented
here as a variation of the circuit
previously described, although it
performs a nonlinear operation on
the sum of the sauares of two

quantities. It will be referred to again in Chap. 5. -
Suppose that Z,, Z,, and Z3 of Fig. 3“6a are identical, each being a

potentiometer of resistance R bridged by an equal fixed resistance, as
shown in Fig. 3“6b, and that Zb = Z./Q. If k is the fraction of the resist-
ance of the potentiometer included between the upper terminal and the
slider, then the resistance between terminals 1 and 2 is (1 – kz) (R/2);
or if 0 is the angle of rotation of the shaft and L9~the total travel of the
shaft, lc = o/& and Rlz = (1 — @/0~) (R/2). When the bridge is in
balance

or,

(6)

(7)
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If & and 82am proportional to the perpendicular sides of a right triangle,
then 63 is proportional to the hypotenuse.

In the practical design and construction of these circuits, variable
resistors or potentiometers must be used whose total angle and total
resistance or in some cases resistance change per degree may be specified
to the desired accuracy. Alternately, suitable adjustments for variations
in these units must be included, Simple analysis will sho~v that the
necessary adjustments are not easy to incorporate in all cases. It is
also necessaiy to take into account the variable gain of the servo loop.
The variation of servo loop gain is discussed in Sec. 11.9.

3.6. Addition and Subtraction with Mechanical Devices’ (S or 0:S
or 8).—The most frequently used mechanical device for addition and
subtraction is the differential gear
unit. This is so ~vell known that -
no description is called for. The
b~ggest problems with differentials
have been backlash and procure-
merit.z Good differentials require
very careful workmanship and are *O. ~ ~adian~
likely to be rather expensive. r

Mechanical motions are fre-
l~le,3.7.—,idclitio]L uain: pulleJ-sand tapes.

quently added by means of hydraulic systems, in which the displacement,
of a piston is proportional to the sum of the displacements of two or mm-e
other pistons.

Another way of adding and subtracting mechanical motions is by

means of levers. Nearly all the operations of computing may be per-
formed with levers. Lever computers are discussed at length in Vol. 27.

Another mechanical method for addition and subtraction involves
pulleys and tapes or wires and is shown schematically in Fig. 3.7. It
produces an angular rotation 00 proportional to the sum of a number of
linear displacements S1, S’2, S’s . . .

3.7. Addition of Time Delays (l,t :t).—This method appears suitable
for addition but can probably be used for subtraction only through the
use of implicit methods. 3

If a series of time-modulation circuits are each triggered at the end
of the previous delay, the total delay produced is, of course, the sum of
the individual delays. This method has found its widest application in

1For an excellent summary of mechanical methods in computers, see M. Fry,
“Designing Computing Mechanisms,” reprintedfrom Machine Design,August 1945
throughFebruary 1946,

zInstrument differentialswere made during the war by Ford Instrument CO.,
Llbrascope,InternationalBusinessMachines,and othersbut may not now be avail-
ableas units,

JSeeSec. 2.5 for a discussionof implicit methods,
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multiple-scale time-modulation circuitsl and has also been used in the
so-called “ H + B” solutions of the triangle involving altitude, ground
range, and slant range. In aircraft applications it is frequently more
accurate to generate a slant range time marker corresponding to a ~ertain
(small) ground range by adding a quantity B to the altitude delay rathm
than by directly generating a time delay equal to the entire slant range.
In the equation ,

13=@t-’+h’-h (8)

B does not vary rapidly ,vith h.

(9)h+l?=p,

where h = altitude,
R = ground range,
p = slant range,

B = difference between slant range and altitude.
The principal advantage of this solution lies in the fact that the same
radar zero and setting errors that would appear in the generation and
use of a slant range marker directly are canceled to a first approximation
by their introduction into the h settings, providing the h marker is set to
the first ground return (altitude signal) in the same manner that the p
marker is set to a radar target. This allows the use of a short 1? dela}~
whose absolute accuracy may therefore be good, added to an : ltitude
delay whose calibration need only be good enough for computati. f .3.
See Vol 22 for a more complete discussion of this method of solution of
the altitude triangle.

The usual precautions regarding accurate, reliable triggering, inde-
pendence of repetition rates, etc., should be observed.

3.8. Addition and Subtraction of Pulse Counts (N,N :N).—The
method of addition and subtraction of pulse counts is the basis on which
pulse digital computers, such as the EXIAC and EDVAC’ computers
of the University of Pennsylvania, are built.

Another application of pulse counting is in the Loran timer and
receiver-indicator equipments. i In this equipment a pulse is fed back

(injected) in a counting or dividing circuit, the amplitude of the injected

1See Vol. 20, Chap. 6.
zA number of articles on this computer development have appeared; see, for

example, r‘Electronic Calculating Machine Is a Giant of Precision,” Elec. .l-ff~,,
142, April 1946; 1’EiXIAC: War Dept. l_Tnveils18,000 Tube Robot Calculator,”
Electronics,19, 308, April 1946; and D. R. Hartree, “The EISIAC, an Electronic
Calculatinghfachine,” Nature (London), 157, 527, Apr. 20, 1946,

3Volume 4 or any of a series of recent articles, such as “The Loran System,”
Electronics,94, November 1945; and “Loran Receiver Indicator,” Electronics,110,
December 1945.
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pulse controlling the number of counts by which the firing period of the
divider is reduced for the cycle in which injection occurs.

For detailed information on pulse digital computers, the technical
reports of the University of Pennsylvania should be consulted. I Pulse
counting is also discussed in Vol. 19, Chap. 16.

3.9. Addition and Subtraction by Simple Vacuum-tube Circuits
(E or I :E or I).—Vacuum-tube circuits for addition and subtraction may

EU be used where their use is dictated by the

F

requirements of bandwidth, isolation, and
R~ impedance level. These methods have

been discussed in considerable detail in Vol.
19, Chap. 18, and Vol. 18, Chap. 10. Infor-

--- mation here presented is limited to a sum------- mary of available circuits and some of their

d

major characteristics; the reader is referred
to the previous volumes for details and
practical circuits. Vacuum-tube circuits
for addition and subtraction are classified

FIG. 3.S.—Multiple input tube as multiple input, illustrated in Fig. 38;
adding circuit.

common plate load, illustrated in Fig. 3.9;
common cathode load, illustrated in Fig. 3. 10; and the differential amplifier,
Fig. 311.

T1-e multiple input circuit is limited by the number of electrodes.
introduces weighting factors depending on the tube characteristics, has
an input impedance of l/g~ at the cathode and high at the grid, has a
tube output impedance of approximately rP, and can be used for subtrac-
tion as well as addition if cathode input is used. Both the common
plate and commcm cathode methods may operate with any number of
inputs, each input requiring one tube section; the weighting factors are
adjustable if series resistors are used; the input impedances are mainly
those due to interelectrode capacitance and grid currents; the output
impedance is approximately rP/n for the common plate circuits and
l/ngm for the common cathode circuits; and neither can be used for
subtraction. The differential amplifier usually has two grid inputs,

1Technicalreportson pulse digital computersinclude the followingpublishedby
the Moore School, Universityof Pennsylvania: ,J,VOn h’cumann, ‘<First Draft of a
Reporton the EDVAC,” “ ENIAC ProgressReport to Dccembcr, 1943,” “ ENIAC
ProgressReportJan. 1 to June 30, 1944,” ‘1Descriptionof the 1’JNIACaud Comments
on ElectronicDigital Computing Machines,” and “ Automatic Iiig}l Speed Comput-
ing, a ProgressReport on EDVAC,” other reports arc “ A I1igh Speed Digital
Computer,” published by the E~stman Kodak Company, Rochester, N’.l’., and
A. M. Turing, “ The ProposedJ3!ectronicCalculator,” National PhysicalLaboratory.
Previousfootnotes have listed popular articleson the subject, Final reportson the
ENIAC and EDVAC are being prepared.



42 ARITHMETIC OPERA1’IONS [SEC.3.10

although a cathode input can also be used; the weighting factors may be
adjusted by resistors; the input impedance at each grid is high; and the
input impedance at the cathode is l/2g,”. The differential amplifier
may be used for subtraction or addition, the voltage between the plates
being proportional to the difference between the grid voltages, and the
cathode voltage being proportional to the average of the two grid voltages.
In all these circuits, the output impedances given must be combined with

Generalcircuit Equivalentcircuit
FrQ.3.9.—Con!mon plate-load addition.

EM..

e, “-@e”*e
L

1:,,;. :i.1l.––Dlfferential amplifier “for
adding and subtracting.

load impedances in the usual manner to obtain the output impedance
of tubes and load taken together.

3.10. Discrimination.-Discrimination dilt’crs from subtraction in
that in subtraction an output is obtained that is accurately proportional
to the difference between tivo input quantities whereas in discrimination
the output indicates which of the two inputs is larger but need provide
only a rough measure of the difference. Thus, for example, if two voltage
generators are series-connected with polarities reversed, the resulting
voltage not only goes to zero when the two generators have equal voltages
but also is accurately proportional to the difference of the two voltages
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w-en when theu sum 1snot zero, on i,hc other hand, a vacuum-till w n)od(l-
Iator, because of the curvature of’ its characteristics, may give :1 no~i-
linear output as a function of the difference between two input signals
yet accurately indicate the equality of the input signals by a zrro signal.
The distinction bet\reen discriminators and subtraction dcviccs is thus
seen to be largely one of quantitative accuracy of outlmt and usage
rather than any fundamental difference. Nevertheless, the distinction
has been found to be a helpful one.

Discriminators, because of the properties that are stated and implied
in their defin~tion, find one of their biggest fields of application in feed-
back circuits and feedback loops, where they are used to derive error
signals representing the inequality of inputs.

Although there seems to be no basic reason why there should not be
devices that act as discriminators ~vith the two inputs expressed as
different representations, it is nevertheless true that most of the dis-
criminators of importance in the design of computers and other elec-
tronic circuits operate on t\vo inputs for which the representation of
data is the same. In reading the following descriptions of discriminators,
the reader should keep in mind the voids that exist in the field of mixed
input representation discriminators. Discriminators with output repre-
sentation differing from input representation are not at all uncommon.

For certain special applications, discriminators may be made time-
sensitive. Thus, for example, a differential amplifier may be used to
compare an a-c voltage and a d-c voltage by allowing the tube to conduct
only at a time corresponding to the portion of the a-c waveform that is
to be compared with the d-c voltage. This might be done by applica-
tion of a plate voltage pulse or by unclamping the cathode from a high
positive voltage. Discriminators may be classified as unidirectional or
bidirectional, depending upon whether or not the discrimination action
is approximately the same on both sides of the region where the two
inputs are equal.

It follows from what has been said that all of the devices for subtrac-
tion which have been discussed in preceding sections may also be used
for discrimination, although by definition the reverse is not true if
accuracy is desired.

Voliqe Discriminators (E, E:EoTI) .—Devices dk,cussed in the category
of voltage discriminators will be those in which the inputs are both
voltages and the outputs are voltages or currents.

In the witch-type modulator, as represented by such devices as the
Brown instrument vibrator, two voltages whose variation is slow com-
pared with the vibration frequency (in the case of the Brown vibrator,
60 cps) are discriminated to give an output that is an a-c voltage whose
amplitude is indicative of the difference in voltage between input (and
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may be accurately proportional) and whose phase with respect to the
voltage exciting the vibrator indicates the sense of the input inequality.
These devices are discussed in Chap. 9, Vol. 19. Equivalent in function
are a variety of bridge- and other type modulators using diodes and
contact rectifiers, also discussed in that section.

There are available a variety of triode and multigrid tube circuits
designed as balanced modulators which are useful as voltage discrimi-
nators, the inputs again being slowly varying voltages and the outputs
being a-c voltages or currents whose amplitudes are indicative of or
proportional to the difference between the inputs and whose output
phases relative to the carrier alternating current supplied to the circuits
indicate the senses of the input in~ualities. A, number of such circuits
are given in Chap. 9, Vol. 19, and many more may be found in the litera-
ture of communication engineering. 1 It is to be noted that these balanced
modulation circuits, although having the useful property of gain and
high-impedance inputs, are no better with respect to stability than direct-
coupled amplifiers.

An ingenious and accurate modulator which may be used either for
subtraction or for amplitude discrimination of two d-c (or low-frequency
a-c) signals is based on condenser microphone principles. This type of
device, developed by RCA for some of their wartime computers and by
othersz, consists of a diaphragm or reed put into mechanical vibration
by a-c excitation of an electromagnet. Small pickup plates mounted
parallel to the diaphragm (or reed) and close to it form small capacitors
whose capacitances are varied by the membrane’s vibration. If a d-c
potential exists across such a capacitor, then the periodic variation of its
capacitance will cause an a-c voltage to appear across a resistor in series
with the capacitor. The amplitude of this a-c voltage is proportional
to the difference in d-c potential across the capacitor, and its phase rela-
tive to the a-c excitation reverses as the sign of the difference in potential
changes. This device is also useful for changing the data representation
from direct to alternating current. A more complete description of
this type of modulator will be found in Vol. 19. A photograph will be
found in Chap. 19 of the present volume.

Current Discriminators (1,1:1 or E) .—An interesting and occasionally
useful device for amplitude discrimination of d-c or low-frequency a-c

1See, for example, F. E. Terman, Rodio En@rieers’ Handbook, Sec. 7, McGraw-
Hill, New York; and F. A. Petraglia,Electronic Engimering Master Indez, Electronic
ResearchPublishingCo., 1945, pp. 55, 207.

~S. A. Scherbatskoy,T. H. G]lmartin,and G. Swift, “ CapacitativeCommutator,”
Rev. Sci. Inst., 18,415-421, 1947;H. Palovsky et al., Rev. Sci. Inst., 18, 298–314,1947;
U.S. Patents2,349,225 and 2,361,389.
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currents is the saturable core transformer. 1 It is well known that the
effect of saturation of the core of a transformer is the introduction of
only odd harmonics of the input into the output unless a constant mag-
netic bias is present, as by means of a direct current flowing through an
extra winding. If such a bias is present, the symmetry of excitation on
positive and negative peaks is removed and even-harmonic terms of
amplitude roughl.v proportional to the direct current flowing appear in
the output voltage. The phase of the even-order distortion terms reverses

TPhase
reference

FIG.3.12.—Saturable core current discriminator circuit.

if the direction of flow of direct current through the third winding is
reversed. It is easy to see that if there are se~eral windings carrying
direct current on the core of the transformer, the output voltage will
contain even-order components unless the algebraic sum of the ampere
turns set up by the several currents is zero and that the phase and magni-
tude of the even-order distortion terms will serve to indicate the direction
and amount that any given one of the bias currents should be changed
in order to make its magnetizing effect just equal to the algebraic sum
of the ampere turns of the other windings.

1During the war developmentwork was done on saturablecore transformer zz
currentdiscriminatorsby the CornellUniversityPhysics Department,under OSRD
contract. The workwas underthe directionof Dr. H. S. Sack. SeeH. S. Sacketal..
NDRC14 Reports.



16 A ftl TIIME7’lC OPERA TIONS [SW. 310

Now suppose tv (~sltrh tr:msf ormers t{~be rmnnectect ;vit,h primaries
and secondaries in series, but with secondaries so phased that their
output voltages oppose each other as in Fig. 3.12. With no bias mag-
netic field, there will be no output voltage from the combination. If
magnetic bias of opposite sense is applied to each of the two cores, as
by connecting a pair of bias windings in series with the same phasing
as that of the output windings and passing a direct current through the
pair, the even-order distortion terms in the two secondaries will add,
and an output voltage will be observed that may be changed in polarity
by reversing the direction of current flow through the bias windings,
Pairs of transformers so connected have proved to be accurate and stable
current amplitude discriminators. They have further advantages in
that the currents being discriminated may be at different volta~e levels
and that each of the various currents may be multiplied by a scale
factor determined by the number of turns of wire in its coil.

As with other discriminators, this device may be used as the error-
measuring part of a feedback loop. In this application the output of
the magnetic amplifier is amplified and used to control the current in a
coil on the magnetic amplifier such as to supply ampere turns nearly
equal and in an opposite sense to the algebraic sum of the ampere turns
supplied by the other windings.

Frequency Discrimination (f,f:E) .—Where frequency is used as a
means of data representation, frequent y discrimination may be required.
An example of such use is the case where the frequency of an a-c voltage
derived from an alternator is used as an indication of the velocity of
rotation of the shaft on which the alternator is mounted. Where two
frequencies are to be compared, the usual practice is to convert to some
other represent ation, with the discrimination in the other representation.
Where only a single frequency is to be compared with some fixed standard
frequency, a variety of frequency-sensitive bridge circuits and other
frequency discriminator circuits are available. I

Since phase and frequency are intimately related, phasw being the
time integral of frequency, phase discrimination circuits may sometimes
be used for applications where at first thought frequericy discrimination
circuits would seem to be required. For example, if it is desired to control
a servomechanism such that its average velocity is constant, the fre-
quency of an a-c voltage generated by an alternator on the servo output
shaft can be compared with a standard by means of circuits described in
the references cited or alternately can be controlled by discrimination

1See,for example,F. E. Terman, Radio Engineer-s’ Handbook, Sec. 13, Pars. 23-26,
McGraw-Hill, New York, 1943; F. A. Petraglia, ElectronicE~ineeri~ Minter Index,
Electronics Research Publishing CQ., 1945, “ Frequency Bridges,” 175; “Frequency
Measurement,” pp. 40, 176; “Frequency Meters,” pp. 40, 177.
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of the phase of the generated a-c voltage and the phase of a standard
a-c voltage, which in this case might even be crystal-generated. Phase
discrimination circuits are discussed as the next topic in this section.

Phase Discrimination (@, @:E). —Circuits whose output is sensitive
to both the amulitude and phase relations of two a-c inputs are generally
referred to as phase detectors and have many important applications in
the field of servomechanisms and computers and in other fields where
sense as well as amplitude must be obtained from a modulated carrier.
Two distinct usages of phase information are recognized. In one class
of circuits, only phases different by nearly 180electrical degrees are used,
and thus only information as to the sense of an accompanying amplitude
modulation is conveyed. A second class of circuits uses phase as a form
of data representation. Circuits designed for either type of operation
will usually operate properly as phase discriminators, for in this applica-
tion only rough information as to the sense and amount of phase differ-
ence between two quantities is required. Unless special precautions are
taken (limiters, etc.), ar,lplitude variation of the input signals will
modify the output amplitude, but not the point of phase equality at
which the output is zero. Where this phase difference must be measured
accurately, the number of available circuits is considerably restricted.
For accurate measure of phase difference, phase discriminators may, of
course, be used in combination with accurate phase-shifting devices in
a feedback arrangement, as has been discussed in connection with other
types of discriminators. Phase discriminators have been discussed
elsewhere in this series, usually under the title of Phase Detectors; see
for example, Vol. 19, Chap. 14, and Sec. 12.12 of this volume.

Some work on phase detectors has been done by the Physics
Department of Cornell University, under NTDRC sponsorship.’ There
are a number of circuits described in the literature for phase
measurement.2

Time-interval Discrimination (t,t:E) .—Where data are represented by
time intervals and two quantities are to be discriminated, a time-interval
discriminator is required. This subject is discussed in considerable detail
in Vol. 19, Chap. 14, entitled “ Time Demodulation, ” and the reader is
referred to this treatment.

1See for example, H. S, Sack, and .4. A. Olner, “ A-c Potential Equalizersand
Phsse-sensitiveDetectors,” Cornell Report No. ACE-2, CornellUniversity, Oct. 26,
1945,

zF. E. Terman, Radio Engineers’ Handbook, hIcGraw-Hill,New York, 1943,Sec.
13,p. 21; “ Phase Indicating N’ullIndicator for Bridges,” E~eclrmics,17, 242,August
1944;E. T. Ginzton, “ ElectronicPhaseAngle Meter,” Ekcironics, 16, 60, May 1942;
“Electronic Phase Bridge for Measurements,” ELxtmrsics,16, 96, November 1942;
H. Nyquist and S. Brand, “ Measurementsof Phase Distortion,” Bell Systmz Tech.
Jour.,9, 522, July 1930.
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Discrimination with other Types oj Data Representation. -While dis-
crimination of data expressed in those types of representation most
common in electronic computers has been covered in some detail, it is
obvious that many types of discriminators for other types of data repre-
sentation have not been mentioned. It should be remembered that the
same concepts apply to other types of data representation, such as linear
displacements, shaft rotations, forces, torques, and pressures. Where
discrimination is desired between two quantities represented by some
physical variable for which the known discrimination devices are not
appropriate, discrimination may also be achieved by converting to a
new representation and discriminating in the new representation. Con-
version from one type of data representation to another is discussed in
Sec. 3.21.

MULTIPLICATION AND DIVISION

3.11. Mechanically Controlled Voltage Dividers or Multipliers (E or 1,
S or o :E).—In this section a number of devices will be considered in which
the output voltage is proportional to the input voltage multiplied by a
constant where the constant is adjustable by mechanically changing the
relative orientation or spacing of parts, examples being potentiometers,
linear-wound synchros, and condenser voltage dividers. These devices
will be considered in this section from the standpoint of linear multi-
plication, that is, the type of operation in which the transfer constant
referred to above is made proportional to some mechanical parameter
such as shaft rotation. Such devices modified in their design to produce
transfer constants that are nonlinear functions of the input mechanical
variable are discussed in Chap. 5.

Potentiometers. —Precision potentiometers are widely used as multi-
plying devices because of their high accuracy, simplicity, ruggedness,
and relatively low cost. They are useful for both d-c and a-f a-c appli-
cations. Their practical limitations are those of impedance and speed
of response, the latter limitation arising from the fact that they must be
mechanically controlled. Potentiometers have been discussed in consid-
erable detail elsewhere in this series, 1 and the reader is referred to these
treatments for details.

Precision Variable Autotransformers.—In a manner similar to the
potentiometer multiplication described above, multiplication can be
performed in the case of a-c potentials by means of a variable aut~
transformer, sometimes referred to by the trade name Variac. 2 Variable

I Vol. 17, Chap. 8; Vol. 19, Chap. 12, entitled “ ElectromechanicalAmplitude
Modulation”; and Sec. 12.3.

%General Radio Co. trade name. A number of competing devices are also
available.
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autotransformers on the market at the present time are C(WSC {Icvirw
designed forth econtml of po~ver ami do not permit a precision of twttcr
than several per cent. Experiments ha\rc been made with special]},
constructed vari~hle a~ltotransformers’ having partimllarly homogenrww
cores. These ww-e !v(junfl very carefully with thin \virr to give good
resolution and linearity. BJ~ carefully adjusting the position of the
brush it is possible to obtain a ]incarity of +().1 per cent Ivith highly
reactive loads.

The advantage of the variable autotransformer over the potentiom-
eter is that the linearity of its output voltage does not suffer \rhrn v
low-impedance reactive load is used. For best results both the l(Md
and the transformer should have high Q’s. Because of this low-imped-
ance feature, it is possible to cascade several precision autotransformers
or to drive other devices such asresol~ers \rith them directly }~ithout the
necessity for introducing vacuum-tube driver circuits. The inductance
of a small autotransformer suitable for computer application is of the
order of 2 henries.

Precision variable autotransformers have been used by the British
and are designated as (‘ 31agslip I-pots. ” I-pots have been used by the
British to drive directly det-ices such as the 3-in. Aiagslip resolver. Data
on an early British I-pot available to the authors indicates an accuracy
of approximately + 2 per cent, but it is not known whether or not more
accurate results have been obtained.

Synch,ros.—In the usual synchro or synchro-type resolver, the out-
put voltage for a fixed input voltage usually varies with the sine of the
angular rotation of the shaft from the zero or null position. However,
it is worth noting at this point that synchros have been designed so that
the constant rela,ting output voltage to input voltage varies linearly
rather than sinusoidally with shaft rotation over a limited range.

Condenser Voltage Dividers.—The subject of condenser voltage dividers
in which one of the condensers is controlled by an input shaft rotation is
discussed in detail in Vol. 19, Chap. 12.

3.12. Electronically Controlled Voltage Dividers (E,E :E).—There
appear to be at least two fundamental ways of electronically controlling
a voltage divider. In one method an impedance in a divider network
is made variable, for example, by varying the plate resistance of a vacuum
tube by means of grid control or by varying the power in a high-tempera-
ture coefficient resistor operated at a constant ambient. In a second
method, an input voltage is switched on and off by a rectangular wave-
form whose duty cycle is made proportional to another input voltage;

1H. S. Sack,J, J. Taylor, and R. N. Work, “ PreliminaryResultson Calibrationof
Autotransformer,” Report NDRC-364, Cornell University, Research Contract
0EMsr768, Jan. 16, 1945,
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averaging the resulting outpul, Naveform then yields a d-c voltage p[w
portional to the product. The s}vitching in the latter scheme is accom-
plished by an on-off device such as a vacuum tube alternately driven
and cut off, and hence its characteristics are only of second-order impor-
tance. A third method, that of varying of the gain of an amplifier, is
considered to be distinct from the two methods given and is discussed in
the following section.

Variable Impedance Method-’l’lwre is little to be said about the
variable impedance method except that it is included for completeness
but is likely to be extremely inaccurate. It mav, holvever, find uses
Ivhere only cr~de but simple multiplication is required, as, for example,
in circuits where a stage gain IIIUHt be changed to maintain a reasonably
constant over-all gain but where precision is not important.

Pulsed Attenuator C’ircvit.s—,i method has been developed that per-
mits simultaneous m(lltiplication and division and therefore combined

+ i

4-++’’=+0I I

FIG. 3.13.—Pulsed attenuator computer
block diagram.

operations such as the taking of
square roots, squaring, etc., with
d-c potentials for inputs and out-
puts. Referring to the block dia-
gram (Fig. 3. 13) (A) designates an
attenuator. The input potential
A is fed into the attenuator and a
fraction of it IcA is received at the
output. This output /cA is fed
into an attenuation adjustor,
which equalizes the input LA to
another potential aa, by feeding
back to the attenuator informa-

tion that adjusts the attenuation constant k. If now this attenuation
constant is applied to a second attenuator (B), identical with the first
one, and a potential B is fed into this second attenuator, the output b
of the second attenuator will be

b=kB=aO~, (lo)

thus performing a multiplication and a division.
Different models differ in the type of attenuators and attenuation

adjustors used.
While a simple but rather coarse instrument (accuracy of a few per

cent) can be obtained by using an electronically controlled variable
impedance as the attenuator, a more precise and more stable device is
obtained by designing the attenuator so that the tube characteristics
enter onlv in the second approximation. Such attenuation is accom-
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phshedby anelectron tube that isintermittently blocked. The transfer
constant k is given, in a first approximation, by the ratio of the time
during which the tube is blocked to the total time considered. This
operation is accomplished by applying to a vacuum-tube grid a rec-

FIQ.3.14.—Pulsedattenuatorcomputerschematic.

tangular waveform in \vhich the relative width of the positive portion is
controlled by the attenuation adjustor.

Two different models based on this principle, using different types of
attenuators, were de~~elopedl anti \vill be discussed briefly. One of the

1The work on thesedevices was done for the Radiation I,atmratoryunderOSRD
contractby the Physics Departmentof CornellUniversityand was underthe direc-
tion of 11, S. Sack. For further drtnils referenceis made to ND1iC Report No.
14-435and the Cornellthesisof A. (’. Beerand H. Wr.Boehmw. The nl~terialof this
section011pulsed attenuator circuitxclosely follows :L summary of this work kindly
furnishr[lby Dr. Sack. .-

.

E.G. & G. LIBRARY
LAS VEGAS BRANCH “
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circuits is reproduced in Fig. 3.14. The two tubes T, and Tz constitute
the two attenuators. The inputs A and B are applied to the plates of
these tubes through large resistors R1. The screen is kept at a constant
potential, in thk case approximately 45 volts. The rectangular wave-
form that regulates the attenuation is, applied to the grid. In the case
of attenuator (A), the output is taken from the point labeled a; condenser
Cl smooths the output. It is evident that while the grid is negative,
the condenser will be charged up, whereas it will be discharged during
the period when the grid is positive. TI and TZ form, therefore, attenu-
ators of the type required in this kind of circuit. The attenuator output
a is fed to one grid of a differential amplifier while to the other grid of
this amplifier is fed the other input potential aO; The differential ampli.
tier consists of two stages of twin triodes T, and T,. Condenser C,
eliminates oscillations. The output of this amplifier, which is propor-
tional to the difference between a and ao, is fed through a resistor divider
to one grid of a delay multivibratorl (D AIV), Te. The DMV is trig-
gered on the grid by a positive trigger source not shown. The outp~t
of the DMV is a rectangular waveform, the relative width of which
depends on the input d-c potential. This waveform amplified by a
pentode TT is applied to the grids of the attenuators. The connections
are so arranged that if a is larger than ao, the ~vidth of the negative pulse
on the grid of the attenuator will decrease, thus decreasing a; if a is
smaller than ao, the negative pulse width will increase, and a will increase.
In this way a is always kept nearly equal to a, as required. If, further-
more, the resistors and tube clamping impedances in the two attenuators
are the same, then the output of the second attenuator is equal to aO(B/a).

Control R*o, permits the zero adjustment of the differential amplifier.
Control l/,., regulates the appropriate level of the input to the DMV.
A diode, the second half of the twin triode T,, limits the input potential
to values below the critical value at ~vhieh the DNIV oscillates continu-
ously; the correct value is obtained by adjusting the control RI04. The
adjustments of ~IOZ and R104 have to be made by observing the output
of the Dilf V on an oscilloscope, adjusting them till the width of the pulse
varies over the whole range without changing the mode of operation
as the input a varies over its permitted values (or, at a given value of
a~, .4 varies over its whole range). Another diode, formed by one half
of a twin triode 7’9, limits the level of the grid of the attenuator tube.
‘t’his level is adjusted by RI03 and should be of the order of – 3 volts for
the tubes that were used here.

The precision that can be obtained by this apparatus depends on a
number of factors, The first one has to do with the clamping charac-
teristics of the attenuator tubes, ,\s these tubes are used, the clamped

1See Chap. 5, Vol. 20, for details for this circuit,
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plate potential is roughly 1 volt or less. Good attenuator tubes would
require that the plate resistance in this low-voltage range should be
independent of the voltage and should be the same form one tube to
another. The 6V6 proved to be the most satisfactory tube in this
respect among a great number tested. The input impedance of the
following stage, consisting of the leakage resistance of condenser C, and
the input impedance of the succeeding electronic device, should be high
as compared with R2, constant, and the same for the two attenuators
within 1000 megohms, expressed in terms of shunt resistance. Another
important factor in the precision is the stability of the differential ampli-
fier, in particular, the zero stability of the first stage.

Tests showed that the precision is somewhat better than ~ 0.2 per
cent of maximum output with inputs ranging from 23 to 57 volts for
ao, 46 to 230 volts for A, and 22 to 230 volts for B, which means 5 to
165 volts at the output.

A second circuitl uses push-pull attenuators. In this circuit, the
design of the attenuation adjustors is nearly identical with the first
circuit, except that the first stage of the differential amplifier consists of
two pentodes instead of a twin triode; the condenser that is inserted to
eliminate parasitic oscillations is introduced in a different way; and the
various levels have different values. It was found that a precision of
+0. 1 per cent could be obtained when a single-ended input did not
exceed +45 volts or a differential input did not exceed + 70 volts. In
order to obtain this precision, selected tubes were used.

3.13. Variable-gain Amplifiers and Modulators (E,E :E).—Another
class of voltage-sensitive transmission constant devices is that employing
vacuum-tube amplifiers whose a-c gains are proportional to grid voltages.
The 6SK7, for example, has a plate-current grid-voltage curve that is
nearly parabolic over the range of grid voltage from —1 to —10 volts,
with eP = 250, and eoz = 100, as is evident by a substantially linear
relationship between g~ and erl in this region. For such a tube we may
write

~P = i. + aegl + be~l
and

1

:11)
Aip = (a + 2beOJ Ae,l -1- b(Ae,,)z.

As is apparent from this expression, the gain for small signals of an
amplifying stage incorporating a 6SK7 used under these conditions may
be varied nearly linearly by adjustment of the d-c bias applied to the
grid, thus making possible the multiplication of an input a-c signal
applied to the grid of the tube by the magnitude of the increment in
d-c bias voltage also applied to the grid. As with the previous method,

1SeeSec. 6.4 for an application of this circuit.
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implying variation of the plate resistance of the vacuum tube, however,
this method is subject to considerable instability due to shift in the
operating point of the tube with changes in heater voltage.

There is another method employing a variable-gain tube that is
somewhat better with respect to variation with changing heater voltage.
If in the preceding expressions for the change in the output current
resulting from a change Ae in the grid voltage, we set

Ae,l = Ael cos wIt + Aez cos Uztj

the result is

AiP = (a + 2beal)(Ae, cos w,t + Ae, cos C02t)+ b
(

~ (Cos 2.,t + 1)

+ Aeu% [COS(a, + C@ + cos (m, – ti,)tl +
}

~ (Cos 24 + 1) (12)

In this expression the amplitudes of the modulation products are directly
proportional to the products of the amplitudes of the input voltages and
the grid cathode voltage does not enter these terms explicitly. This
means that variations in d-c bias, cathode temperatures, and the like
will be of less importance in determining the amplitudes of these modula-
tion products. If the output of such a stage is passed through a filter
transmitting only one of the sidebands, say that at angular frequency
(ml – UJ, the output observed at this frequency will be proportional to
the product of the amplitudes of the input voltages at angular frequency
O, and CO,,respectively. Computing devices utilizing this property of
the tube have been built and have operated with a precision of approxi-
mately 1 per cent.

There are available a wide range of circuits of the modulator type
that operate to give an a-c output that is the product of an input alter-
nating current and an input direct current. Much is available in the
literature on modulators,l and the subject has also been discussed else-
where in this series. z

Feedback techniques may be applied to a variable-gain amplifier to
cause it to amplify an a-c signal of some standard amplitude such that
thk signal appears in the output at an amplitude equal to another signal
el, which is considered as a multiplier signal. This may be accomplished
by using the difference in amplitude between the amplified standard
signal and the multiplier signal el, feeding back the difference at high
gain to control the amplification of the variable amplification stage
in such a direction as to reduce the difference to nearly zero. Under

1For bibliography see F. A. Petraglia, Electronic Engineering Master Indsz,
ElectronicsResearchPublishing Co., 1945, “ Modulation,” pp. 55, 207,

~Vol. 19, Chap. 11, entitled “ lZlectricalAmplitude Modulation,”



%x. 3.14] SPECIAL NONLINEAR METHODS OF MULTIPLICATION 55

these conditions, the amplification of the stage is proportional to e,.
Any other signal e~fed to the variable-gain amplifier in the same manner
as the standard signal will then appear in the output with an amplitude
proportional to elez. It is, of course, necessary that the standard signal
be separated from the signal ea being amplified. The device described
is a multiple-purpose element, since two different types of data (ez and
the standard signal) are used as inputs; any of the methods mentioned
in Sec. P2 may be used to separate these signals. In this case, separation
is easily achieved by using a-c signals at different frequencies for the
standard signal and the input ez. The Neck diagram of this device
would thus closely resemble that of the pulsed attenuator computer
(Fig. 313).

A multiplying circuit based on these principles has been developed
at Telecommunications Research Establishment and is discussed in
Vol. 19, Sec. 19.5. A similar method used in this country to linearize
the characteristics of a 6AS6 as a variable-gain amplifier achieved excel-
lent accuracies. It is to be hoped that details will be published in the
near future by the laboratory undertaking this development, as the
method holds considerable promise.

3.14. Special Nonlinear Methods of Multiplication. Methods.—
There are available a number of mathematical expressions by means of
which products can be computed through the use of other functions,
such as squares, differences, logarithms, trigonometric functions, etc.,
which are sometimes easier to instrument than more direct multiplica-
tion methods. Three of the most important of these equations are

Zy = *[(Z + y)z – (z – y)q, (13)
log Xy = log z + log y, (14)

and

xy = +[COS(a – b) – cos (a + b)],
where 1(15)

x = sin a, y = sin b.

Nonlinear Elements.—Nonlinear elements suitable for use in applica-
tions of these methods are discussed in Chap. 5 and in Vol. 19, Chap.
19. A short list will be given, but the reader is referred to these
other sections for details and for more complete listings. Mechanical
nonlinear elements of importance are gears, cams, cone-cylinder combi-
nations, levers, etc. Electromechanical elements of importance are non-
linear potentiometers, loaded linear potentiometers, nonlinear condensers}
synchros and synchro-type resolvers, sine potentiometers, etc. Electronic
devices of interest are contact rectifiers, nonlinear resistors, vacuum
tubes. etc.
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3.16. Bridge Methods(Z’s:Z) or (d’s:@).—Bridge techniques are fre-
uuently very useful because they provide simple and accurate methods
of obtaining an output that is the product of two inputs divided by a third
input. Thus, in the bridge illustrated in Fig. 3.15, the output 21 is
given at balance by

ZIZ324. ~.

The bridge method, as illustrated in Fig. 3.15, has the disadvantage

Z3

l~IG.3.15.—Use of bridge for multiplication
and divisi011.

well’ have reported a method of

that some balancing means, such
as a servo, is required. A prac-
tical consideration in the design
of such bridges is the adjustment
of the slope of the various inputs.
The independence of variations of
the supply voltage E offered by
the bridge makes this method one
of great stability and accuracy.

3.16. Multiplication by the In-
tegration Method.—Bush and Cald-

multiplication that has been found
useful in connection with a differential analyzer. In this method the
product of two variables z and y is formed according to the equation

‘“=!’’”+/””
(16)

Through the use of this equation, multiplication can be performed
by standard differential analyzer integrator elements with a very high
degree of precision. For discussion of integration techniques, the reader
is referred to Chap. 4.

3.17. Miscellaneous Techniques and Devices (E,E :t) or (E,t :E)—
Change of Slope of Waveform in Time-modulation Circuits. —Through
changes in the supply voltage, the slope of triangular waveforms used in
time-modulation devices may be varied with the sometimes useful and
sometimes objectionable result that the time modulation produced by
such a circuit changes inversely as the supply voltage when the “ pick-off”
or comparison voltage is independent of the supply voltage. Expressed
in another way, the voltage at any time t after the initiation of the \~ave-
form varies directly with the supply voltage. Of course, in the usual
time-modulation circuits, the pick-off voltage is also derived from the

I V. Bushand S. Caldwell, “ A New Type of DifferentialAnalyses,” Jour. F’mnk2i7L

Inst., 240, 255-326, October 1945.

,



sh~c.3.17! MISCELLANE() US TECHNIQUES AND DE VICES 57

same supply voltage as the triangular (linear sweep) waveform, and this
variation is canceled out with a high degree of accuracy.

Use of Variable-condenser Modulators to Multiply A-c Data by D-c
D&a.—Variable-capacitance modulators are discussed in detail in Vol. 19,
are mentioned earlier in this chapter as voltage discriminators, and are also
referred to again in Chap. 15. As described above, the output of the
variable capacitance modulator is proportional to the amplitude of
mechanical vibrations and the applied d-c potential. By the use of an
extra electrode, a d-c standard, and a simple feedback circuit, the ampli-
tude of vibration may be made accurately proportional to an a-c input.
Under this condition, the resulting a-c output from other electrodes is
accurately proportional to the product of the a-c input and the d-c
potentials connected to these electrodes. Linearity of modulation may
be extremely high, approximately 0.1 per cent. For high-accuracy
applications great precision is required in the construction of these
devices, and as a result they are difficult and expensive to make.

Field Current Control of Generator Voltage (w,I:E) or (w,E:E) .—It has
been found useful to vary the volts per rpm scale factor of small a-c or
d-c generators by variation of field currents. For example, it may be
desirable in a velocity servo to maintain the velocity constant for any
given setting of a voltage divider connected to a reference potential.
If this is done by comparing with the voltage so derived a voltage from
a tachometer generator on the output shaft of the velocity servo, varia-
tions in speed will result when the supply voltage changes if the tachom-
eter scale factor is not changed at the same time. It is possible,
although not often practical, to control the tachometer in this case by
controlling its field in such a manner that the field current is proportional
to the supply voltage. The practical difficulties in this case are due to
the copper resistivity temperature coefficient and to hysteresis effects.

A device that also provides an output voltage accurately proportional
to speed and input voltage is the condenser tachometer described in
Chap. 4 in connection with integration servos.

Electrodyna?nometer Multiplier (I’ s:I) .—l’he electrodynamometer
multiplier has been described or proposed by a number of authors. 1
In a typical instrument, two coils are mounted concentrically with one
coil free to turn about an axis in the plane of both coils. When current
is passed through both coils, a torque tending to produce relative rota-

i J. S. Allen, “An Electromechanical Calculator,” RL Internal Report No. 62,
Jan.26, 1943; H, S. Sack, Cornell University, ‘( Memorandumon a Computer Based
on the ElectrodynamometerPrinciple,” July 14, 1945 (unpublishedmemorandum);
V. Bush,F. D. Gage, and H. R. Stewart, “ A ContinuousIntegraph,” Jour. Franklin
Inst., 20S, 63 (1927); R. N. Varney, “An All Electric Integratorfor Solving Differen-
tialEquations,” Rev.Sci, Inst., 19, 10 (1942).



58 ARITHME7’IC OPERATIONS [SEC. 317

tion of the coils is produced, the torque being proportional to the product
of the current in each o the two coils, as in an electrodynamics voltmeter.
In the electrodynamometer-type multiplier there is provided a second
movable coil and a constant magnetic field produced by a coil with fixed
current or by a permanent magnet. By passing a current through
the second movable coil, a torque that is equal to and oppositely directed
from that produced by the first two coils may be produced, which allows
operation as a null device. It is seen that the current required in the
second movable coil in order to bring the moving coil system to a null
is proportional to the product of the currents in the first moving coil
and the first fixed coil. A suitable means for detecting small angular
motions of the shaft carrying the moving coils must be provided in order
to actuate a feedback amplifier supplying current to the second moving
coil in order to restore the shaft to its null position. A number of devices
suitable for use as shaft position error indicators are proposed in the
references, and in addition several of the low-torque data input devices
discussed in the first part of Chap. 12 may be used. The instrument,
~lthough not at present fully developed, promises to be light, compact,
:iccurate, and practical.

Multiplication and Division Based on Ohm’s Law (E,Z:E) or (E,Z:I) .—
The Ohm’s law dividing circuit is a simple and reliable circuit which
deserves to be used more often than it is. Its field of application is

limited to those cases where the divisor has only one

b

sign and does not go to zero. Because there are so

--- 90 many applications where it is unsuitable owing to
Rz these limitations, designers are apt to forget about

it for applications where it is entirely suitable. In

e this circuit, as illustrated in Fig. 3.16, the resistance

R] RI + Rz, is made proportional to one input y, while
e. the voltage e applied across the two resistors is

made proportional to another input z. The current
through the resistors is then proportional to z/y and

eRI

‘0= R1+ R2
may be measured as a voltage by taking the voltage

lJxc.3.16. —Ohnl’s drop across resistor R1. The minimum value of
law divider. y is proportional to the resistor R1. Since the

impedance of this network is variable, the voltage
e must be supplied from a low-impedance source or at least measured
after Rz has been adjusted so that RI + RZ is proportional to y. This
circuit has been used in an airborne navigation computer to compute the
time required to fly a given distance at a given speed by making the volt-
age e proportional to the distance and the resistance RI + R? proportional
to the speed, taking the voltage across RI as the time required to cover
the given distance.
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The Time Coincidence Multiplier (t’s:Z) .—A clever method of multi-
plying devised by A. C. Hardy of Massachusetts Institute of Technology
is based on the fact that if several events occur each with a random dis-
tribution in time, the probability of a simultaneous occurrence of all of
them is proportional to the product of their separate probabilities of
occurrence at any given instant. A circuit embodying a similar prin-
ciple uses repetitive rectangular waveforms whose periods have no
common divisor. Under these conditions, the various separate events
certainly do not occur randomly with time, but the fraction of the time
that coincidence between the positive portions of all waveforms may be
observed is very nearly the same as that which would be observed were
all events truly random, particularly if the’ time interval over which
observations are averaged is long compared with the repetition intervals
of the rectangular pulses and if the frequencies have been judiciously
chosen. A tube is adjusted so that it will be turned on only during the
time when all input waveforms are positive, with the result that the
average current drawn by the tube is closely proportional to the product
of the input waveform duty cycles, each of which is made proportional
to one of the inputs. An application of this method to the solution of
simultaneous equations is discussed in Sec. 6.2. For further details of
this circuit, reference is made to Vol. 19, Sec. 19.5.

Computers using this principle have been built with accuracies of
the order of 1 to 4 per cent. Since the method does not depend critically
upon the characteristics of vacuum tubes or nonlinear elements, there
appears to be no fundamental reason why this accuracy could not be
improved if necessary.

Miscellaneous Mechanical Methods (S or 9:S or 0) .—A variety of purely
mechanical methods of multiplication are available. Fryl has sum-
marized most of these methods. Other references of interest are a
U. S. Navy Department pamphlet,’ a book by Lipka,3 and Vol. 27 of this
series.

The most common mechanical multipliers include logarithmic cams,
gears, and tape wheels; mechanical models of two similar triangles, rela-
tive sizes being adjusted by one input variable and length of one side
being adjusted by the other input variable; “sector multipliers” in which
a radius and angle are each adjusted by an input variable, giving a motion
proportional to their product over a limited range; the so called “ Vari-
gear” positive-drive variable-gear ratio device; space cams; linkage

1M. Fry, “ Designing Computing Mechanisms,” Machine Design, August 1945
throughFebruary 1946.

2 ‘I Basic Fire cOntrOl Me~hanl~lrl ~,’) Bur. OrdnancePamphlet 1140, U.S. Navy
Dept.,Ford InstrumentCo., and Arms Corp.

sJ. Lipka,Graphical and Mechanical CornprdutiWL, Wiley, New York, 1918.
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multipliers, etc. For further details and more methods the references
given above should be consulted.

IDENTITY OPERATIONS

By an identity operation is meant an operation that does not change
the mathematical quantity represented. The principal examples are
change of level, change oj impedance, change of scale factor, and. change of
data representation. Identity operations are most commonly used in
connecting together blocks performing more complicated operations

me” %

. ..
.$?L n

●

RI ‘0

(b)
(a) ,%b=250v

lM

ea lM 0,1M

o to 20
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FIG. 3.17.—Examples of circuits for changing d-c voltage levels.

220V

such as multiplication, addition, and squaring. The identity operation
of transformation of data representation, for example, allows a block
operating on one form of data to be connected to a block operating on a
different form of data. In general, it may be said that through the use
of identity operations, greater over-all computer effectiveness can be
achieved, for the increase in effectiveness of the various other operations
will usually more than make up for the complexity of the added identity
operation.

3.18. Change of Voltage Level.—Most of the techniques required for
changes of voltage level will be found under the discussions of addition
and subtraction devices. Circuits shown in Fig. 3.17a, b, and c are
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examples of level-changing circuits. Figure 317u illustrates a method
commonly used in direct-coupled amplifiers to obta n signals at the cor-
rect level with respect to ground for use as inputs to the following stage.
The differential voltage output is only R,/(Rl + R,) times that available
at the plate, but a net over-all stage gain results, and both input and
output are at the same level. Figure 3. 17b, a regulator tube or neon
glow tube, characterized by a nearly constant voltage drop over a range
of current, is used to obtain a voltage eo at a level that is suitable for use
as an input for the following stage. A very simple level-changing device
is a dry battery. Batteries are bulky, must be replaced frequently,
generally cannot be used at very high temperatures satisfactorily, and
have large voltage temperature coefficients but are used freely in labora-
tories and elsewhere where these limitations are relatively unimportant.

In Fig. 3. 17c is shown a circuit in which the output is 200 volts higher
than the input, the input covering the range of O to 20 volts and the out-
put covering the range 200 to 220 volts. The accuracy of this circuit is
approximately 50 mv for the range indicated. The circuit may cover
larger anges with reduced accuracy.

3.19. Change of Impedance.—Change of impedance is accomplished
through the use of networks and/or the use of feedback. These sub-
jects are discussed in great detail in the existing literature and elsewhere
in thk series. For standard network methods, reference is made to
Terman.’ For feedback theory and examples of the application of feed-
back techniques to the problem of changing impedance, reference is
made to Vol 18, and a recent book by Bode. a

3s20. Change of Scale.—Change of scale means multiplication of the
data at any point by a fixed quantity. The methods discussed above
under multiplication and division therefore are applicable to this problem;
but since freedom to vary both inputs as in multiplication is not required
for this application, most of the devices mentioned above are unneces-
sarily complex for this usage. Where the factor is less than one, simple
resistive, capacitative, or inductive divider networks will often suffice.
Where any impedance must be maintained, a matching T- or n-network
may be used. Where the constant of multiplication is greater than one,
amplifiers may be used whose gains are accurate. Transformers may also
be useful if the distortions and changes in gain with temperature intro-
duced by the transformers are not objectionable. References for the
design of matching networks and feedback amplifiers are given in the
preceding section.

1F. E. Terman, Radio Engirwem’ Handbook, Mc(;raw-Hill, New York, 1943,Sec,
3, par.25.

ZH. W. Bode, Network Analysis and Feedback A mpli$er Design, Van Nostrand,
NewYork, 1945
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3.21. Change of Representation.-one of the most important identity
operations is the change of representation. An introduction to the sub-
ject* is found in Sec. 12.2, together with a short list of some of the more
important representations of data used in electronic and electromechan-
ical computers.

It is usually true that a computer can be most effective if freedom is
allowed the designer in selecting methods and devices for performing the
various isolated and grouped operations on the input data. It is obvious
that the freedom of representation contributes greatly to the freedom of
selection of the best method and device for any operation. For example,
suppose that the inputs to a proposed computer are mechanical shaft
rotations. It would be imposing unnecessary restrictions on the designer
to say that throughout the computer data must be carried along as
shaft rotations. A far simpler computer might be made through the
use of a simple device performing the identity operation from the repre-
sentation of data as shaft rotation to the representation of data as an
electrical potential (as by a potentiometer), followed by electrical devices
performing the necessary operations on the electrical data.

An exhaustive treatment of the subject of the identity operation
would probably include a detailed discussion of the devices and methods
available for passing from any data representri<lon to any other. Con-
sidering only those 17 representations most used in electronic and elec-
tromechanical computers it is seen that (17)2, or 289, categories of
devices would have to be dLscussed, with more than one device in some
if not all categories. Such a compendium is not possible here.

It is suggested, however, that the serious worker in the field start his
own collection of methods for changes of representation, beginning the
collection with changes between the representations most frequently
encountered in the type of computers with which he is concerned. The
worker in the hydraulic control field will certainly wish to add such
variables as volume, flow, etc., to those given above and in all probabilityy
can also subtract several from this list as of little practical importance in
his field. A dk.cussion of changes of representation useful in passing
data into and from an electronic computer will be found in Chap. 12.
While the devices of Chap. 12 are treated from the standpoint of data
input and output devices for servomechanisms, in most cases the devices
are suitable for use also in electronic computers, where servomechanisms
may or may not be involved.

* Seealso H. Ziebolz, Relay Devices and Their Applications to the Solutionof A4athe-
rrdicat li’qrmtiorw, Askania Regulator Co., Chicago, 1940.

I Force; pressure;torque; translationaland rotationaldisplacement,velocity, and
acceleration;voltage, current, charge, impedance, frequency, phase, count, and time
intervfd.
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‘1’wo comments on the use of a change of representation table may
be of interest. If the desired device for going from a first given represen-
tation to a second given representation is not available or is unsuitable,
the change may be made by going to a third representation and then
from the third to the second given representation. This is usually
impractical, but there are occasional situations where the extra step is
justified. A second alternative also exists when the desired device
converting from a first given representation to a second given representa-
tion is not available or is unsuitable. This alternative is the use of a
device converting from the second representation to the first representa-
tion, with a feedback loop controlling the data in the second representa-
tion on the basis of an “error” signal obtained in the first representation.
This will be found to be a useful method for those cases where direct
conversion methods do not apply.



CHAPTER 4

CALCULUS

BY ,J. W. GRAY

4.1. Introduction. -In electronic instruments the need occasionally
arises for the differentiation or integration of some quantity with respect
to an independent variable. Time is usually the independent variable,

and this case will receive most of the attention here. For both differen-
tiation and integration with respect to time, the most common methods
used are those employing either a condenser-resistor combination or an
electromechanical tachometer. The choice between these two classes
in a given application is usually indicated by the nature of the inputs
and outputs, but the choice of specific components and circuits requires
considerable knowledge and judgment.

Although it is not the purpose of this chapter to embrace all possible
forms of the operation of calculus, a few simple methods will be described
in addition to time-differentiation integration, including integration
and differentiation with respect to a dimension other than time.

DIFFERENTIATION

4.2. RC-circuits. Simple RC-differentiators. -The time derivative
of a voltage can be obtained directly as a current if a condenser is charged
from the voltage source:

i=c~
dt”

(1)

With ordinary sizes of condensers, the current obtained is so small
as to be useless as a terminal output except

~~” aresistance. InFig.41iftheinpute,is

when very rapid voltage changes are meas-
ured. The current must generally be con-
verted to the form of a voltage by the use of

FIG. 4.1.—Simple RC-differenti-
ator

changing at a uniform rate and has been
doing so for a time sufficient for the current

through C and R to become constant, it follows from Eq. (1) that the
output voltage is

(2j

Thus, the larger
given input rate.

the RC product the
But also, the larger

64

greater will be the output for a
RC is the more noticeable will be
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the effects of higher derivatives of the input. For example, if ales/d/
has been constant at some value and then suddenly changes to some ne}v
constant value, e. does not jump immediately to the correct new value
of RC(de,/dt) but rather approaches it exponentially with a decay time
constant of RC. In Fig. 4“2, de,/dt suddenly increases from zero to a
constant value (the level of e, itself is, of course, immaterial), and there-
after the output follows the curve

(3)

Thus if RC were doubled, the eventual output would be doubled, but
so, also, would the time required to reach this asymptote.

For correct operation, then, RC must be small enough that considering
the nature of e., the error in the output following any change of the input
rate will be of negligible amount and duration. The obvious solution

‘ii ‘%!!Etr
e8 i

Fm. 4.2.—Effect of transient on simple FIG. 4.3.—Feedback amplifier type 0(
RC differentiation. clifferentiator,

is to use a small RC and then to amplify the output to sufficient propor-
tions for the application. There are instances where this method is
practical. The amplifier in such a method must usually be of the modu-
lator type rather than direct-coupled, because of the amount of drift
encountered in the latter type. With direct-coupled circuits, this drift
is amplified. In the feedback method described below, it is not.

Feedback Amplifier RC-diflerentiator. -The undesirable transient
effects in Fig. 4.2 stem from the fact that not all of the signal appears
across the condenser; it is apportioned between this and the resistor.
This would not be so, if the junction point between R and C could be
held at constant potential by a monitoring device that would extract no
current therefrom. This monitoring device can be a d-c amplifier. In
Fig. 4.3 the amplifier shown inverts (i.e., eo drops in potential if e, rises),
takes no input current, and has an operating output range that encom-
passes the input level.

If it is assumed that the amplifier ha infinite gain, so that e, must
be constant as long as e. is within its us .1range, the condenser current
will be

(4)
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and the output is therefore
e. = e“ — Iii

de. e“ — RC ---3
dt

or, if e~ is at the reference level,
_Rc C&.

e=,0 dt

(5)

(6)

If the input rate changes, e, tends to change, which causes eo to move
immediately to counteract this, Thus there is no lag, and the o~eration
is described by Eq. (6) regardless of higher input derivatives.

If the gain of the amplifier is some finite amount G; it is possible to
show that the differentiator responds to the type of change shown in
Fig. 4.2 as follows:

e. = – ~G’ (1 – ~@+’1’/fic)!!$. (7)

Comparing this with Eq, (3), the asymptote, except for the minus sign,
is almost the same (only l/G less), and yet the time constant of approach
to the asymptote is only RC/ (G + 1) instead of I<C’.

If the input rate is so great that the amplifier saturates before e. can
reach the required amount, e~will no longer be held in place by the output
action, and the device may thus be incapacitated for an appreciable
time. For example, if a true step function is fed in (de./dt = ~),
the grid will follow the step. The amplifier output will jump to the end
of its range, and the grid will then move back at a rate equal to this value
divided by RC. When it has come back an amount equal to the step,
normal operation will be resumed. If the step is positive, grid current
may be drawn, which would help charge the condenser and limit {he
movement at the grid. It is also possible to supplement this effect in
the negative direction by the use of a diode. Another method of rapidly
restoring the grid voltage employs a relay, which is actuated by the
output and operates to shunt R with a low resistance when the output
becomes excessive in either direction.

The use of a high-gain amplifier in Fig. 4.3 may result in oscillation.
The effect may be analyzed according to ordinary feedback theory by
considering the input terminal fixed. The condition may be remedied
by the insertion of a small resistor in series with the condenser or by
shunting the resistor with a small condenser or both. This comprises
a “phase-lead” circuit, which permits a fluctuation of eo to act on e~
immediately to cancel itself, rather than in a retarded fashion with R
and C acting as a filter.
shunt capacitor of value
infinite-gain amplifier, the

If a series resistor of value nR is used or a
nC, the effect is the same. Assuming an
output is now somewhat imperfect, having a
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response to the sudden application of input rate of

(8)

This is much the same effect as finiteness of gain, n being comparable
in its effects to the factor l/(G + 1).

In some applications it may be that the RC needed to obtain the
required output voltage is so large as to be impractical of realization.
The output may be increased by using only a fraction of it in the feed-
back. If the amplifier of Fig. 4.4 is assumed to have infinite gain, the
OUtQUtis

(9)

If RI and RZ are not negligible in comparison with R, their parallel resist-
ance simply adds to R.

o
e,

R Rt

*

Fro.4.4.—Increaseof ou@ut by attenuationof feedback.

The zero drift of the circuit of Fig. 43 is just the drift of the amplifier
as measured at its input, which is generally quite small in comparison
with the available output. I

Care is needed in the deeign of the first stage of the amplifier to ensure
sufficient plate voltage that there is no danger of positive grid current. 2
Even so, there will be a small amount of negative grid current (positive-
ion flow). By proper choice cd the tube type this may be kept fairly
low; and if tube selection is permissible, it can be much lower. If this
current is constant throughout the operating range, it does not impair
the precision, since it produces only a small constan~voltage drop acros~
R, which can be accounted for by the zero adjustment in the amplifier.
This may be the case if the amplifier has much gain after the first tube,
since this tube will then suffer little change of plate voltage and current.

The e, point in the circuit is also susceptible to other leakage currents,
particularly neighboring high potentials such as the plate lead of the
tube. If moisture is a danger, it may be advisable to shield thk point

1vol. 18.
1Ibid.
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completely and to connect the shield to a low impedance at the same
potential as eo.

The amplifier output can be at any impedance, depending on the
expected external load; for example, an output cathode follower might
be used, its nonlinearity and drift being of no consequence if the feedback
through R is from its output. The voltage range of the feedback point
must extend below e? by an amount depending on the maximum positive
input rate, This is an unusual and troublesome specification for a
direct-coupled amplifier. The output has the opposite sign from the
input rate. If this is undesirable, a differential amplifier may be used as
the output stage, with the output from one plate and the feedback from
the other, or a simple paraphase triode may be employed, with appro-
priate plate and cathode resistors. 1

Since the operation of the differentiator depends on the ltC product,
these components must be selected so that this product. will be constant,
within allowable precision limits, throughout variations of operating
conditions such as temperature. One must also take account of con-
denser leakage, which depends on ea – e,.

Another important consideration in the choice of condenser is the
fact that most condensers are more or less susceptible to the “soaking”
or” absorption” phenomenon, which causes them to depart from behavior
as ideal condensers. It concerns the inability of a condenser to accept
or deliver its entire charge immediately and seems to result from non-
homogeneity of the dielectric. In any event, homogeneous condensers
(e.g., polystyrene) exhibit very little of the effect. 2 A simple test is to
charge a condenser at a certain voltage for several minutes, discharge it
momentarily, and record its subsequent voltage (measured intermittently
with a cathode follower so as not to cause discharge). It will rise more
or less exponentially to some fraction of the initial charge before decaying
downward at its leakage rate. Conversely, if it is solidly discharged
for several minutes and connected momentarily to the voltage source,
its voltage will drop rapidly for a while before decaying at the normal
rate. Figure 4.5a shows these voltage-time curves for a typical 4 pf
600-volt filter condenser. The effect amounts to over 40 per cent in
magnitude with a time constant of about 30 sec. This aberration can be
approximated for purposes of calculation by a combination as in Fig.

4.5b. In the case of Fig. 4.5a, C’ would be almost equal to C, causing
the slow redistribution of the momentary charge or discharge as shown
by the curves. The value of R’ is such that the time constant of the
loop is about 30 sec. Such a condenser would obviously be inappropriate

1Ibid,
2 J. R. Weeks, “Development of PolystyreneCondensers,”EZec.Mfg., April 1946,

p. 146.
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+ul MN-volt filtercondenser.

~.

(b)
~10. 4.5.—(c) “Soaking” effect in a lepreseutative

The upper curve is for the condenser completely discharged, then charged 1 ser at 45vrdts,
then open-rircuited, The lower curve is for the condenser charged to 45 volts for 10 rein,
then shorted 1 see, then disconnected. (b) Equivalent circuit for condenser exhibiting
waking eflect.
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FIG. 4.6.—Exampleof feedbackamplifiertype of lt?C-differentiator.
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for use in a differentiating circuit, especially if the differentiating resist-
ance R were of the same order of magnitude as the soaking resistance R’.

Figure 4.6 is an example of the type of circuit of Fig. 4.4 ~vhere the
feedback is attenuated to give greater output for a low input rate. The
value of C is 1 pf; R is 5 megohms; RI is 5 megohms; and Rz is the parallel
sum of 500 k and 250 k, or 167 k. F.quation (9) gives

(5 + 0.167)(1)(5) de.go =
(0.167) z

_ 155 @,,——
dt

(lo)

The bottom of Rz is connected, in effect, to – 100 volts rather than
to ground as in Fig. 4.4. Since (R1 + RJ/R,Ew

T

is 31, this allows c, to be at about —97 volts,

R
\vhereas the output co is at ground level \rhen
de,]dt = O, a trick that simplifies the ‘amplifier
design. The input 6S1.7 triode is operated at

eP
--- ~ ma and about 95 volts plate to cathode,

eg
e~

ensuring minimum grid current. The differ-
ential amplifier input provides a convenient

I
c zero adjustment, balances the heater voltage

variation effect, and permits the required over-=
100. 4.7.-–Cathodfollowerer all voltage inversion with two stages. The out-

differentiator. put is from a cathode follower. It is designed
for ordy positive outputs, as thk particular circuit was designed for an
application where only negative input rates were of interest.

Cathode-follower Type RC-di#erentiator.—
For the differentiation of a voltage whose posi-
tive rates only are to be measured and whose
excursions are somewhat limited in magnitude,
an arrangement like that of Fig. 4.7 may be
convenient. It has the advantages of simpli-
city and zero loading of the input. The opera-
tion is obvious: If e,,is rising, e~is forced to rise
P/(~ + 1) as fast, and the resulting charging
current for the condenser produces an output
voltage across the plate resistor. The scale fac-
tor relating output to input rate is AJN3/(P + 1).
The transient following a change of input rate
has a time constant of only (R + rp)C/(p + 1),
where rP is plate resistance.

Ew
,

=1
R

ep
.-.------

eg ~

iP

*

1’Iu, 4.8.—C a t h o d e -
follower differentiator using
pentode with separate screen
supply.

If a pentode is used, with a separate power supply to hold constant
screeu-cathode voltage as in Fig. 4.8, the above scale factor becomes RC,
and the transient time constant is oniy C/g~.
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If tllescreell-cathode pote[~tialis maintained ccmstant by means of a
d-c “ boot strap” device, the screen current will flow in C along with the
plate current, so the drop across I? will be reduced according to their

B+

eg

B-
FIG. 4.9.—Method of lowering eh.

ratio, If the screen is at a fixed potential so the screen-cathode voltage
varies with e, the action is more like that of the triode, except for’the
loss caused by screen current and the fact that plate current is not affected
by the drop across Ii. The fact that the ratio
of screen to plate current may vary can make
the pentode less accurate than the triode
unless the device of Fig. 4.8 is employed.

Grid current is not permissible, and this
determines the upper limit for e.. Heater-
cathode leakage can cause a large error, and
it may be necessary to use a floating heater
Supply.

Some method of lowering ek is needed,
since the grid is unable to do it. This may
be done with a diode or a diode and cathode
follower as in Fig. 4.9. Of course, no useful
output is obtained while e. is descending.

The differentiator can be made to give
both negative and positive derivatives by
the use of a constant-current device parallel-
ing the condenser as in Fig. 4.10. If Z is
constant, the output voltage will be reduced
by RI. If 1 varies slightly with ek, e, will

B+

o
ip ep

eg c

h= =

B–
FIG. 4.10.—Catbode-fol -

lower differentiator with con-
stant-current, tube.

depend to a small extent on e,. This may or may not be objectionable,
depending on the requirements of a given application.

If the output voltage can be in the form of a potential difference
between two terminals rather than a single voltage, the output of the
circuit of Fig. 4.10 may be balanced against that of a similar circllit
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without the condenser to eliminate the dependence of output on input
magnitude. This may even permit, in some cases, the use of an ordi-

B+
nary resistor in place of the con-
stant-current device, as shown in
Fig. 4.11.

4.3. Condenser Circuits Em-
ploying Special Current Ampli-

* e. - I fiers.-There are certain types of
A feedback amplifiers, employing

o --- ---
f39

? special devices other than vacuum

i

tubes, that can amplify very small
currents to give large currents or

~
Rk Rk voltages with good linearity and

stability. One of these employs
a pair of magnetic toroids, whose

B- saturation effects develop even
FIG. 4.11.—Balanced cathode-follower differ- harmonic?s of a carrier voltage

entiator. when a small d-c unbalance is
applied. Another type uses a mirror galvanometers and photocell, with
current feedback from a d-c amplifier to cancel out the galvanometers
current. Either of these or an equivalent device may be used with a
condenser as a differentiatorj by amplification of the condenser charging
current.

The above magnetic amplifier is described in Sec. 3.10. A dlfferen-
tiator employing an amplifier of this type has been found to be linear
and stable to about 1 per cent with input rates ranging from —1 to
+1 volt/see. One advantage of this type of differentiator over the
type illustrated in Fig. 4.3 is the rapid recovery from the saturating
effect of a step function or other temporarily rapid input rate.

A galvanometers photocell amplifier having very good stability and
linearity with a full-scale input of 1 pa is described in Volume 18. With
a suitable condenser input it would be very satisfactory as a differ-
entiator, although perhaps somewhat limited as to portability.

In these dlff erentiators a resistance must be used to derive a voltage
from the condenser current if the output is desired as a voltage. Thus,
the RC product determines the relation between rate in and voltage out,
and the remarks about this in the preceding section still apply. Also,
of course, the condenser should not have excessive leakage or ‘<soaking. ”

4.4. Differentiation Based on Inductance.-An inductor can be used
as a differentiating device if the functions of voltage and current in
Eq. (1) are interchanged.

e=L@.
dt

(11)



SEC.4.4] l~lFFh’k’liNTIA !l’10iV BASED ON lNDUCTANCE 73

The IiL-circuit corresponding to Fig. 41 is shown in Fig. 4.12. The
response to a transient input as in Fig. 4“2 is

e. = (1 - ceR”L) ~ ~“ (12)

Thus, in contrast to the RC devices, the output may be increased by
decreasing 1?.

o
R J

e8 EL e.

o ) o
FIG. 4.12.—Simple fi~-differentiator, FIG. 4.13.—Feedback amplifier type of

R~-differentiator.

All the differentiators described in the preceding section may be
made RI. devices by replacing R with L and C with R, except that those
employing special current amplifiers must use the equivalent voltage
simplifiers instead. Figure 4.13 shows the RL equivalent of Fig, 4.3.

-%-

0
ep

eg

_LR

B-
4.14.—Cathode-follower RI,-differ-

entiatol.

B+

e9

B–
FIG. 4.15.—C0mpeIlsation of coil resistance.

All the discussion of the latter applies here also, with the above substitu-
tion. Figure 4.14 is the RL cathode-follower type of differentiator.
This has the advantage over the RC type that no constant-current device
is needed to make it operable with negative input rates. When the
c{lrrent is decreasing, e,, can actually rise above B+.
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One blg disadvantage of these circuitsin comparison with their RC
equivalents is the result of the large amount of resistance in the inductor.
This causes the output to shift with the input magnitude according to
the ratio of this coil resistance to R. Of course, the same effect obtains
in the case of the RC-differentiators, due to condenser leakage, but this
can be of a different order of magnitude. If the output may be in the
form of a potential difference, a circuit like that of Fig. 4.15 may be
employed to cancel this effect. Saturation of an iron-core inductor is

-
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ep

+

---
en

t-
gc

1=Constant
l:Ie. 4.16.—LCdoublediffer-

entiator.

perhaps the worst disadvantage. This results
in the change with input voltage of the pro-
portionality factor between input rate and
output voltage. It is as though in the RC-
differentiator, C were a function of the voltage
across it.

Hysteresis makes the output characteristic a
function of the preceding operation of the device,
It is similar tQ the effects of a “ soakable”
condenser.

Second-order differentiation may be accom-
plished by the use of both a condenser and an
inductor. For example, a cathode-follower cir-
cuit \vith m condenser at the cathode and an
inductor at the plate as in Fig. 4.16 gives an

output approximately LC times the second derivative of the input.
4.5. Electrical Tachometers. IClcctrornagnr[ic Generators.—The fore-

going types of ditferentiators are for obtaining the time deri}~ative of a
voltage, a quantity that has obvious limitations as to its excursion,
When the derivative of a mechanical displacement or rotation is desire(l
and the amount of displacement or rotation is limited, these differentiators
could be made applicable by first converting the displacement into a
voltage by means of a potentiometer. Often a rotation ~vill have no
limits but can continue indefinitely in either direction and with any speed.
In this case the speed, i.e., the time derivative of displacement, may be
obtained as a voltage by means of a generfitor. The characteristics of
many examples of tachometer generators are given in detail in the
Components Handbook, Vol. 17, so the discussion here is brief and in
general terms.

The most common kind of tachometer generator in electronic instru-
ments is the permanent-magnet d-c type, Suitable small generators are
available with proportionality factors ranging up to 10 or 12 volts per
thousand rpm. Special features of construction are required in a gen-
erator for tachometer use’ in order to obtain good linearity, stability,

] G. Russell, “ The Linearity of the Voltage/Speed Characteristicsof SmZdlD-c
Generators,” TRE Report h’o. T-1999.

I
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itbsence of brush bounce, and (’qua[ oLl~P\l( in opposite directions of
rotation. Commutator ripple must be minimized for many applications.
Commutator wear is troublesome, and commutation at high altitudes
and low temperatures presents difficulties. Permanent-magnet mate-
rial has a high negative temperature coefficient, but the effect of this on
the proportionality factor may begreatly reduced by means of magnetic
shunts of special materials and by temperature compensation elsewhere
in circuits in which the tachometers are used. Current loading must bc
quite small in comparison with that expected from a power generator
of the same size; otherwise linearity will suffer.

Electromagnet fields are used insometachometer generators instead
of permanent-magnet fields. This affords a convenient control of the
slope factor, which is sometimes useful. The temperature coefficient of’

n
/?I c

A

=

‘(a) (b) (c)
FIG. 4.17.—Condenser tachometer arrangements.

the field is much smaller than that of a permanent magnet as long as the
exciting current is constant, but the resistance of any practical field
winding has a very high temperature coefficient (over ten times that of
a permanent magnet), so a special means must be provided to maintain
constant field current. 1 Also, hysteresis of the iron will produce incon-
sistency if the field current even momentarily rises above the assigned
value.

An a-c generator has all the advantages of no commutation, but the
generated frequency usually varies along with the voltage, and this may
limit the application considerably as to range of speeds. There is a
type of induction generator, however, in which the frequency is fixed by
an impressed a-c voltage. The rotor is (most commonly) a drag cup,
and the carrier and output windings are in space quadrature on the
stator. Output voltage is proportional to the product of input carrier
and speed, but it is also proportional to the conductivity of the rotor,
which makes for a high temperature coefficient. The phase of the out-
put relative to the carrier is affected by speed, and there is some distorted

~For a constant-cumentcircuit see Vol. 18.
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output at zero speed which is affected by rotor position and is due prin-
cipally to imperfections of the rotor. The output voltage is much less
than that obtainable from the other types.

Commutated Condenser Tachometers.—If a condenser is repeatedly
charged to one potential and discharged to another through a current-
measuring device, the pulses of charge comprise a current whose d-c
component is proportional to the rate of the operation. Thus, if the
repeated charging and discharging is done by a switch or commutator
on a shaft, the average current is a measure of the time derivative of
rotation. In Fig. 4.17a the ammeter will give an indication proportional
to the speed of switching:

i = CEn, (13)

where n is the number of switching cycles per second. However, there is
no indication of the direction of rotation. Sense of direction may be
obtained by the use of more complicated switching sequences or com-
mutation, as illustrated in Fig. 4. 17b and c. ~

If the current is measured by means of a resistance that develops a
voltage, the output will be linear only as long as the voltage output is ~
negligible compared with E. The output curve is actually exponential, ~
leveling off asymptotically as the output approaches E. To obviate
this difficulty, a feedback amplifier may be employed as with RC voltage
differentiation. The operation of this type of circuit is rendered difficult
by the pulse nature of the current; filtering is required, and at very low
speeds the output is erratic. 1

Although these devices are fundamentally differentiators, their com-
mon application is as part of an integrator. More will be said about i
them under that heading.

4.6. Mechanical Differentiators. -This section is limited to a brief
mention of some of the types of mechanical dlfferentiators that might be
used as auxiliary devices in apparatus that is primarily electronic.

Drag-type Di~erentiator.—These differentiators, of which a common
example is the automobile speedometer, give a mechanical displacement
output proportional to the rate of the mechanical input. The output
is coupled to the input through a medium such as a viscous fluid or a
magnetic eddy-current device so that the force or torque exerted through
the coupling is a function of the clifference in velocity between input and
output. The output is constrained to relatively small excursions by a
spring. Ideally, the spring obeys Hooke’s law, and the coupling is such
that the torque is proportional to the velocity. Under these conditions,
the displacement of the output is proportional to the velocity. A metal
disk or drag cup revolving in a magnetic field gives a fairly linear torque-
velocity characteristic. If the torque is nonlinear, the spring may be
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designed in such a way as to cancel this nonlinearity, yielding an output
displacement linear with respect to input rate.

The response to higher derivatives is similar to that of the simple RC
voltage differentiator. For example, if the input rate changes abruptly,
the output moves exponentially (if the inertia is negligible) to its new
value, as in Fig. 4,2, with a time constant equal to the proportionality
factor between output displacement and input rate.

Gyroscope,—A spinning mass maybe rotated about an axis perpendicu-
lar to its axis of spin if it is constrained not to rotate about the axis Per-
pendicular to both of these, but it will
exert a torque against the constraint
proportional to the speed at which it
is being rotated. Thus, if the con-
straining torque is obtained from a
spring that allows a small amount of
deflection, the deflection is a measure
of speed and may be made available
as an output in any of several ways, as
in the foregoing paragraphs. This
deflection may be several degrees
without appreciably affecting line-
arity, since cos a is very nearly unity
when a is small. Spin velocity must
be constant, since the torque is also
proportional to it. Very slow rota-
tional speeds can be measured Quite

Differential

Ball

x _;_ ..

Disk -+

Jdx

\
Cylinder

I
FIG. 4.18.—Ball-and-disk integrator as

a diflerentiator.

accurately by this method. A common application of the method is the
rate-of-turn meter in aircraft.

Accelerometers.—A second time derivative may be obtained by the
use of a spring and a mass.1 If the mass is accelerated, the acceler-
ating force is proportional to acceleration; and if this force is applied
through a spring, a deflection results that is proportional to acceleration.
This principle can be applied to measure the second derivative of either
translational or rotational motion. Any of several types of pick-off
may be used for the output, as above.

Ball-and-disk Differentiator. -The ball-and-disk integrator, which is
described under that heading, can be used with feedback to obtain the
derivative of one motion with respect to another. In Fig. 4.18, One Of
the motions x drives the disk, and the other y is compared with the cylinder
output by means of a differential, the difference, or error, being used to
position the ball. The cylinder output is (r/a) dx, where r is the position

1See,for example, C. S. Draper and W. Wrigley, “An InstrumentFOr Measuring
Low FrequencyAccelerationsin Flight,” ,lour. Aero. Se-i,, 7, 388-401. July 1940.
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of the ball and a is a multiplier depending on dimensions. Ii’ r is static at
its correct value, the output rate is equal to the rate of y, so dy = (r/a) dz
or a dy/dx = r, so that the position of the ball is a measme of the deriva-
tive of one input with respect to the other. If r is incorrect, the differ-
ential will act to correct it. In this case, the equation at the differential
is

“ ‘+-:+ (14)

where g is the mechanical amplification in positioning the ball. If
dy/dx has been zero and changes to some constant amount, r will approach
its correct position according to the exponential formula

(15)

The detection of the error and control of r might be done better by elec-
trical or other more elaborate means, so as to increase g and decrease
loading of the integrator.

INTEGRATION

4.7. RC Integrating Circuits. Simple EC Integrator.—A condenser
alone will give the time integral of a current in the form of a voltage

1~=—
c /

i dt. (16)

But an input is seldom obtainable directly in the form of a current. A
voltage input may be converted to a charging

o
R L current for the condenser by means of a resistance,

e, c eO as in Fig. 4.19. But since eais divided between
o ~ ! R and C, if the voltage eo across C becomes an
“G. 4“~8~n~II?~~Ui~C‘rite- appreciable part of es, i will not be an accurate

measure of e8.
If the input rises suddenly from zero to some fixed value, the response

of a perfect integrator would be linear, as shown by the dashed line in
Fig. 4.20. The actual output of the RC-circuit is the exponential curve
shown:

‘).e. = e,(l — e-R= (17)

Compare this result with that of the differentiating circuit (Fig. 4.2j;
in the present case the output corresponds to the ideal only at the start
of the transient, while the output of the differentiator was in error at
first and gave the desired result only after the transient had died out.
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Feedback Ampli$er RC Integra/or.-’The charging current ma:r be
made to be a true measure of e. by the use of a d-c amplifier as in Fig.
+21, where e. is held constant or nearly so by the inverse feedback
through the condenser. As in the crse of the similar differentiating
~hircuit, the amplifier must be arranged to invert and must draw no
appreciable input current. It is not necessary here that the output
voltage range encompass the grid level. on the other hand, the grid
level is the reference voltage for e,, as these points are conductive}
coupled through R.

.* ‘ z ‘A ‘0

FIG. 4.20.—Response toa step function. FIG. 4.21.—Feedback amplifier RC integrator.

@ the assumption of infinite amplifier gain, so that e, is not permitted
to move at all while eais within its operating limits, the condenser current
is

d~=—c+.
dt

(18)

But this is the current which flows in R; so if e, is measured with respect

1
eO=— —RC /

e, dt + (constant).

The constant of integration is simply the voltage of
the operation.

Taking the amplifier gain G into account,

e. = —Geo
and

~ = ~ d(eo – eJ
dt

(19)

(20)

e. at the start of

(21)

= _cG’+l de.— —.
G dt

But
e, — eg e,~= -T= v&’

(22)

(23)
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so
deo –G e. 1

G+l RCdt ‘—––– G+ l%”
(24)

Forastep function as in Fig. 4.20, this integrates to

e. = –G[l – e@+~~Rc]e,. (25)

G

[

tz.
G+l 1‘–2(G+l)fW +’”” ~C”

Thus eo approaches a value of magnitude – Ge, with a time constant of
(G + l)RC (Fig. 422) rather than approaching e, with a time constant
of RC, as for the simple integrator. The initial rates of integration are
nearly the same [1/RC compared with G/ (G + l)RC], but the duration

of the integration before a given

:=

amount of error occurs is increased by
a factor of G + 1. Generally, the
gain is such that for ordinary values
of e, the asymptote is far beyond the
limits of the output range, so that
eo would be leveled off abruptly by

FIO. 4.22.—Response of circuit of Fig. saturation long before approaching
4.21 to step function. –Ge, as in Fig. 422.

These integrators are often referred to as “feed-back time constant”
circuits and sometimes as “ hliller feedback” circuits because the con-
denser has the same qualitative effect as grid-plate capacitance. It must
be emphasized that though the time constant is greatly increased by the
amplifier, the output rate for a given input is hardly changed; in fact,
if the gain is inilnite, it is not changed at all. The grid voltage, though,
behaves as would the output of Fig. 419 if the condenser were (G + 1)
times as large. In some filtering applications this point is used as the
output rather than eo, the amplifier being for the sole purpose of multi-
plying the effectiveness of the condenser.

The fact that the output range need not include the grid voltage,
because the feedback is via the condenser, makes for simpler amplifier
design than in the case of the dlfferentiator. This is fortunate, as the
problem of voltage integration seems to arise more frequently in com-
puters than that of voltage dKferentiation.

A very common type of integrator employs a single pentode or high-~
triode as in Fig. 4.23. The reference level for the input is the value
that e, has when eo is at its neutral value. If it is desired that this input
reference be ground, the cathode must be raised by the use of a bleeder
or by a self-biasing resistor. In the latter case the gain is somewhat
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reduced—the improvement of Iinearityaffordcxl by resistive degeneration
being of no value in this respect.

The effect of condenser charging current on th~ relationship brt~veen
e. and eO~vas ignored in the foregoing equations. If circuit parameters
and integration ratrs are such that it becomes appreciable comparc([
}vith plate current,, the integration will be B+
adverscl,v affected. In particular, if e, goes
so far negative that the condenser takes all
of the current in Itp, the tube will cut off and

4

RP

the output \vill be in error.
Accuracy of integration maybe evaluated c (20

in terms of the constancy of eg in proportion ‘s
to the input voltage as eo traverses its nor-

——-
R eg

mal range. If e, changes by Aeg as eo moves
from one operating limit to the other, the =

proportional change in integration rate for a FIG. 423.-One-tube integrator.

given input is Aev/(e, – e,). Thus, the greater the input the less ~rill bt:
the percentage error. On the other hand, if the scale of the input is
increased relative to the scale of the output rate, RC must be increased
accordingly. For long-time integration it is sometimes necessary to keep
the input scale rather low so that R and C will not be excessive. In

+ 250
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e - e.
100k
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Fm. 4.24.—Integrator with resistive
regeneration and cathode-follower out-
put.

this case a very high gain amplifier is
needed, and amplifer drifi will be more
noticeable.

The negative condenser feedback
gives the amplifier great stability and
freedom from oscillations, as compared
with the analogous differentiating cir-
cuit. This makes it feasible actually
to attain perfect integration through
the use of resistive regeneration to
obtain infinite gain in the amplifier,
The circuit of Fig. 4.24 is an example
of this and also of the inclusion of a
cathode follower in the amplifier to
obtain a low-impedance output and to
eliminate the effect on the amplifier of

the condenser current, though the latter is rarely a serious consideration.
The feedback to the cathode of the amplifier tube maybe adjusted so that
for a limited range of eo, practically no movement takes place at the grid.

The regeneration can be increased beyond the point of ‘(infinite gain, ”
and the device will still be operative as an integrator, with the error in
the opposite direction as compared with the finite-gain case. That is,



G will reverse its sign, so L[uit Lhe curvaturt, 01 c. ‘“iu k lg. 4.22 Irl(,rsc>.
Figure 4.25 sho~rs the voltage characteristics of the amplifier (\rith :L
5-megohm resistance in series with the grid to sho]v the limit imposed by
grid current), \vith three different settings of the regeneration. M“ithout
the RC combination the reflex portion of curve C \vould not IN realizable
and the output would follow one or the other of the dashed lint’s as e,,
is raised or lo~vercd. With R and C operating and c, at some fixed posi-
tive or negative voltage, e. and e,, ~vill S1OIY1Ytrace out all of curve C’,
with the drop across R, and therefore the output rate, actually incrcasin~
during the reflex portion. It is not permissible to obtain the negative
gain simply by reversing the sense of the amplifier, for the resulting device
i~ould then behave like a trigger circuit. The condenser feedback must
be negative.

The above amplifier requires careful adjustment which depends on
the p of the tube and at best gives accllrate integration o~,er a very

!;=
-5 -4 -3 -2 -1 0 +1 +2 +3

<omvolts

FIG. 4.25.—Characteristics of circuit of Fig. 4.24.

limited output range. Also, there is no convenient means for adjustment
of the input reference level, and this will change considerably \vith change
of heater voltage (en being lowered about 0.1 volt bY a 10 per cent rise of
E,) . Reference is made to Vol. 18 for examples of stable amplifiers
having larger output ranges with high gain.

Ml the remarks in Sec. 4.2 about grid current, leakage to the grid
terminal, constancy of RC, and condenser soaking apply also to the

[

integrator. Condenser leakage, in so far as it may be represented by a ~
constant shunt resistance, has the same effect as reducing the amplifier ~
gain. It actually comprises a negative feedback of R/R’, where R’ is \
the leakage, and thus may be neutralized by positive feedback in the ~
same ratio. \

4.8. Integration Based on Inductance.-If a voltage is impressed on an
inductance, its time integral appears as the resulting current:

1~=–
L /

e dt. (26)

A voltage or power output could be obtained from this by means of one
of the special current amplifiers mentioned in Sec. 4.3.
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The RL integrator analogous to the RC device of Fig. 4.19 is shown
in Fig. 4.26, where R replaces C and L replaces R. The RC equations
also apply here if L/R is substituted for RC.

Similarly, a feedback amplifier type of integrator may be constructed
employing inductance, as in Fig. 4.27. A current flows in L proportional
to e. — eg, so, unlike the RC-integrator, it is advisable to design the

d ‘W’mp“:
FIG. 4.26.—SimpleRI.-integrator. IJIIJ. 4.27.—Feedbackamplifier 12L-inte-

grater.

amplifier with its output range in the neighborhood of the input potential,
since this current tends to saturate the inductance.

A cathode-follower arrangement may be employed analogous to the
circuit of Figs. 4.7, 4.8, 4.10, or 4.11, an example being shown in Fig. 4.28.

Except for very short time integration, it is not practical to use air-
core inductors. All the remarks in Sec. 4.4

B+
concerning the coil resistance, saturation, and
hysteresis apply analogously in integration.

4.9. Integrators Employing Tachometers.
R

Integration of a Voltage with Respect to Time. ,~
Any of the tachometers described in Sec. 4.5 e.
for obtaining the time derivative of a mechani-
cal rotation in the form of a voltage may be e9

used as the basis for an integrator that gives
the time integral of a voltage in the form of a
rotation. In this case the tachometer is
driven by a motor, and their rotation corn- c
prises the output. The input voltage is com- ~1~. 4.28.—Cathode-follower

pared with the tachometer output voltage, the
RL integrator.

difference being fed to a power amplifier whose output drives or controls
the motor. The basic circuit is exemplified in Fig. 429, although there
are other input arrangements than the series circuit shown.

The amplifier operates to drive the motor and tachometer at such a
speed that the amplifier input e,, is held within very close limits of the
reference level. The sense of the amplifier is such that if eOis excessive
one way or another, the motor will accelerate or decelerate so as to bring
it back toward zero. Thus the tachometer speed is made to be such that
its voltage output is very nearly equal to e,, so the total shaft rotation
is a measure of the time integral of e,.

This integrator is actually a servomechanism and is usually referred

I
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to as a rate servo or velocity servo. The servo aspects of the device are
dkcussed in Sees. 14.4 and 14.5. Several examples are given in detail,
with methods of employing some of the various types of tachometers
that were described in Sec. 4,5.

The higher the gain of the amplifier the less will be e, and the more
nearly equal tachometer voltage et will be to es. If the motor speed

~
FIG. 4.29.—Vel0city servo integrator.

were proportional to eO,however, e! ~Youlcfstill be proportional to e, and
the integration would still be satisfactory. But mainly because of static
friction, this is by no means the case, especially }vhere the motor is
required to run in either direction. This is illustrated in Fig, 430
which shows a large “dead space” at zero speed, }~ith considerable error
signal required to start the motor and generator in either direction. The

dashed line is the best linear ap-

t

/ proxirnation to the actual curve,
and the proportional error of int,e-

%! gration will be the difference be-
E twecn this and e, divided by ea.w // Thus, the larger the voltage range

covered by e. and CLthe less will be
the resnltinz percentage of error.
Also, of course, the amplifier gain/

/
/ should be as high as possible.

// In contrast to the RC and ltI~
/

/
lr!u. 4~0.-Typic:Ll velocity servo response

integrators, the rate servo integrator

to error signal. operation is not affected by the mag-
nitude of the integral, i.e., the total

rotation of the shaft. It may be affected, however, by fast changes of the
input vo]tage. If this changes abruptly or at a greater rate than it is
possible for the motor-generator combination (and associated mechanical
parts) to follow because of inertia, part of the integral of the input will
be Icf t ,,ut of the total output. For example, in Fig. 431, assume that
e, has been constant, rorresponcfing to a rertain rate of integration,
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Assume, also, that the amplifier gain is infinite, so e, equals e,. This
assumption does not imply that it will never saturate but only that within
limits of saturation, no movement is required of e,. Now e, is rapidly
increased to some new value, at a rate faster than the available accelera-
tion of the mechanical system with full accelerating power. The speed
finally comes up to the correct value, as shown by equality between e,
and e,, but an error in the total rotation has accrued, equal to the integral
of e, — et; i.e., the integral of the error
voltage e~.

There is a way of neutralizing this
acceleration error by combining with the ~
amplifier an RC integrator (Sec. 4.7),
which evaluates the error -(eO dt and
makes the motor run at speeds beyond -&_
the required new speed (Fig. 4.3 1) until Time —

this integral is brought back to zero. FIG. 4,31.—IUustrating loss of
integration caueed by rapid ac-

As shown in Fig. 4.32 two amdifiers are re- celebration.

quired; a high~gain voltage amplifier and
a power amplifier to drive the motor. The latter should have sufficient
gain so that very little movement of eo, relative to its available swing,
is required to give full power output in either direction. The first
amplifier with its condenser feedbaclc operates to hold e~ constant at
the zero level in spite of any deviation of et from e,. If there is an error
as in rig. 4,30, a current will flow in R proportional to the error, which
will flow in C by virtue of movement of eo (see Sec. 4.7), and the resulting

FIG. 4.32.—Use of RC integration to cancel acceleration errors.

charge in C will measure the integral of e, — et. Before eo can get back
to its normal value, this charge must be delivered back in the form of
reversed current in R, so e, — et will reverse its sign until the error is
just canceled. The auxiliary resistance R is to prevent oscillation, as
is explained in Sec. 14”5; its presence does not affect the above cancella-
tion. The first amplifier may be given irfnite gain by internal resistive
regeneration (Sec. 4“7): in this case the net error signal will be zero.
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(-)f course, the accuracy UI’the integrator is no better than that of the
tachometer employed. These l~cre discussed briefly in Sec. 4.5, and
more details are given in the Components Handbook, Yol. 17.

A d-c input voltage may be integrated by the me of either a generator
or a commutated condenser type of tachometer. In the latter case the
feedback required to keep the tachometer from having an exponential
characteristic, as mentioned in Sec. 4.5, obtains directly as part of the
servo loop. The details are given in Sec. 14.5. An advantage of the
condenser over the tachometer generator, in some applications, is that
if the input voltage and the condenser-charging voltage are deri~.ed from
the same source, the integration \vill be independent of variations in the
source.

An a-c input voltage, if it is not required to pass through zero, may
be simply peak detected and applied as a d-c voltage. If it does go

;X 4-&y –jI

Ampllfier

t
T

1

l:IG. 4.33.—Integration of one motion with respect to another.

through zero, a reference a-c voltage is needed to discriminate between
positive and negative inputs. A phase-sensitive relaying circuit may be
employed to switch the direction of the servo output when the input
passes through zero, or a linear phase-sensitive detector may be employed
to convert it to direct current.

An a-c voltage may also be integrated by means of an induction
generator type of tachometer, with the advantage that the error signal
is alternating current and may be amplified as such. If the reference
alternating current applied to the excitation winding of the generator
is from the same source from which the input is derived, the integration
\vill be independent of source variations, as in the case of the condenser
tachometer. The primary disadvantages of the induction generator
are the great temperature sensitivity, the speed-sensitive phase shift
between excitation and output, and the low “ signal-to-noise ratio” at
low speeds.

Use of Velocity Servos to Integrate with Respect to a Dimension Other
Than Time.—In combination with an additional tachometer and a
potentiometer as in Fig. 4.33, a velocity servo can produce a rotation
that is the integral of one displacement or rotation with respect to
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another. The dimension of time, although it plays an important role
in each part of the device, need not appear in the over-all equation. If x
is the total rotation put into the first tachometer T I and r is the poten-
tiometer setting, the voltage delivered to the rate servo is proportional
to r dx/dt. But the rate servo output is proportional to the time integral
of this, or simply Jr dx.

Unless the accelerations of z can be kept under the value that would
require greater acceleration of Tz than is available, it is necessary to
employ the RC integrator combination or its equivalent in the amplifier.
The integration in this case will not be immediate but will eventually
reach its correct value.

This integrator performs the same function as the ball-and-disk
integrator of Sec. 4“11, in that both of the inputs and the output are
mechanical. The outstanding advantage, for certain applications, is that
all three motions as well as the amplifier may be mechanical y remote.
Also, it may be assembled from standard components.

By the use of nonlinear potentiometers, the integration with respect
to z of various types of functions may be achieved. Also, several input
tachometers and potentiometers may be added in various ways for the
input, to obtain combinations of integrals.

4.10. Watt-hour Meters as Integrators.-An ordinary induction-type
\vatt-hour meter used as such gives the time integral of a-c power as a
shaft rotation. It may be used to integrate an a-c voltage, impressed
on one of the two windings if a reference voltage is impressed on the
other.

This latter must be of constant magnitude and phase. In the case
of the velocity servo integrator employing either a condenser or induction
generator tachometer, if the reference voltage and input vary in propor-
tion, the integration rate remains constant. This is not true of the watt-
hour meter; in fact, if the reference and input are derived from the same
source, the integration rate will vary as the square of the source voltage,

The principle of operation is that the torque produced on a metal disk
by the action of the fields of the two currents, as in an induction motor,
is opposed by the eddy-current drag of a permanent magnet field. The
first torque is proportional to the product of the two currents, while the
second is proportional to the rotational speed; thus they are equal when
the speed is proportional to the product of the currents. Both torques
are proportional to the conductivity of the disk, which, therefore, cancels
in the equation. The permanent magnet will strengthen with decreased
temperature, giving slower integration as with the d-c tachometer, but
special magnetic shunts may be used to offset this.

The fact that the integration rate is proportional to the cosine of
the phase angle between input and reference voltages may be put to
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advantage in certain types of computers. For example, if it is desired
to combine integration with the resolution of a vector into rectangular
components, this is accornplishe ddirectlyif the vector angle corresponds
with the above phase angle.

4.11. Mechanical Integrators. Gyroscope.—If a torque is applied
to a free gyro about an axis perpendicular to its axis of spin, it \vill not
yield to this torque but will, instead, rotate about the axis perpendicular
to both the axis of spin and the axis of the torque. The rate of this
rotation; or “ precession, “ is proportional to the torque; therefore the
total rotation is a measure of its time integral. The spin velocity must
be constant, as the integration rate is inversely proportional to it.

I

Ball

f

x

Disk )
Cylinder

—

FIG,4.34.—Ball.and-disk integrator.

may be an electrodynamometer
as in an ammeter.

The input torque may be derived
from a displacement or rotation by
means of a spring, but it must be ap-
plied in such a w-ay that its axis can
rotate so as to remain at right angles
to the spin axis whose rotation com-
prises the output. If this is not done,
the integration rate will decrease with
the cosine of the output rotation. The
input may be applied electrically by
means of an induction torque motor.
In this case the resistivity of the
torque motor rotor will affect the rate.
Since no actual rotation is required of
the torque device on its own axis, it

or permanent-magnet and coil device

An interesting application is found in the German V-2 projectile,
where the acceleration is integrated by means of a gyroscope to determine
the velocity. The processing torque is obtained from the acceleration
of the inertia of the mass of the gyroscope and is thus proportional to
acceleration.1

Ball-and-disk Integrator. ‘—This purely mechanical device is sometimes
used as a link in electronic computers where it is necessary to integrate
a variable with respect to some quantity other than time. In Fig.
4.34, the ball, which is constrained from tangential motion, is positioned
radially on the surface of the disk by the motion r which is to be integrated.
A rotation x of the disk rolls the ball, causing the cylinder to rotate in the

I Thomas M. Moore, “ V-2 Range Control Technique,” Elcc. .&g,, c6, :03) Ju]y
1946.

~ See, for example, hf. Fry, “ DesigningComputing Mechanism~,” reprintedfrom
MachineDesign,Penton, Cleveland, August 1945to February 1946.

t
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opposite direction. Agiven rotation of thedisk causes arotation of the
cylinder proportional to this rotation times r, so that the total movement
of the output y is a measure of the integral of r with respect to x.

The device operates correctly as r goes through zero and becomes
negative. The output load should be small, or slipping will occur,
with resulting error. But if it is carefully made and the load is negligible,
the device can be very small (2 in. in diameter) and still give integration
of less than 1 per cent error. Large integrators, such as those used in
the MIT differential analyzer, 1are accurate to 1 part in 10,000 and, with
special care, 1 part in 100,000.

Electrolytic Integrators.—The amount of material removed from or
deposited upon an electrode in an electrolyte is a very accurate measure
of the time integral of the current through the electrode. Such a device
is not practical as a continuous integrator because of the difficulty of
obtaining a usable output proportional to the accumulation. The device
is useful, however, where the desired output is not the integral, but a
signal occurring when the integral has attained equality with some
specified amount. In this case, the integration may start with a certain
amount of plated material on one electrode; when all of this has left the
electrode, a rise in voltage across the cell results, which can be utilized
for the output signal. 2

I V, Bushand S. Caldwell,“ A IYewType of DifferentialAnalyzer,” JorJr.F~adckn

ITLst., 240, 255–326, October 1945.
z Moore, 10C.cit.



CHAPTER 5

THE GENERATION OF FUNCTIONS

BY D. M.~cR.4E, JR. .4~D W. ROTIH

6,1. Introduction.-In computer design it is often necessary to
produce a prescribed function of an input variable. Such a function
may have an explicit expression in closed form (for example, sin x,

.ra, =); it may be defined by an implicit relation; or it may be
given simply as a set of points or a curve in two dimensions, If the
function can be expressed in closed form, it is usually possible to devise
a method of computing it by using the operations of arithmetic and
calculus to express an equation that, defines the function. Thus y = sin x
might conceivably be prodlwwf’ by instrumenting the equation

‘#+?/=o,

and y = X3 by the equation

?J = XX?.

It is also possible to produce some functions by the use of relations
among physical variables that involve the functions directly. Examples
of this arc the projection of a rotating point on a straight line (resolvers,
Scotch yoke) to produce sines and cosines, and the use of the low-current
characteristic of a diode to produce exponential or logarithms.

The use of simple defining operations or of relations among physical
variables is in some cases difficult; and when the function to be computed
is known only as a set of empirical values, these methods cannot be used.
In such cases it is often mmvenient to use methods that are not peculiar
to the function in question, such as the construction of nonlinear elements
(potentiometers, gears, cams) or the combination of simple elements
(for example, linear potentiometers) to approximate the desired functions,
These will be called “curve-fitting” methods.

Some devices that produce nonlinear functions have only a single
input and a single output; nonlinear gears and cams and certain vacuum-
tube squaring devices arc of this type. There are others that effectively
have two inputs and may be used to multiply mm of them by a nonlinear

1This method is used in the MIT differentialanalyzer; sw Bush and Cahiwrll.
“.4 New Type of Differential .Anal.vzrr, ” Jovr. Franklin 1?,s1., 240, 274, (l-t ober 1945.

90



SEC. 5.2] CONSTRUCTION W NONLINEAR ELEMENTS 91

function of the other. Examples of these are resolvers and nonlinear
potentiometers. These devices may be used as nonlinear modulating
devices (Vol 19, Chap. 12, of the Radiation Laboratory Series) or,
with the second input held constant, simply as generators of nonlinear
functions.

Integration, differentiation, and combinations of these operations are
also included as means of generating functions; for if a set of values of
an input function is given, associated with values of an independent
variable, these operations produce a corresponding set of output values.

CURVE FITTING

5.2. Construction of Nonlinear Elements.—The most straightforward
way of producing a nonlinear function without solving an equation for
it or using physical laws involving it is the construction of a nonlinear
element. Elements of this type are potentiometers with nonuniform
cards or unequally spaced \vires,and gears and cams of varying radii; a
function of two variables can be represented by a shaped surface. These
elements can be used to approximate functions of any sort—analytic
or nonanalytic—subject to limitations of construction, which may place

bounds on the value of the function or its derivatives.
In the construction of nonlinear elements, the error is usually of a

random nature and cannot be expressed conveniently as a function of the
independent variable except by plotting an error curve for each par-
ticular element.’ Production tolerances on these elements are usually
expressed in terms of greatest permissible error (for example f 0.1 or
1.0 per cent of maximum output or the corresponding number of thou-
sandths of an inch). In some cases an estimate of probable error may be
made.

Potentiometers.—In Vol. 17, Chap. 82 a number of general methods of
winding potentiometers to produce desired resistance functions are given.
Those which may be used for curve fitting are as follows:

1. Shaped mandrel. The length of a turn of wire is varied by winding
on a mandrel or card of variable width, the width of the card vary-
ing linearly with the derivative of the desired function. If the
card is smooth, there is a physical limitation on the maximum
slope that it may have before turns roll off (about 15°). This
places an upper limit on the second derivative of a function for
which a potentiometer can be wound in this way. An approxima-
tion with straight-line segments is sometimes useful. 3

1Thesecorrespondto the ClassA errorsdefinedin Sec. 2.6.
zSeealso Vol. 19, Sec, 12.23,of the Seriesfor discussionof potentiometers.
j in Vol. 19,Sec. 12.26,an exampleof such a potentiometeris given. The applicw-

tlonis a directdrivefor a B-type radardisplayas a functionof antennapositiml.
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Controlled wire spacing, l~ith \rirc of uniform resistivity, the
spacing between wires can be varied to obtain a desired resistance
function. One method of accornplishin gthi sinquantity produc-
tion is to use a servo winding device that equates the output
resistance function to a standard during the winding process. The
chief limitation of this method results from the minimum possible
wire spacing; this puts an upper bound on the first derivative of a
function that can be produced in this way. Figure 51 shows a
function that has been wound’ by this method. This is a hyper-
bolic
in. in

from

function used in triangle solution (See, 64). on a card 6
length, an accuracy of i 0,25 pcr cent of resistance measured
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FIG. 5.1.—Function wound on a nonlinem potentiometer.

the high-resistance end was attained. The total resistance
was 20,000 ohms.
Control of wire size. An etching process may be used in connec-
tion with a servomechanism for winding nonlinear functions.
Minimum wire size might be expected to be the chief limitation,
again corresponding to an upper bound on the first derivative.
Step potentiometers. If discrete steps suffice in the production
of the function, a device that is effectively a multicontact switch
may be used, with resistors of appropriate values connected bet}veen
the contacts.

1This workwas done by the Thomas B. Gibbs Co., Dela},an, W’is. Someof these
potentiometers were also made by the Fairchild Camera and Instrument Corp.,
Jamaica, N.Y.
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5. Tapped winding with shunts. If taps can be brought out from
points on the winding, a resistance network can be connected to
these points; in particular, shunting sections of the potentiometer
with fixed resistors will produce a series of linear sections that may
be used to approximate the desired function.

The accuracy with which a nonlinear potentiometer can be
wound depends on the nature of the function, the card length that
can be used, and the method chosen for winding. For a function
whose derivatives are not too great, it is possible to wind a potenti-
ometer of 3-in. diameter with errors not exceeding 1 per cent of the
maximum value of the function; with care, the errors of a 6-in.
potentiometer can be held to 0.1 per cent. Some of the functions
for which nonlinear potentiometers have been wound are the sine,
cosine, secant, tangent, cotangent, and hyperbola.

6. Nonlinear mechanical elements. A mechanical motion varying
nonlinearly with respect to an input shaft rotation can be obtained
by the use of ‘a cam. 1 A simple type of cam is a metal plate of
variable radius that when rotated about an axis produces a vari-
able radial displacement as output. A refinement of this type is
the grooved cam, a plate with a spiral groove, which operates
similarly but permits more than one full rotation of the input shaft.
A function of two variables can be produced by the “barrel cam,”
which has a surface equivalent to a series of simple cams along the
same shaft; distance along the shaft is then the second input
variable.

Another method of producing a shaft rotation that varies non-
linearly with an input shaft rotation is to use gears of variable
radius. 2 There is a maximum value that the second derivative
of a function may have if the function is to be represented in this
way. For both cams and gears, a minimum value of the first
derivative is determined by the radius of the shaft.

5.3. Nonlinear Functions with Simple Elements.—The difficulties of
manufacture of special nonlinear elements make it desirable to use simpler
and more readily available parts if possible. A large number of useful
functions can be approximated by the use of a linear potentiometer
with various resistance networks to produce a voltage that varies as a
nonlinear function of potentiometer shaft rotation.

A greater variety of functions may be obtained if two or more poten-
tiometer shafts are connected (” ganged”) either dh-ectly or by gearing.
In the design of networks of this sort, a combination of trial and error

] See“Basic Fire Control Mechanisms,” OrdnancePamphletNo. 1140,pp. 46.f.
1SeeVol. 17 of the Radiation Laboratory Series.
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with network analysis is necessary. ‘I’he processor trial, or the selection
of the general type of potentiometer network to be used, however, is
facilitated byaknow]edgeof the sorts of functions that can reproduced
by simple potentiometer networks. For this purpose it is helpful to have
families of output curves for various basic circuits. once a circuit type
has been chosen, the “ best” values of the components may be found by
an analytical method or by experimental measurements of the output
function for different component values. In the latter case, a few experi-
ments often show very rapidly the changes that can be produced in the
function with variation of particular components. The question of
whether analytical or experimental methods are to be used depends on the
complexity of the network. If there is only one potentiometer in the
network, an analytical method may be used to fit the desired function
at three or four points; but if two or more potentiometers are used, an
experimental method is sometimes preferable.

If the effect of a second potentiometer (or whatever element is used)
is relatively independent of that of the first-the result being a sum, for
example—the design process can be that of successive approximations.
This method may be applied to either analytical or experimental design.
An error curve is plotted for the approximation obtained with the first
potentiometer, and another network is sought that will produce a curve
nullifying this error. This resembles a convergent series expansion of
the function. It can be applied to the Taylor expansion by using devices
producing powers of the independent variable or to the Fourier expansion
by ganging sine-cosine elements.

Loaded and ganged potentiometers may also be used to produce non-
linear resistance functions. Other examples of the combination of rela-
tively simple devices to approximate desired functions are the design
of shaped waveforms using exponential, 1 and the use of linkages. z

A family of nonlinear functions may be generated by the use of a
nonlinear element in a network with linear elements. A crystal rectifier,
a lamp, or a thyrite element, for example, may be used with linear
resistances. Another sort of characteristic that maybe produced in this
way is a resistance that is a nonlinear function of temperature; this has
been done by combination of thermistors and resistors.s

When curve fitting is done by the combination of simple elements, a
substantial portion of the error is usually predictable and independent

1Vol. 19, Chap. 8, of the Radiation Laboratory Series.
z Methods of approximating functions are treated extensively in Vol. 27 of the

Seriesin connectionwith the designof linkages.
3R. Krock and XT.Painter, (‘The Two-Disc D-c Thermistor Bridge Circuit,” RL

Report No. 502,Jan 12, 1945. This reportgivesa fairly generaltheoreticaltreatment
of curve fitting at tbrcc points I)y meansof a nonlinearelement,
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of errors of the components used. This quantity is the difference bettveen
the desired function and the function that would actually be computed
with perfect components. 1 It can be expressed in equations or graphs,
and criteria can be stated for minimizing this error by proper choice of
component values. A mathematical criterion such as the method of
least squares may be used, but it is often too troublesome to use so refined
a method. In general, a ‘(weighting function” must be used if a given
error in the nonlinear function produces different errors in the computer
output, the errors depending on the region of the nonlinear function
being used. If the weighting function is carried to an extreme, a set of
points of the desired function can be chosen and the error minimized at
those points only. If the number of points chosen is equal to the number
of independently variable parameters of the approximating system, and
if the desired function can be approximated with realizable components,
these parameters may be so chosen that the error is zero at these points.
This method, though it does not necessarily give the “best” fit, makes
it possible to solve for component values in terms of the values of the
function at the selected points.

6.4. Curve Fitting with Linear Potentiometers. Analysis Oj Loaded
Potentiometer.—A method that is sometimes useful for approximating
nonlinear functions involves the use of linear
potentiometers in resistance networks. The
most general resistive network containing a
single potentiometer is a network including a-c
or d-c generators and resistances, with the
condition that two resistances having a com-
mon node constitute the potentiometer.
These resistances will vary as z and (1 – x)
respectively, where z represents the angular
displacement of the arm from one end of the
potentiometer, expressed as a fraction of its
full range. The common node corresponds to

IkJ( 1-Z)R,

R
e, ZR, Rz=aRl

e.

ez

FIG. 5.2.—General loaded-
potentiometer circuit with
zero-impedance supply.

the contact made by the movable arm: It can be shown by means of the
nodal analysis that any voltage appearing in the network can be expressed
as a function of x in the formz

( )1X2 + alz + h
e.=A ~2+a2x+~2 (1)

where A, al, and b~are functions of the resistances and generator voltages
and a~ and b~ are functions of the resistances only.

1This correspondsto the ClassB errorsmentionedin Sec, 2.6.
2A similar function is used for curve fitting with two rheostats; see N. Painter,

“ Matching ResistanceCurvesby Means of Two Linear Ganged Potentiometersand
a ThreeTerminalResistanceNetwork,” RL Report No. 610, Aug. 7, 1944.
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A special case of some interest is that in ~vhich the potentiometer is
supplied with voltage from a zero-impedance source and the output is
taken at the potentiometer arm. This will be called a “ loaded-potenti-
ometer” circuit. In this case the network connected between the poten-
tiometer arm and the reference node can be replaced, by means of
Th&enin’s theorem, by its internal resistance and open-circuit voltage.
The circuit cf Fig. 5.2 is the most general attainable subject to these

restrictions. The circuit has three
k independently variable parameters

that determine the shape of the out-
(1-z)R, aR, put function: ei, et, and a = l?t/._ll.

zR) e. The level of the output may be

e, ez changed by varying the potential of
the reference node; this means that
there are four independent variables

FIG. 53.-1 tearranwr,,ent of loaded-
potentionleterrlrcuit. instead of the five of the general case

of 13q. (l). The function may also
be moved along the z-axis by redefining the independent variable as a
linear function of x. A rearrangement of the circuit for convenience of
analysis is shown in Fig. 5.3. The two voltage sources ei and e~with the
corresponding series resistances (1 — x)ItI and aItl can be replaced by
current sources ei/ (1 — x)I?I and ez/aI?l respectively, with parallel
resistances as shown in I_ig. 5.4.1 Since the current sources and resist-

~ ~
e.= ( 1-z )R + aRl

+ 1 J_
( l-z)ll+z~ + aRl

FIQ.5.4.—Transformationof loaded-potentiometercircuitwithcurrentgenerators.

antes are all in parallel, the output e. is simply the product of the total
current and the effective parallel resistance, or

ei e2

G+: _ z[aej + (1 — x)ez]+
e. = —

+x+:+:
a+z(l—z)

(2)

I For this transformationsee, for example, H. W. Bode, Network A nulysis and
}’eedback Amplifier Design, Van Nostrand, New York, 1945, p. 12.
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This can be generalized somewhat by the addition of fixed resistances at
the ends of the potentiometer, in which case z varies over a smaller inter-
val than O ~ z s 1. This takes into consideration part of the effect
of internal resistance of the voltage source; it does not mean, however,
that the circuit of Fig. 5.3 is still the most general one when e~has internal
resistance; the Th&enin’s theorem transformation by which that circuit
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Fm. 6.5,—Outputcurvesfor loaded potentiometerwith load connectedto bottom end
(.2 = O).

was obtained is not valid for this case, since the upper end of the poten-
tiometer is no longer at a fixed voltage relative to the reference node.
Some applications of Eq. (2) will now be considered.

Miscellaneous Functions from a Single Loaded Potentiometer.—In the
process of fitting empirical functions with loaded potentiometers, it is
helpful to know the sorts of function that can be produced with simple
loading configurations. One such case is the circuit of Fig. 55, in which
es = O. For this network Eq. (2) assumes the form
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YO = -_ .ua’
(:3)

ei a + X( I — X)”

Figure 5.5 shows a family of curves for et/e~ as the resistance l:~tic) m
assumes different values. .k corresponding family of curves may lw
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~lG. 56.-Output curves for loaded potentiometer with load ronrmrtml to upper el,d
(e, = .,).

drawn for a load resistor conncwtwl to the upper end of the potenti-
ometer. This corresponds to e~ = Pi; the equation becomes

eO Z(a+l–z)—— (4)
ei a’ + Z(1 —7)”

Curves of this function are showm in Fig. 5.6,
Figure 5.7 illustrates the effect of ~,arying ez in the circuit of Fig. 52.

If ez/ei = P, Eq, (2) becomes

e. _ Z[a + P(I — $)1,—
ei

(5)
a+z(l —x)

I
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Figure 5.7 shows a family of these turn’es for a = 0.1 and various values
of ~.

Equation (5) may also be used to express the error term in the caw
when a potentiometer is being used to produce an essentially linear funr-
tion but when a small amount of loading (R2 >> RI or a>> 1) is present,

6,0.
/9=10

6.0 ~ / y \

b

4.0 / ‘ — -~=5.

+$
—

\

2.0 /. ‘“
-B=2- ‘ — — —

0

-2.0

-* \’ i _ /—

-4.0
=-

\
5 /

/ ‘

-6.0

~ f7=-lo ~ ~

-8.0
0 0.1 0.2 0.3 0.4 0.5 0.6 0,7 0.8 0.9 1.0

Fraction of full rotation Z

F1~.5,7.—Output curves for loaded potentiometer with @ = e*/e, as parameter.

In this case Eq. (5) can be expressed in a more convenient form by divid-
ing numerator and denominator by a.

[

~ ~+(l–z)B
e. o!— 1— —
e;

1+
Z(l – z)

c1

This can be rewritten by means of the approximation

1 +,,
—=l+C, –C2,
1+E2
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ifqt, <<l:

[ 1_=z~+(l–z)B_z(l– x).e.
ei a a

(6)

The departure from linearity, expressed as a fraction of maximum output,
is then

e. — Xf3i X(1 – Z)(b – z).— .
f3i a

‘Ibis effect may be considered to be due to the varying output impedance
of the potentiometer as a function of x. In the case P = O, the magnitude
of the error is Z2(1 — z)/a, which has a maximum of O.15/a at z = ~.
A plot of this function is shown in Fig. 5.8. One way of reducing the

0.14
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0.10-
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0.06-
0.04-

0 0.2 0.4 0.6 0.s 1.0
z

6.S.—PotentiomeLer loading curve for a >>1.

effective error is to operate over only a fraction of the full output voltage,
as shown by the dotted line in Fig. 5,8; this may be done by inserting in
series with the “ high” end of the potentiometer a fixed resistance of
about half the value of the potentiometer resistance and calibrating the
system so that the output is correct at the high end of the potentiometer.
The maximum output will then be only two-thirds the supply, but the
maximum departure from linearity, expressed as a fraction of maximum
output, will be reduced by a factor of about 6.

Another method of reducing the error somewhat is to make /3 = ~ by
connecting an additional load from the arm of the potentiometer to the
high end. This effectively halves a. The maximum error in this case
is 0.05/a’ (where a’ = the new value of a) or O.10/aO (CXO= original value
of a before addition of extra load). This method is inefficient in reduc-
ing the nonlinearity, relative to the first method.

For the approximation of symmetrical functions it is of interest to
consider the form that Eq. (2) takes when the circuit is connected sym-
metrically with respect to the center of the potentiometer (as in Fig. 5.9).
It will be convenient to let the independent variable be zero at the center
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of the potentiometer and the loading be symmetrical (ez = cl/2) and
to measure the output with respect to the level ez. This can be done by
defining a new input variable y such that

y=2x–1

and a new output variable u such that

u=e. —ez.

Substitution of these three conditions in Eq. (2) gives an expresson for
u as a function of y,

4aye2
‘=4a+l–y2”

To put this into a more convenient form, let

4a+ l=+.

Then

(7)

(8)

The curves for this function resemble those of Fig. 5.5 but are symmetrical
with respect to the origin.

Tangent Approximation.—By expanding the denominator of Eq. (8)
in a prover series,

(9)u = ez(l – fS)(y + by3 + 6*Y5+ t3y7 + “).

The series for tan 0 is

By letting 6 = ~ in 13q. (9) (that is, a = ~), the function produced by the
loaded potentiometer becomes

( )“=% V+$+$+fi’+..””
The quantity in parentheses differs from tan y by about y5/45; at y = &
radian (29°) the error due to this term is only 0.04°. The circuitl is
shown in Fig. 5.9. If a = 0.448, the angular error can be held to ~ 0.1°
up to y = 1 radian.

To achieve in practice anything like the theoretical accuracy, it is
necessary to calibrate the system carefully. This involves setting
ez = cl/2, zeroing the input shaft at the center of the potentiometer,

1Detailsof constructionof sucha circuitaregivenin G. D. Schott, “Loaded Poten-
tiometer Triangle Solver,” RL Group 63 Report, May 31, 1944. See also R. Hof-
stadtrr, “.4 Simple PotentiornctcrCircuit for Production of the Tangent Function,”
/(’?,,.,$’Cl.T7L3f,, 17, 298–300, August 1946.

E.G. & G. LIBRARY
LAS VEGAS BRANCH
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and setting Rz = R1/2. ‘l’he condition e, = e,,/2 may be satisfied by
supplying the potentiometer with alternating current by means Of a
center-tapped transformer. A phasing adjustment must be provided
between the input dial and the potentiometer shaft in order that the zero
position of the input shaft may correspond to the center of the potenti-
ometer. The adjustment of RZ may he made by means of a series poten-

tiometer to produce the correct
+ez output at a known input.

Secant Approximation.—A
good approximation to the secant

7
function can be obtained by the

eO use of ,a potentiometer and auxil-

i
iary resistor (Fig. 5,10). In this

-e2 case the output is not from the
lf’ic. 59.-–Circuit {01 approxillmtiug taugent

function.
potentiometer tap, so the loaded-
potentiometer analysis does not

apply. By straightfomvar{l network analysis it is found that the ratio of
output to input is

e. li2 k—. .
el

l?, +~( l-y’)
4a+l–#

(lo)

where y is the fractional angular displacement from the center of the
potentiometer as defined iil connection with symmetric functions and

08, ;Il

1

Mm 5.10.—Circuitfor approximatingsecant.

a = R2/R ~. This function is 1/y times the function of
same value of a. Again the substitution

4a+ l=;

Eq. (7), for the

facilitates the expansion of the denominator in a power series:

e.
–=(l–b)(l +ay’+b’y’ +.).
el
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‘l’he corresponding expression for the secant is

secy=l++y2+~y4 +.. .

Let & = ~(i.e., a = ~); the error then is approximately &y4.
The same network, with the potentiometer as the bottom element

and the resistor at the input, gives a fair approximation to a quadratic
voltage function. The resistance of the potentiometer with ends con-
nected is a quadratic function (Sees. 3.5, 5.9).

Square-root Approximation.-An approximation to the square root
can be obtained with the circuit of Fig. 511. The output curve is
compared with a square-root curve in this figure; the error is 1,7 per
cent or less of maximum output over the range 0.04 S z S 1.

1.0.
— Square.root curve

‘- Output 01 nelwrk .“;

0.8
/

o Points at which
curves were
equated

~

b=O.911
0.6

6 z +e,VZ

eo-~
0.4 -/

//

/’ a=o.067

0.2

I =

fb
o 0.2 0,4 0.6 0.8 1,0

x
l;IG.5.11.--Ap~nwximatiuuto ,gquareroot,

The procedure in selecting the circuit constants is first to write the
equation for the network type chosen,

A(z + a)Y=9=
el x+a+b’

which contains the three unknowm constants A, a, and b. This permits
an exact fit to the curve y = v’; at three points (~i,yi). The points
chosen were (0,04, 0.2), (0.36, 0.6), and (1.0, 1.0). Three equations in the
three unknowns mav be written, and a solution is possible by use of the
relation

1—. :+ b
Yi A(~i + a)’

the variable l/A being eliminated by subtraction and b/A by division.
The resulting equation, from which the dotted line in Fig, 5.11 wa~
plotted, is
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y= “42%)”
Tn the case of more complicated networks, for which the simultaneous

equations are difficult to solve, fitting may be done more conveniently
by plotting families of curves for the available and desired functions and
superimposing them.

5.6. Other Combinations of Simple Elements. Shaped Waoejorms.—
The application of a simple wa~eforrn such as a positive step function
to a net\vork produces a response that may be shaped \vithin certain
limits by the choice of the elements in the network. If an RC-network
is used, the resulting }~aveform }vill be a combination of exponential.
This method has been used to produce an approximation to a hyperbola. 1

.% waveform may also be approximated by a series of straight-line
segments. This may be done by passing a linearly increasing current
through a netl~ork of resistances and diodes ;Ztransition from one segment
to the next occurs when the waveform rises to a le~-el at which a diode
either begins to conduct or stops conducting, in either case changing the
effective resistance of the circuit and the slope of the output waveform.

Lin!iagcs,—The use of mechanical linkages to approximate functions
is a method having ~vide applicability (see Vol. 27). Bar linkages have
been found to have certain advantages. Extremely long life may be
expecteci from devices of this sort. Close mechanical tolerances must
be held, ho}vever, the closeness depending on the accuracy desired. Link-
ages for functions of two variables have been designed by means of a
method of successive approximations.

TRIGONOMETRIC FUNCTIONS

The trigonometric functions most often produced directly are the
sine and cosine; other functions, such as the secant, tangent, and inverse
trigonometric functions, may be produced by combining sine-cosine
devices and by the use of feedback. The most common method of
producing sines and cosines is the construction of a model in which the
projection of a rotational motion on a line provides a quantity propor-
tional to the cosine of the angle of rotation measured from the line. This
principle is used in electrical resolvers, rectangular-card sine potenti-
ometers, and Scotch yokes.

Trigonometric functions, like any other functions that vary suf6-
ciently smoothly, may also be produced by curve-fitting methods; for
example, nonlinear potentiometers have been used to produce sines and
cosines, and cams to produce the secant. The choice in each case depends

1Vol. 19, Chap. 8, of the Radiation Laboratory series
1 r~ti]
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on whether the curve-fitting method or the use of physical laws involving
sines and cosines is easier to instrument and more accurate. There are
some devices that make use of both the physical law and a curve-fitting
procedure. In some electrical resolvers having iron cores, for example,
the model provides a first approximation to the sine function, but higher
accuracy is obtained by careful spacing of stator windings or by the
addition of a compensating cam, each of the latter operations being a
case of curve fitting within a limited region.

6.6. Variation of Electrical Coupling by Rotation. Types of Devices.
Both electromagnetic and electrostatic coupling ,coefficients can be varied
mechanically. A typical electromagnetic device for producing sines and
cosines consists of a cylindrical stator with one or more windings, inside
which is a rotor with one or more windings. 1 Either air cm-es or iron
cores may be used. The number of windings on the rotor and stator is
referred to by calling the device a ‘‘ l-to-3 phase” or “ 2-to-2 phase”

FIG. 512.-Bendix .iutos>n, exploded view.

device, even though in ordinary use the a-c voltages on all these ~vindings
are essentially in the same time phase, Devices having 3-phase stators
or rotors are usually called s~’nchros; those \vith 2-phase stators or rotors
are often called resol~-ers because they may be used to resolve a t\vo-
dimensional vector into its rectangular components. An air-core type of
2-to-2 phase device used for angle mcasurrrncnt is kno;vn as a ,goniorneter.

Figure 5.12 sho]vs an exploded vic~v of a typiczl 2-tu-2 phase, light,-
weight resolver. The draiving of lig. 512 sho~rs the cylindrical rutor,
with slip rings for electrical information, and the stator into ~vhich the
rotor fits. If the input is to the st~tors, there is no coupling bet~vcen the
stator windings unless current flo}vs in the rotor windings.

Electrostatic coupling coefficients can be varied either by moving
one condenser plate \vith respect to another or by moving dielectric
material between the plates. A phase-shifting condcnscr that varies
the phase of a sine wave by producing sines and cosines uses the latter
method (see Vol. 17, Sec. 91, of the Series). Tilis method is also useci
for transmission of angle data in the J IIT differential analyzer. z

1The Radiation LaboratorySeries,Vol. 17, (’hap. IO, “notary Tnclllctors.’]
2Bush and Caldwell, “ A New Type of Diflcrcntml ‘inalyzcr,’] Jo?/r. Frank/in

[nst., 240, 4, 278, October 1945.
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C’ses.—.kn important application of electromagnetic devices of this
sort is to the transmission of rotation. Three-phase devices (synchros)
are used chiefly for this purpose, In this application little :~ttcnti[m is
paid to the production of sines and cosines as such; accuracy is measurr( I
in terms of angular errors rather than deviation of !roltage from :1 sin(,
function of rotation.

The same devices, but more commonly the 2-phase ones, rna,v lx,
used to produce voltages proportional to the sine and cosine of the
angular position of the rotor. ‘rhey may enter into a-c computing
systems, in Ivhich case a sine-~va~’e carrier is modulated by the rotor
position; they may be used to produce sine anfl cosine components of
triangular or trapezoidal lvaveforms for 1’1’1 s]veeps (Vol. 22); they ma),
be used }~ith direct current and a specially built rotor to detect saturation
resulting from d-c flLm in n[dl devices producing an angle output,

A 2-to-2 phase resolver may be used to rotate rectangular coordinate
by resolving each of t!vo inputs into components along directions drfinwi
by the two output coils; it may also be used, together with a serv(jmertl-
anism, to transform rectangular to polar coordinatcw (Sec. 63),

Either resolvers or phase-shifting condensers ma~r be used to producr
a phase shift ~~arying linem-1~’ !vith shaft rotation, This results from
combining sines and cosines. The two inputs are sin d and cos Ot;
these are multiplied within the device by cos @ and sin o respectively
and added to produce

cos @ sin d + sin @ cos tit = sin (d + ~).

Phase shifts of this sort are used in range measurement (Vol 20, (’haps.
5 and 6).

Theory of Ope~ation of A-c Resolvers: Sources of Error.—The operation
of an a-c resolver of the type shown in Fig. 5.12 may be analyzed simi-
larly to that of an audio transformer. Differences lie in the variation
of coupling coefficient with rotor position and the somewhat lo~ver maxi-
mum value of coupling for the a-c resolver than for an audio transformer
(for the Bendix resolver XD-759542, k = 0.!3). An analysis in Vol. 17,
Chap. 10, shows that, subject to certain assumptions, the input impedance
is independent of rotor position. The frequency response of resolvers
depends on the purpose for which they are designed; that of the Bendix
resolver is shown in Fig. 5.13. Devices for resolving complex ~vaveforrns
with high-f requenc~” components may have a more uniform response or
\rider bandwidth.

Some of the errors of audio transformers as computing elements are
found in the same form in resolvers. Nonlinearity of the iron core pro-
duces distortion of the output ~~aveform and variation of stator-to-rotor
~’oltage ratio with input voltage. For the .4rma resolver (Xo. 2] 3044)
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this efiect causes errors in output voltage of the order of 0.14 per cent
of maximum output for voltages from O to 80 volts rms at 400 cps.
The effect of interwinding capacitance may also be observed if a resolver
is operated with the output winding floating. The voltage ratio also
varies with temperature, this variation being a function of the load as
well.

One of the most important criteria of performance in synchros and
resolvers is the deviation from sinusoidal output as a function of rotation.
If the input is to a stator winding, it might be expected that the rotor
would pick up a voltage measuring the projection perpendicular to the
rotor winding of the magnetic field produced by the stator. In order for
this to be true, the windings must be arranged to produce a suitable

5 -
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kc/see
Fm. 513.-Approximatefrequencyr esPonseof Be,ldixresolver(~tatOr-tO-rOtOrratio).

field. For any given arrangement of rotor windings, there are only
certain field configurations for which a sine output can be obtained.
Moreover, it is desirable that the field configuration be unchanged by the
rotation of the rotor. This condition is fairly easily satisfied for air-
core devices; but when there are iron cores, more care in design is
necessary. Changes in the field may occur if the rotor is rotationally
asymmetrical (“dumbbell” or “umbrella” type) or if at certain orienta-
tions winding slots of the rotor come opposite slotsin the stator. This
latter effect is reduced bydesigning therotor orstator so that the slots
of one are skewed with respect to those of the other (see Fig. 5“12).

If a load is connected to the output terminal of a resolver, certain
errors may result. Theinput impedance of astator will vary asafunc-
tion of rotor position. Even if the input is supplied from a sufficiently
low-impedance source, the output impedance will vary with rotation
and the resulting variable loading will cause deviations from a sine func-
tion. For an Arms resolver, however, a 20,000-ohm load has negligible
effect ( <0.05 per cent) on the sine-function output; and for some pur-
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poses these resolvers have been connected in sm-iesl so that the output
of one is the input for the next.

When two ~~indings at 90° to each other are to be USC(1either in
producing the sine and cminc simultaneously or in prmlueing tflc inverse
tangent by a null mcthml, errors may arise from the rclati(m of on(, of
these windings to the other. Their relative angle may difl’t,r from !)OO;
the maximum gain ratios from the tivo ~~inllings to the sarnr pickl~p
winding may differ; or the voltages on the ]vin(lings may lx, sligllily (mt
of phase. The result of inequality of gains is an Crrl)r t}lat varirs as the
sine of t}vice the rotor tingle; this may be rcmcdic(l I)y ttlr lLW of com-
pensating rcsistorsz or by the insertion of ~ gain c{mt nji in t hr ch:~nncl
corresponding to one of the comdinatcs. If thc t iv,) inlmt voltages (iiffcr
in phase, an error in output amplitllde reslllts. l;ll’cct i\rl~’ (HJ(,d t,h~!
input magnitudes is multiplied by the cosine of tile phase ditfcrrnce. ‘l’he

FII+.514.-Trarmfr~rmcr drive with amplitu<lc voritrul.

maximum fractional error in output amplitude due to a phase difference
of @ radians betlveen the input voltage is 42/2 (for small O).

Driving Circuih jor A-c Iiesoluers,—Itmolvers and synchros may be
excited from an a-c line or from a transformer connected to an a-c line.
This method is commonly used with synchros }rhen the (J~)j ect is to
transmit angular information. It may be used to produce sines and
cosines but will not allow the general operation of multiplication of an
input variable by sine and cosine.

A l’ariac’ may be used to supply voltage to an input ~vinding of a
resolver; in this case the shaft rotation of the Variac provides the variable
input to be multiplied by the sine or cosine. This ‘method has the dis-
advantage of varying input impedance if it is desired to supply the Variac
from any other source than a low-impedance line. Furthermore, it is
difficult to attain high precision (0.1 per cent) with Variacs.4

If it is desired to excite an input winding of a resolver with voltage
from a potentiometer having a resistance of several thousand ohms, an

1P. Weisz and B. Miller, “Transformation of Rectangular Coordinates Using
Arms Resolvers,” NDRC14-293, July 10, 1944.

1Ibid.
: See Sec. 3.11.
q H, S. Sackat CornellUniversityhasdone considerableworkon precision Varhcs

(private communications). Seealso Chap. 3.
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impedance-transforming device is usually necessary to prevent excessive
loading of the potentiometer. Low output impedance is desirable in
order that variation in input impedance with rotor position will not
affect the voltage on the input winding. Such adevicemav be asteD-
down transformer, a cathode follower, or a more
elaborate type of feedback amplifier.

A potentiometer may be used to vary ampli-
tude of the voltage impressed on the rotor (Fig.
5 14). The potentiometer P is the amplitude con-
t~ol. In order to reduce the loading of this
potentiometer, a stepdo~vn transformer T is in-
cluded. The input impedance at the primary of
the transformer is essentially that of the reflected
resolver-rotor impedance and thus can be quite
large if a suitable value of step-down ratio is
chosen. It should be noticed, however, that the
potentiometer represents a variable internal gen-

+

FIG. 5.15,—Plate-circuit
driver.

erator impedance and together with the reflected inductance constitutes
an RL series circuit in which the R is not a constant. This results in a
variable phasing of the voltage impressed on the rotor, which cannot be
tolerated in man}’ applications, In order that a constant-phase voltage
be impressed, the tuning capacitor

?
+

+(

—
Bypass

= 4)

Tuning
Resolver

/ - winding

L
=

FIG.5.16.—Cathode-circuit driver.

C’ is included. This results in ‘-a
resistive circuit in which the phase
shift is independent of potentiom-
eter setting. Since the Q of the
circuit is low, the value of the
tuning capacitor required is not
critical. The usual commercial
10 per cent tolerance capacitors
are suitable in most cases. This
will, of course, restrict the fre-
quency band over which the
resolver can be used.

A simple type of vacuum-tube
driver is an amplifier with the
driven winding in the plate circuit
(Fig. 5.15). This circuit provides
amplification, but the gain varies
with tube characteristic. If

greater stability is desired, a cathode follower maybe used, with the driven
winding in the cathode circuit. A parallel tuning capacitor maybe added
to increase the range of operation. Cathode bias may be obtained by
using a parallel Rfl in series with the load (Fig. 5.16). Both these cir-
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cuits have
the driven

Figure
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the disadvantage that the d-c plate (,urreut passt,s through
winding, tending to saturate the core of the resolver.
517 sho~vs tfvo Drecision drivers for resol~~rs, disrtwsrrj in

detail-in Vol. 18 of the Seri&. The circuit of Fig. 517a is essentially a
cathode follower, but the d-c plate current is not allo}ved to flot!- through
the \vinding being driven. With an Arms resolver stator as load, this
circuit operates to 60-volt rms output \vith a maximum depart~lre from
linearity of 0.08 per cent; substitution of tubes causes ~-ariations in gain of
+0.25 per cent. Figure 517b shows a t\ro-stage driver circ(lit in \\hicll
tube-substitution effects callse errors of 0.1 per cent or less, 11Pto 20-\.olt,
rms output.

+250 + 250

Arms Stator
resolver

6V6 220k 220k 220k of Etendlx
resolver

0.05 0.1t) (<

51M
6AK5

II
10h 2.7k

&
(a) (b)

l;,<;.5.I7.—Precision driver circuits for resolvers, (a) Single-stagedriver for .&rmarHOIVe, ;

(b) two-stage driver for Bendix resolver,

If high accuracy is required, the output ~vindings should operate into
high-impedance loads, preferably grid circuits. Current flo~v due to IolY-
impedance loading sets up corresponding fields within the resolver.
These fields lead to interaction between the input windings in the case of
2-phase inputs (see Vol. 22 for information on sweep drivers).

D-c Resolvers.—A resolverl may be used to compute the inverse
tangent of a ratio of two inputs (Sec. 5. 12). If voltages measuring ~
and y are impressed on two stator windings, the resultant magnetic field
is at an angle tan–i y/x from the z-axis; the rotor may then be oriented
perpendicular to the magnetic field by means of a servomechanism.
This can be done fairly easily with alternating voltages (Sec. 6.9), for
the error voltage picked up by a rotor winding may be used to actuate
the servomechanism,

A similar operation is possible with d-c voltages representing z and
y. It is necessary in this case to use a pickup element on the rotor that

~H. S, Sack etal., PreliminaryReport No. DCR-1, Cornell t’niversity, June 28,
1945,
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indicates orientation in a steady magnetic field. Such an element is a
magnetic core (Mo-perrnalloy or Mumetal, for example) excited by an
a-c carrier and having two output coils connected in series opposition. 1
The output will be a second-harmonic signal which reverses in phase
when the sense of d-c saturation of the core reverses. This signal
may be fed to a phase detector that produces a d-c error signal for the
servoamplifier.

The rotor of an Arms resolver was replaced with a d-c pickup element,
and accuracy tests were made. For some orientation of the pickup ele-
ment the effect of the earth’s magnetic field was found to cause significant
errors. If this effect was reduced either by proper orientation or by
magnetic shielding, operation over the entire 360° was possible with
errors not exceeding 0.5°.

5.7. Sine and Cosine Potentiometers. —Frequently it is convenient
to employ a potentiometer to produce an output voltage proportional to
the product of an input voltage and the sine of the angle through which
the potentiometer shaft is rotated. If both the sine and the cosine func-
tions are produced by the same potentiometer, the entire resolving opera-
tion has been performed; in some cases, however, it is necessary to use two
independent potentiometers wi~ the shafts displaced by 90° in order to
develop both the sine and cosine functions. A discussion of sine poten-
tiometers will be found in Vol. 17, Chap. 8, of the Radiation Laboratory
Series.

Curve-fitting methods (Sec. 5.2) can be used to produce the sine
function. One example is the construction of nonlinear potentiometers
(using a shaped card, nonlinear wire spacing, etc.) which will produce a
voltage or a resistance varying as the sine of shaft rotation. Such poten-
tiometers are restricted in range to f 90° or less, since the derivative of
resistance with respect to rotation cannot change sign. If computer
requirements necessitate a smaller range of angle, the maximum angle
can be further restricted and the accuracy thereby increased.

Rectangular-card Sine potentiometer: TheoTy of OpeTation.—If a con-
tact is moved in a circle on the surface of a potentiometer card, the varia-
tion of potential with rotation is sinusoidal and unlimited rotation is
possible. This principle is used in the rectangular-card sine potentio-
meter developed at the Radiation Laboratory; the construction of a
typical sine potentiometer is shown in Fig. 5.18, and a schematic diagram
in Fig. 5.19.

As is shown in Fig. 5.18, the card is of rectangular form with closely
spaced wire wound continuously and may be rotated by the input shaft.
Four brushes fixed to the case of the potentiometer and arranged geo-

1SeeChap. 3 for discussionof magneticamplifier.
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metrically as sholvn assure proper contact pressure and alignment. Both

sine and cosine functions may be obtained.
Lf E is the voltage impressed across the two ends of the winding and

the dimensional constants are as shown in Fig. 5.19, expressions for the

F1~. 5,18.—Siullsol(lal pote,,tion,ctc.r, type Itp+ T,;e pcrforrnance is indicated by
the lollowi]lg data: xllm]l:irlesolutlon ~ i“; life 5 10*lCL.Outiolls at speeds “p to 120 lpm:
weight 1 lb 6 OZ;diametm 4; )11.; Iellgth 4: in. ; winding re.ist.mlrr ;32,000ohms; applied
voltage 300 volts or less; 305 tur!ls per I))c,ILuf 0.0025 =in. diameter ]Iirhmme wire; FoTmu?x
insulation; brush form 1 oz; and resolution 0.3 PCUcent of pca!i voltage.

output voltages can easil~”be developed. It is to be noticed in particular
that the axis of symmetry of the brushes dors not necessarily correspond

f-hz—

FIG. 5.19.—Schcmatic diagl :LnL of
~irlepotentiometer. Points a, b, c, and d
are brusbes.

to the axis of rotation of the card.
The significance of this will be dis-
cussed later.

The card may be considered to
have a potential gradient in the
y-direction equal to E/y and in th(~
z-direction of E/2nx as a result of
the potential drop along each turn
(n being the total number of turns).
The resultant of these, if the effect
of ~vire resolution is neglected, is a
uniform potential gradirmt zt a slight
angle to the y-axis. It is from this
direction that brush rotation ~vill bc
measured. Any brush mo~ing in a

circle relative to the card will then have a voltage with respect to ground
that is the sum of a term varying as the cosine of the brush angle plus n
constant term equal to the ~-oltage at the renter of the cirrlc.



When the card is rotated, earl] I]rlisli ill t,f’lf(~ m<)~es (jvrr tII(, CUNI
in a circle whose center is the axis of rot :11i[)l) of i l)e c:~r(l. T})(1s if th(,
voltage difference between any t\ro t~r{lst~esi~ i :ike]l as the output, t11(~
constant terms cancel and the dilferenrr is l]loljt)ltit)ll:~l to the cosine of
the angle of rotation, measured from the wrglr al )rhith thr di[l’ercncc is
a maximum, (For calibration purposes, ~rcat(,r arcurac~ (:m he ohtainul
by referring angles to the position of zero (jlltpllt.) ‘1’he LJV()v(Jtagr
differences bet\reen pairs of’ (liiiJnctl’i(’i~llY ol)l)ositf” ~)rllshrs trill Iw pr{)-
portional to the sine and cosine of rotation if tjhc ft)llr hrllshes arc motlnte(l
accurate]}’ tit the corners of a s(]uarr. W%>n the olltp[lt, dilferen(rs arc
used in this way, the axis of rotation of the card newl not corr(wp(mfl
arcurat(:lv to the gm)metrical center of the brushes.’

If the outputs from t\vo of the hrushrs are used, ~rithout subtraction,
as sine and cosine components, additional errors arise from lack of coin-
cidrnre of the brush center and the axis of rotation. The anglr sllhten(le(l
at the axis hy the brushrs may not be exactly 90°, so that the relation of
the outl)uts is not that of sine and cosine; and the brushes may be at
different radii from the axis.

The performance of the RI,14 sine potrntiorncter is indicated Ily the
following data. JYhen it is used as a resell’er the angular accuracy is f ~“
and the amplitude of the resultant vector is constant, to within t 0.65
per cent. If the voltages from single brushes are USC(1,as mentionwl
above, the error may be several times greater. Even when the potenti-
ometer is vibrated with an acceleration of 10g only slight evidence of
noise is observable. The amplitude of this noise is less than ~ per rent
of the maximum signal. To remove this noise as Ivell as brush noise,
RC-filters are sometimes used at the output terminals.

The angle through which a brush must be rotated to go from one
wire to the next varies from 0.17° when the brush is moving at right
angles to the turns of ~virc to about 4° when the brush is moving parallel
to the wire. The effective resolution of the potentiometer, hov-ever, is
the angular resolution of the rotation of the vector whose components
constitute the outputs, that is, the angle of the small but finite step with
which the vector rotates. This angle varies from 0.17° when two of the
brushes are moving normally to the wires to 0.24° when all four are at
45° with respect to the wires.

Input and O@nd Cir-cui/s.-Since the voltages from the two opposing
brushes must be subtracted from each other in order to obtain the sine
function, circuits associated with the potentiometer must be capable of

1A detailed discussion of the manufacturing problems involved in connection
with sucha potentiometerwill he found in P. Rosenberg, “Sinusoidal Potentiometers
Types RL1OCB,RLIOCD, RL1OE,RL14,” RL Report No. 423, Aug. 16, 1943.

2This materialis taken from Vol. 19.
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doing this. If high accuracy is to be obtained from a potentiometer
having the desired linearity, it must be associated with output circuits
having high impedance relative to the potentiometer resistance. In order
to prevent loading, the usual practice is to connect the brushes directly
to the grids of vacuum tubes. Figures 5.20 and 5.21 give two repre-
sentative output circuits that are frequently used. If both sine and
cosine outputs are desired, an output circuit is, of course, necessary for
each component.

Figure 5.20 illustrates the type of circuit possible when a grounded
voltage source is used. The voltage source can be either alternating or
direct current in both Figs. 5.20 and 521. One end of the sine potentiom-
eter is grounded a-s in Fig. 5“19. Thus the twu output voltages must

+ + i-

Out
E{ ~ E{ I

=

=, =
=

I:r~. 5.20.—Sine potentiometer with FIG.5.21.-—Sinepotentiometer with floating
grounded supply, supply.

be subtracted to eliminate the constant term. This can be accomplished
by employing a so-called “ difference amplifier” of which the circuit
shown in Fig. 5“20 is an example. 1 The output leads are connected
directly to the grids. The difference amplifier shown develops a balanced
output; if this type of output is found undesirable, however, a difference
amplifier developing an unbalanced or “ single-ended” output can be
used.

Figure 5.21 presents a typical circuit in which an unbalanced (“ single-
ended”) voltage can be obtained directly from the potentiometer itself.
As shown, this requires the use of a floating voltage supply, which, as
above, can be either alternating or direct current. Such a supply
might, for example, be a tachometer generator. Since the supply is not
grounded, one of the two potentiometer brushes may be grounded, and
the voltage measured on the ungrounded brush is the difference between

1Circuits for subtraction are discussed in Chau. 3 of this volume, and in Vols
18 and 19
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the two brush voltages. Only one component (either sine or cosine)
can be obtained in this way. This single-ended output can be amplified
in the usual manner if suitable precautions are taken against loading.
The output circuit shown is a cathode follower. Since a high degree
of linearity in the output stage is necessary in order for the over-all

Center taD adjustment

‘>11~H~
Single-ended sine and

cosine outputs

FIG. 5.22.—Push-pu1l a-c supply for sine potentiometer.

accuracy to be maintained, it is of advantage to employ output circuits
with high gain and negative feedback.

Single-ended sine and cosine voltages can also be obtained by sup-
plying the potentiometer in such a way that the center of the card is at
ground potential. This may be done with push-pull a-c or d-c voltages

523.-Method of using alternating and direct current simultaneously on
potentiometer.

sinc

For alternating current a transformer may be used; if accurate adjust-
ment of the center tap is desired, a control may be provided as in Fig.
5.22. For direct current an inverting feedback circuit may be used to
produce a voltage that is the negative of a given voltage (Chap. 2).

It is sometimes necessary to obtain both a-c and d-c voltages that
vttrv as the sine and cosine of an angle. The circuit diagram of Fig.
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5.23 shows a method by which both signals can be obtained at the same
time. The two separate voltage sources may be paralleled with isola-
tion impedances in series with each to prevent alternating currents from
flowing in the d-c supply and vice versa; or if such currents are not
detrimental to the operation of the circuit, the supplies can be placed in
series rather than parallel, wit bout the isolation impedances.

The voltage from each brush is fed to the control grid of an isolation
stage to prevent loading of the sine potentiometer by the filters. The
a-c difference is obtained by connecting a high-pass filter between the
outputs of the isolation stages; the d-c difference is obtained by connecting
a low-pass filter between the same points. The filter designs are deter-
mined by the degree of separation desired and the phase shift or time lag

permissible.
Xr

1-.I’)

BE

If a sine potentiometer is
7 loaded by a resistance between

f (l-z) T the two terminals whose voltage

XT eO Xca e, difference is the output, the load-
ar

ar
+

1

ing effect may be shown to be the

ei l-w’ same as given for a linear poten-

~ (a) (b) tiometer in Eq. (3). Figure 5.24a

FIG. 524.-Sine-potentionmter loading shows this case. Let ei be the
(z = k, sin 0). (a) Loadedsinepotentiometer generator voltage, R be the total
circuit; (h) Thev(,ni]l’s thee!em tr:mstorma- resistance of the sinepot, ZR thr
tion.

fraction included between the
output terminals, and CXRthe load resistance. If either the generator
or the output is floating with respect to ground, the circuit may be trans-
formed using Th4venin’s theorem to the form shown in Fig. 5.24b. The
output e. is given by the same equation as that for the linear potentiometer:

aXf2i
‘“=a+z(l —z)”

For large a, the maximum error (expressed as a fraction of the voltage
across the potentiometer) occurs at z = ~ and is approximately equal to
O.15/~. .4 similar derivation may be carried out for the case of the
single-ended output when the potentiometer is supplied from a center-
tapped transformer of low output impedance; in this case the maximum
loading error for large a is O.10/a times the maximum output.

5.8. Mechanical Methods. —AIultiplication by sine or cosine of an
angle is an operation that is done mechanically in many cases with suit-
able accuracy, although extreme accuracy (comparable to that obtainable
with some electrical resolvers) requires very precise machining and con-
siderable expense. Figure 5.25 shows an elementary form of crank and
crosshead which can be llsed when a very crude sine or cosine function
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is permissible. The crank arm A is rotated by a drive shaft through an
angle, and the output shaft B is actuated through the crankpin a by the
connecting rod C; the displacement of the crosshead B is roughly pro-
portional to the sine or cosine of this angle.

The departure of the output shaft displacement from a sine function
is rather large unless the connecting rod is very long with respect to
the crank arm.

‘w-x
FIG, 5.25.—Crank and crosshead.

The Scotch yoke (see Vol. 17) is a similar mechanism with modifica-
tions that overcome the poor response of the simpler unit discussed above.
Figure 526 illustrates a simple form of Scotch yoke. Again crank A is
rotated through the given angle, and the output linear displacement
along axis XX is proportional to the sine or cosine of this input angle.
In this case, however, the response is mathematically correct if practical
considerations such as tolerances, clearances, and s~lrface smoothness

x

are neglected. High accuracies
are obtainable even with all these

I factors present, though at the

I
expense of increased cost and
difficulty of production.

i

The difference between the
two units is that the Scotch yoke x
includes a slide and a channel

4

A
that restricts the motion of the /

slide to an axis perpendicular to
the axis of displacement XX. AS
the crank arm rotates, the slide

[ C is displaced along the vertical l:IG.5.26.—ScotcI]yok~,.1 axis, causing a horizontal move-
ment of the output shaft B. The slide can be made integral with the

1 XX channel unit in a compact mechanism. The inaccuracies in such
units are those due to the need for clearance between the slide and the
channel. This clearance introduces a backlash that in systems of high
accuracies may be intolerable. Other less important points of error are
the clearances necessary in the crankpin a and the bearings and so forth.
In general, it may be said that the obtainable accuracy improves with
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the size of the unit, since with equal manufacturing methods the per-
centage clearance (actual clearance taken with respect to the size of the
parts) decreases with increase in unit size.

Input angle information must, of course, be introduced mechanically
so that the crank arm can be rotated through the desired angle. The
displacement of the output shaft can be used in its mechanical form or
may be converted into electrical information. An example of this change
of representation is the use of the shaft to drive the arm of a linear poten-
tiometer producing a voltage \’arjing as the sine of input-shaft rotation.

Scotch yokes are commercially available. The more important fac-
tors that must be considered in evaluation of the relative merits of
mechanical as opposed to electrical resolving schemes arc accuracy
obtainable with respect to accuracy desired, relative cost, size, weight,
and associated electrical or mechanical units necessary for driving and~’or
obtaining output information. A general comparison of electrical and
mechanical methods is given in Sec. - ‘-

5.9. Waveform Methods.—The

e,
Constant .3, cos 8-e2=0

!6

excdmg voltage fl=cos-’ * =sec-1 ~;

Differential

I & Cos e
error signal

/

1 ‘f

%

/

Servo
er1 Servomotor ampllfic

J
FIG. 5.27,—Device for producing inverse

sine and cosine.

2.13.
sine wave, product+ fairly easil~-

by frequency-selective circuits,
may be used to produce sine and
cosine functions of variables other
than time. TJVOrnrthods may be
mentioned, both of which make
use of time selection (Vol. 19,
Chap. 10, of this series). l’rol]-
~bly the simplest in principle is to
select the voltage corresponding to
a given delay from the reference
time and to store, or “remember, ”
this voltage during the rest of the
repetition interval. The input
time delay may be generated from
a voltage by means of a linear

delay circuit; the entire operation, then, produces a voltage proportional
to the sine of an input voltage.

An alternative method has been developed’ in which a variable-
width rectangular gate is used to select a portion of a sine wave, and the
average or integral is taken as the output. If the gate begins at a zero-
voltage point of the sine wave, the integral measures the cosine of a
quantity proportional to gate length.

5.10. Inverse Trigonometric Functions.—The inverse sine or cosine
may be produced by connecting a sine-producing device and a servo

I B. Miller, P. Weisz,and W. F. G. Swarm,“ CircuitsL-singResolversand Coordi-
nate Transformationsby Meansof ElectricalA’etworks,”N-DRC Division 14 Report
No. 288.
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according to the methods of Sec. 2.5. An example of this operation in
which a resolver is used is shown in Fig. 5.27. The voltage ez, together
with the resolver output el cos 6, is fed into a differential ser~’oamplifier
that causes the servomechanism motor to turn the resolver rotor until
the difference between the two amplifier inputs is zero. The shaft of
the resolver rotor is then at an

ez
angle COS–l(e2/e J from its refer-
ence position. By redefining the
reference position the inverse sine
can be produced. 1/

The inverse tangent may be - +,, (~nstant

)
Xcltlng voltage

produced by a similar servomech-
anism arrangement if both {e=tan-’~ Error
stators of the resolver are excited

s,gnal

and the rotor is servoed to a null.
Either an a-c or a d-c resolver (Sec. Servo motor

Servo
ampllfler

5.5) can be used for this purpose.
The circuit is shown in Fig. 5.28.

l;TC, 528.-Device for producing inverse
tangent and cotangent.

The equation solved, in terms of
the production of separate sine and cosine, can be written

e2cost9-elsin O=O,
or

0 = tan–l ~.

This is discussed in more detail in connection with the transformation
from rectangular to polar coordinates (Sec. 63). The inverse secant

el=e, sec 9. .

$< 1°e,

w
Differential

amphfier

@ !(lnput) e2 (Input)
e2

FIG. 5.29.—Device for producing secant and cosecant,

may also be produced with a resolver and servomechanism; the circuit
of Fig. 5.27 will perform this operation provided only that el becomes the
variable voltage and e2 the constant exciting voltage.

The secant itself is produced by feedback to the input winding rather
than to the rotor shaft; Fig. 5.29 is a diagram of a device for producing
the secant. A differential amplifier or equivalent device with high gain
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makes el cm o = el; as a result, el = ez sec 6. By measuring o from a
clifferent reference angle, the cosecant may be produced.

The method of amplitude comparison can be used to produce inverse
sine or cosine delays from sine waves if the reference time corresponds to
the proper fixed phase of the sine wave.

MISCELLANEOUSFUNCTIONS

6.11. Powers and Roots. Powers.—The operations of multiplication
and integration may be used to produce powers of an independent variable
(Vol. 19, Chap. 19 of this series). A straightforward way of producing
a voltage proportional to the square of an input shaft rotation is to per-
form successive multiplications by means of two ganged potentiometers,
the output of the first being fed through an isolating stage to the other
(see Fig. 530).

530--- -Ganged potentiometers for squaring. The maximum
potentiometers is @m.

value of O for the

Integration may be used conveniently when the independent variable
is time; for example, two successive integrations of a constant voltage
may be used to produce a voltage that is a parabolic function of time
(Vol. 19, Chap. 8, of this series). Squaring can also be done by averaging
(integrating) triangular ~vaveforms of variable duration or amplitude or
hy averaging rectangular waves whose amplitude and duration are varied
together by the same input signal.

A precise mechanical device for squaring (capable of accuracy of
0.01 per cent) is the cone-cylinder combination produced by the Libra-
scope Company (Vol. 17 of this series). In this device a wire is wound on
a cone and a cylinder; and as the cone rotates, the rotation of the cylinder
is determined by the length of wire transferred, This length is propor-
tional to the square of the angular rotation of the cone, since the turns
of \vireare uniformly spaced along the axis of the cone, and the radius is
therefore proportional to the angle through \vhich the cone has rotated.
The device may be considered an integrating type of squarer, for the
length of wire 1 unwound from the cone or wound on the cylinder is

1=
/

Tde,
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where r is the radius of cone or cylinder smd where 9 is the angular rota-
tion. For the cylinder, r = r~, a constant; for the cone, T = kO. The
fact that the same length of wire that is unwound from one is wound on
the other is, in effect, an “equal sign, ” so that

ha’=Ike’d”
where 81is the rotation of the cylinder and 62is the rotation of the cone
or

kt??
TOOI= —

2

if the initial conditions are properly chosen. Either 01 or 62 may be an
input, so the device may be used either for squaring or for the extraction
of square roots.

For low-precision applications (errors of 5 or 10 per cent) parabolic
functions may be approximated satisfactorily by the characteristics of
certain vacuum tubes (Vol. 19, Chap. 19, of thk series).

Vacuum-tube characteristics may be used to greater advantage if a
push-pull method is employed to cancel out odd-order terms in the
Taylor expansion of the characteristic (Vol. 19, Chap. 19, of this series).

A quadratic function of rotation may be produced by short-circuiting
the ends of a potentiometer together; the resistance between the arm
and this common terminal is then

where RO is the potentiometer resistance and y is the motion of arm
from center of potentiometer as a fractlcm of its peak positive or negative
excursion, that is, limits of rotation correspond to y = ~ 1. This
resistance element is used in approximating the secant function (Fig.
510); it is also used as a squaring e~ement in triangle solution (Sec. 6:3).

Powers and roots, including nonintegral exponents, may be produced
by means of logarithmic devices.

Roots.—Any multiplying or integrating device maybe used to produce
powers, and the techniques discussed for producing inverse functions
may be used to produce roots. The cone-cylinder device may be used
for the production of square roots as well as squares. A parabolic wave-
form may be used with a coincidence device to produce a square-root
function. Ganged-potentiometer devices may be used with servo-
mechanisms to produce roots. Figure 531 shows such a device for pro-
ducing the cube root. If 8 is the angle of shaft rotation of the three
ganged-potentiometer arms and O*is the maximum rotation of a potentiom-
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eter, then the voltage output is el(O/0~) a. The servomechanism rotates
the shaft until this quantity is equal to the input voltage ez; the shaft
rotation is then proportional to the cube root of ez.

An approximation to the square-root function by means of a linear
potentiometer is given in Sec. 5.4.

5.12. ExponeLtials arid Logarithms. —Exponential functions arise
frequently in physics and are usually connected with differential equa-
tions in which a function is linearly related to its first derivative. An
example in electronics is the dependence of diode current on electrode
voltages at low currents; an example of an exponential waveform is that
resulting from the application of a step function to an RC-network
(Vol. 19, Sec. 11.5). The most obvious use of exponential in computation
is the use of one physical system obeying an exponential law as a model

w--!-
Isolat,ng stages

(cathode followers)
(fixed)

i

k

e, -@-em

=

-— -- --- .L ----- -- J I
Ae, I J

FIG. 5.31.—Dcvico for producing cuberoot.

for another system, more difficult to construct, that obeys the same law.
Thus if it is desired to compute automatically the attenuation of light
intensity resulting from I,ambert’s exponential absorption law, 1 an expo-
nential waveform generator might conceivably be used together with a
linear delay circuit and a clamping circuit to change the representations
of the input and output respectively.

If the physical system is such that the independent and dependent
variables can be interchanged, the inverse of a function can be produced.
Thki method has been used for the production of logarithms from expo-
nential diode characteristics (Vol. 19, Chap. 9, of the Series) and might
be used to produce logarithms from exponential waveforms. The
automatic production of logarithms by electronic means is likely to have
considerable application becallsc logarithms can be added and put into
an exponential producing device, the result being multiplication. The
ability to perform a multiplication in the order of a few milliseconds is of

1I = I&-u’, whereI = intmsity at distancez;
Io = intensity at z = O;
a = absorption coefficient.

I
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considerable significance in computers involving combinations of opera-
tions, as \vill be pointed out in Chap. 6. At the present writing the chief
multiplying device that has found wide application is the potenti-
ometer, in \vhich one of the inputs must bc a shaft rotation. This limits
the speed of computation considerably, since the
time required to orient the shaft must bc approxi-
mately 10–1 sec.

Conkzct Rectifiers. -It has been observed that
the impedance of certain metal contact rcctifims 1
follows the law E = r log i over a substantial
range of their forward characteristics. Commer-
cial copper oxide rectifiers of various makes and
sizes were found to follow that law consistently for
a current range of 1/50 above a potential of
about 0.070 volt per contact layer. Certain mi-
crowave mixer-type germanium contacts fo]low
the logarithmic law through a current range of at
least five decades, from the lowest measured value
of 1 pa (with 0.16 volt) up to about 10 ma (0.50
volt) in any circuit and up to about 0,25 amp
if the then appreciable current-proportional volt-
age drop within the semiconductor is canceled.

The simplest electrical circuit for obtaining
logarithms is the voltage-divider circuit shown in

FIG. 5.32.—Voltage
divider. RI = ohmic
component of rectifier re-
sistance; Z = logarith-
mic contact resistance;
R = source resistance;
R~ = meter resistance.

Fig. 5.32. The output of this voltage divider is strictly logarithmic
only (1) if the ohmic resistance RI within the rectifier is negligible com-
pared with the logarithmic contact resistance Z, (2) if the source, or
series, resistance R, is large compared with Z, (3) if the load, or meter,

‘Fro.5,33.—Bridge circuit.

and with values of R3

resistance l?~ is large compared with Z.
An alternative circuit for the production of

logarithms is the bridge circuit shown in Fig.
5.33. For convenience, symmetry will be as-
sumed, with Rl = Rz, R3 = R~, Zz = 24.

Nonlinear bridges of this type are known
to have an output vs. input characteristic as
plotted in Fig. 5.34 for negligible load current
(R~ ~ cc). All curves were plotted with
R, = R2 = 100 ohms, 23 = Z4 each two layers
of 0.85 sq. in. copper oxide rectifiers in series,

= RA varied from O to 100 ohms as indicated.

1This materialis taken from H. E. Kallmann, “Three Applicationsof Nonlinear
Resistors,” RL Report No. Ja-5, Oct. 19, 1945, Part III. This report is to be
publishedin Ekctronics.
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The larger these resistances, which are in series with the rectifier contacts,
the higher the input vo!tage at which the bridge balances (E,” = O).

In particular, \vhen RI = RZ = Ra = R4 = R, the output voltage
Em no longer reverses. It then presents an exact replica of the voltage
II, on the copper oxide rectifiers, rising lo~arithmically with rising bridge
input. This result will be seen more clearly if the curve R, = R, = 100
is replutted on L scmilogarithrnic scale as in Fig. 5.35. The straight line
thus obtained indicates a logarithmic relation over an input range of
34 clb.

An evident merit of the bridge circuit is that the residual resistivit~r
R; of the contacts can be allowed for in the adjustment of the resistances
R3 and 1{4. ,1s in the voltage
(Iivicler circuit, the output of the
bridge circuit departs from the
desired la\v at the low-current end
of the range ~vhen Z grows com-
parable to R. The bridge circuit

R,=R2= 100Q

E.

23 =.Z4= 2 layers 0.S5 sq In

+ 0.4 Copperoxlde rectnfler
R3=R, =

+0.3 100 n

J +0.2 R3=R4=75 n
o
> +0.1

o
On 25fL 50 n

-0.1
0 +0.5 +1.0 +1.5 +2.0

volts Ed

IIG. 534.-–Characteristics of bridge
circuit.
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FIG, 5.35.—Logarithmic plot of bridge
characteristic.

has the advantage that it maybe operated at a much lower input voltage
EOti without exceeding a specified error.

Logarithmic circuits lend themselves to combinations for the purpose
of electronic multiplication or division. Fig. 5.36 shows, as an example,
the combination of two log bridges. Their outputs are connected in
series and fed, with opposite sign, to a meter, which thus reads the cliffer-
ence of their output currents. The current is then

i% — i~, =Alog E1– Alog E2=Alog~~

or proportional to the logarithm
The meter can thus be calibrated

of the ratio of the two bridge inputs.
directly in decibels with a linear scale.

I
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Two small resistors p with adjustable tap are shown in Fig. 5.36 for the
initial adjustment of bridge balance. A model with each R = 200 ohms,
each Z one layer of 0.85 sq in. copper oxide, p = 5 ohms, and a meter for
100 pa full scale with R~ = 1800
ohms was found reliable within
f 2 per cent of full scale for either
input voltage varying from 0.14
to 7 volts, that is, up to ratios of
-t35 db.

lf circuits of this sort are to
be used to obtain the product of
rapidly varying waveforms, it is
necessary to compute automati-
cally the antilogarithm of the
output current. This may con-

R

L

FIG. 5.36,—Combination o! logarithmic
bridges for division.

ceivably be done by means of a third logarithmic bridge.
Diodes.—A diode limited to low-current values produces a variation

of current with voltage that is very nearly an exponential. By the use

+ +

z v

Exponent
adjustment

= =

4
I 1

-“’’”+
Level

adjustment

Ou
Fm. 5.37.—Useof logarithmicdiodecharacteristicsfor multiplication.

of a large series resistor the current may be made the independent vari-
able, the voltage output then being a logarithmic function of current.
This property has been used in a multiplying device; the grid-cathode
current characteristic of a triode is used to produce a 1ogarithmic varia-
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tion of grid potential, and the grid-plate characteristic to amplify this
variation. Three such devices are combined in a feedback loop as
shown in Fig. 5.37.

6013. Integro-differential Functions.—As a generalization of the
operations of differentiation and integration, 1 there are equations in
which a combination of differentiation, integration, and addition is
involved. Such, for example, are the equations of most passive RC-
networks. The simple “differentiating” network (Fig. 5.38) has the
differential equation

which can be expressed in

C$(ei–e.)=~,
terms of the Laplace transforms as

Meo) _ pRC
13(e,) – 1 + pRC”

A general expression for the ratio obtainable from a linear network is
fl(p)/.fz(P), which can be reduced to the quotient of two polynomials.

Input waveform Differentiating network Output waveform

~i-cTl+

FIG. 5.38.—RC differentiating circuit acting on a rectangular waveform

Uses.—In the problem of automatic range tracking (Chap. 8, Vol. 20)
functions of this sort are used. A typical automatic range-tracking
system consists essentially of two integrators and a feedback loop includ-
ing the error-measuring device and producing the output range equal to
that of the target. Considerations of loop stability, however, make it
desirable to use a transfer ratio (1 + pT)/p2 instead of the ratio 1/p’,
which would correspond to two integrations. Additional factors
1/(1 + PTS) are produced by the necessary data-smoothing networks,
where Z’, is the smoothing time constant. Similarly, in the design of
stable high-performance servomechanisms or feedback amplifiers it may
be desirable to use integro-differential functions of this sort in the feed-
back loop.

Another application of integro-differential functions is in the produc-
tion of shaped waveforms. An easily available waveform may be fed
into a function-producing circuit and a desired function or an approxima-
tion to it obtained.

Realizable Functions .-B y means of passive RLC-networks a consid-
erable variety of functions may be produced. In each case the function

1See Vol. 19, Chap. 2, and Vol. 18, Chap. 1, of the RadiationLaboratorySeries.
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can be expressed as a fraction whose denominator is a determinant and
whose numerator is one of the minors of the determinant. Thus the
numerator cannot contain higher powers of p than the denominator.

This restriction may be removed by the use of negative-feedback
amplifiers. If a high-gain amplifier is connected as shown in Fig. 24
(Sec. 2.5) and if the admittances of the input and output networks can

‘~ ~eo

—_L.—=

(a)+ 14‘+R pc

=

‘b)&l*
l+PCRI = ‘2

,(C

(c)

*

l\

R v

1(P) 1
Zm=ri?

.fl(P)=P’R2

f2(P ) 1+ PCR,

4(P)
—=vCR2+j$
L(P)

FIG. 539.--Transfer- ratios of networks with feedback amplifiers.

be expressed operationally by .(1(P) and j“?(p) respectively, then the ratio
of the transforms of output and input is very nearly

~(eO) = _ .fI(p),
.C(el) f2(P)

In this case, ft(p) may be made as simple as desired; if network (b) is a
resistance, j2(p) is a constant. Several examples of circuits of this type
are shown in Fig. 5.39. An arrow is used to indicate that the junction
of the two networks is held at ground potential by the amplifier even
though no current flows out at that point. N“etwork (a) is that of a
Miller feedback integrator. Network (b) produces a function that might
as well be produced by a simple RC “cliff erentiating” network; it is
shown to illustrate the type of transfer ratio for which a passive network
rather than a feedback amplifier should be used. Network (c) illustrates
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the principle that additive terms may be had by using parallel impedances
in the input circuit; similarly, network (d) shows how additive terms are
also introduced by series elements in the output circuit.

Realizable Output Wa~eforms.-If the input to a passive network is a
step function, the output will be a combination of exponential and
damped sinusoids (Vol. 19, Chap. 11). This corresponds to the fact that
the quotient jl(p)/jz(p) can be expanded in a sum of partial fractions
corresponding to the roots of the denominator. If a feedback amplifier
is used with the network, the possibility of the root p = O enters; for a
step-function input this corresponds to a linear output function, or, in
the case of a double root, a quadratic function, etc. Thus the general
function available in response to a step-function input is a linear com-
bination of exponential, sinusoids with exponential envelopes, and
powers of t (time measured from the step). If more complicated
functions are used as inputs, it is difficult to say in general what outputs
are realizable, but the output can be calculated in any case from the
input and the response to a step function by means of the superposition
integral or convolution theorem. 1

1Vol. 18, Chap. 1, of this series; or C,ardnerand Barnes, Transients in Linear
Sr@enrs, Wiley, New York, 1942,pp. 228fl.



CHAPTER 6

GROUPED OPERATIONS

BY D. LIACRAE, JR.

6.1. Introduction.-The computing devices to be considered in this
chapter are intermediate in complexity bet~veen those of the preceding
three chapters and the examples to be discussed in Chap. 7. The term
“ grouped operations” will include the pro(iucticm of a function or of a
closely related pair of functions by combination of the separate devices
described in the previous chapters.

Feedback techniques are important in the combination of operations.
A particularly useful application is in the solution of simultaneous equa-
tions. An illustrative design of a single equation solver using feedback
will be given.

Emphasis will be placed on applications of grouped operations to
computation involving radar data. One such application is the auto-
matic computation of the hypotenuse of a right triangle from the lengths
of the legs; this is important in taking into account the effect of altitude
in airborne radar equipment. Another problem, raised by radar naviga-
tion, is that of transforming one set of coordinates into another; several
examples of this process will be given.

Problems Characlem”slic oj Grouped Operations .-There are certain
design problems that arise from connecting -several devices. Combina-
tion of two computing elements may necessitate change oj representation
of the variables because the output of the first may not have the same
representation as the desired input to the second. It is desirable to
select devices for which the representations of outputs and inputs cor-
respond, but other considerations such as availability and accuracy ma~r
make thk impossible, so that a separate device for change of representa-
tion is often necessary. Two of the most common cases where change of
representation is necessary are the multiplication of two voltages and
the use of periodic-waveform computers with d-c or a-c voltage inputs.
In the case of multiplication, a potentiometer may be chosen as the most
convenient device available for the operation; in that case, a servo-
mechanism must be used to convert one of the input voltages into rota-
tion of the potentiometer shaft. 1 In computation using waveforms, the

1See,for example, IllustrativeDesignof an Equation Solverunder Sec. 62.
129
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input variables must often he converted to time delays by means of
linear dc]a,v circuits. 1

Consideration of scalr ~ac~ors is also nercssary when operations are
combined. l;arh separate dc~.icr has limits of opcrationz for output
and input; examples of such limits fire the ends of potentiometers or the
maximum output of an amplifier. In order to realize highest accuracy
possible with given components, smlc fzctors should be chosen so that
the desired range of computation cwrrmponds to these limits of operation.
Thus, if the range of computation for a varitible x, represented hy voltage
on a linear potcntiorneter, is to be a S z s 2a, the errors due to random
departures of the potentiometer from linearity can be halved by insert-
ing in series with it a fixed resistance of the same value as the potenti-
ometer resistance. When two devices are connected, ho]vever, the two
scale factors determined in this way may differ, and in order to use both
to maximum advantage a scale-elmnging device should be inserted
between them. For example, if a potentiometer having a rotation of
3000 is coupled mechanically to a sine-cosine device Jvhose shaft moves
through only + 30°, the potentiometer error will be reduced if a 5/I
gear ratio is inserted between the t~vo shafts.

Problems of impedance or loading are also raised by grouping opera-
tions. If a voltage representation is used, variation of input or output
impedance may cause errors. Examples are the variation of output imped.
ante of a potentiometer (Sec. 5.4) and the variation of input impedance
of a resolver with a load on its output winding. These errors may
be kept small if the output impedance of one device is much less
than the input impedance of the follolving one, In order to satisfy this
condition, it may be necessary to use an impedance-transforming device
such as a cathode follower.

The relative speed oj computation of devices that are to be used together
is often of importance. The time required for the slowest device in the
computer to produce sufficiently accurate results (“ settling time”)
limits the rate at which the inputs may be changed; if the input varies
sufficiently slowly to cause negligible change in output over a time equal
to the settling time of the computer, these errors can be ignored. The
problem of relative speeds is more serious, however, if a device in the
computer has a minimum speed of computation. An electronic inte-
grator (Sec. 47) is a device of this sort, for condenser leakage imposes a
limitation on the maximum time for which the device may be operated
accurately; if 1 per cent accuracy is desired, an operating time of the

1See,for example,Sec. 6.6.
ZA generalmathematicaltreatmentof the interrelationshipof limits of operation

is given in Vol. 27 of the Series.
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order of magnitude of an hour’ may be realized. ‘l’his limitation is
important if it is desired to combine integration with multiplication. If a
potentiometer is used as a multiplying device, it is necessary for computa-
tion to be relatively slow, for the mechanical information may have a
settling time of the order of 0.1 sec; the integrator, on the other hand,
must work relatively rapidly. These two requirements put fairly close
limits on the time scale that can be used as regards rapid changes of the
inputs. If instead of a potentiometer an electronic multiplying device
with a settling time of 0.001 sec could be used, the integrator could be
operated at a much greater speed, and the usable time scale would be
much longer relative to the shortest interval over which accurate com-
putation could be obtained.

/
Speed of response is also important in connection with the stability

of computers using feedback loops,
If a slow-operating element such as ~
a servomechanism is in series ~vith
faster ones in a loop, the delay in the F
loop will be determined by the S1OJV 1:11;.61.- Block diagramfor solutiouof
element. If S1ON7and fast elements f(z,u) = o.

I are in parallel feedback paths, the “ loop gain” may be determinwf I)y
one path for lo~v frequencies and another for high frequencies.

When several operations arc combined, there are sometimes alternale

groupings of the component devices from which the designer may choose.\
One of the most important choices is that of ~~hether or not a given eq\la-
tion is to be solved by use of feedback.

6.2. Feedback and Implicit Functions. I“mdback vs. Dirrct ~?olution .—

I A widely applicable method of solution using feedback (also discussed in
Sec. 2.4) is shown in Fig. 61. The implicit function y(x) is defined by
the relation j(z,y) = 0. A method of producing j(z,y) is devised by
combination of operations of the sort described in Chaps. 3 to 5. This
series of operations constitutes the block labeled j(x,y). The output of
this block, which is desired to be zero, is connected to the input of a
high-gain amplifier. The output of this amplifier is fed back, with

# proper polarity to reduce the block output, as the y-input to the block
f(z,y). The result, if the design is satisfactory, is that the system will
assume an equilibrium state in which the value of j(z,y), the input to the
amplifier, ~vill be nearly zero. The higher the gain of the amplifier the
more nearly will the equation ~(z,y) = O be satisfied. The variable y is
thus a solution of the equation to a high degree of approximation. There
may be more than one independent variable or input; the variable

LThis tigureis subject to considerableuncertainty. ‘~hcuseof speciallyinsulated
condcnscrs,specialdielectrics,and compensationcircuits (Vol. 19, Chap. 18) may per-
mit longeroperatingtimes. Seealso Chap. 4 of this volume.
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z in Fig. 6.1 may be considered to represent several such inputs. One
possible application of this method is in finding real roots of polynomials
with variable coefficients.

In order to determine whether or not a solution using feedback is
desirable for a particular equation, the designer must compare the com-
plexity of the feedback solution with that of a solution without feedback,
where one is possible. In some simple cases a solution with feedback
is obviously out of the question. For the equation y = xl +x,, there
is no point in using the implicit function y — X1 — m = O with a feed-
back loop of the type of Fig. 6.1. On the other hand, suppose that the

w
1 Y output y

Squarer
1[

Multiplier z~ It

t
Amplifier

%

Multiplier

4
X3

t

[
Squarer

I
,I

IJLQ.6.2.—Block diagrams for solution of quadratic equation. (a) Solution of the
impliciL function z1L12+ zw + zs = O by feedback; (b) solution<IfZIY’+ Z2Y + zs = o

-z, * v“~z3,
using the explicit function y =

2Z,

equation to be solved is the quadratic x1y2 + Z2Y + X3 = 0, where x1,
x,, and X3are inputs and y is the output. If the equation has a real root
in the region of operation, a solution may be set up using a feedback
lo6p of the type shown in Fig. 61. A block diagram of such a solution is
shown in Fig. 6.2a. The output y is applied to a squaring device’ fol-
lowed by a multiplier, producing the function xly’; it is also applied to
another multiplier and an adder, producing Z1Y2+ WY + $3. This is
then fed back through an amplifier as described above.

In this case there is the alternative of a solution using an explicit
function according to the binomial formula

I Squaringmay be accomplishedby any of the methods discussedin Chap. 5 or
in Vol. 19, Chap. ICI
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—X2 * x; — 4x1x3y=
2X, “

A block diagram of this solution is shown in Fig. 6.2b. The function is
built up as follows: First z, is squared; the product 4ZM, is computed;
and these quantities are subtracted (the constant factor 4 being taken
into account by proper setting of scale factors in the multiplying and
subtracting blocks); the square root is taken; the result added to o~
subtracted from —x2; and this quantity divided by 2x1. The computa-
tion of the negative of X2is not included as a separate operation, because
it has not been stated whether Za is positive or negative. Comparison
of the two block diagrams shows that the solution with feedback requires
fewer operations and that the corresponding device is probably easier t{,
build. For cubic and quartic equations the complexity of the direct
solution without feedback increases considerably; in the case of higher-

F1~. ti.3.-Block diagram for solution of Y2 + sin v + z = O.

order algebraic equations and many transcendental equations there is no
explicit solution in terms of simple operations, so that if a solution ~vithout
feedback is to be made, a special nonlinear device must be constructed
by curve-fitting methods. This becomes difficult, as the number of
variables increases.

Illusfratiue Design Oj an Equation Solver.-To show how some of the
design problems of grouped operations are met, an illustrative design
process will be given for a computer solving the equation

y2+siny +x=0.

Since this equation involves only two variables, the solution might be
computed automatically by the construction of a suitable nonlinear
potentiometer, cam, or similar element. The design to be discussed,
however, does not use curve-fitting methods. A block diagram for the
solution of this equation is shown in Fig. 63. It is constructed according
to the method of Fig. 6.1; the functions y2, sin y, and z are added to
produce the desired function of x and y; and this function is amplified
and fed back. A corresponding schematic circuit diagram is shown in
Fig. 6.4. The input z is represented by a shaft rotation, which is converted
to an alternating voltage by a potentiometer. The amplifier output is
an alternating voltage representing y; the representation of y is changed
to a shaft rotation (which is taken as the output) by a servomotor and
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an amplifier that compares the y-voltage with a potentiometer output
voltage. The y-shaft turns the rotor of a resolver, which is supplied
with the same a-c voltage as is across the z- and y-potentiometers.
The output of a stator winding of this resolver is proportional to sin y
if scale factors have been properly adjusted. The y-voltage is multiplied
by the ~-shaft rotation by means of another potentiometer, producing g’.
The voltages representing the three functions x, y’, and sin y are then
added by means of the resistance network RlR2R~, and the resulting
voltage is the input to the amplifier.

I
,1A-c Source z --

Y
output *

Servo
shaft-— —— --- -— - —

motor I

Servo I
amp I 1r Ji =

It

=
I
I Y

—
=

FIG. 6.4.—Circuit diagram of computer foruz +siny +Z = O.

Some preliminary design considerations may be mentioned in cwl-
nection with this computation. One of the first factors to be considere<l
is that of accuracy; without detailed calculation it may be said that the
use of available resolvers (of 0.2 per cent peak output error) and potent i-
ometers of 0.5 per cent peak deviation from linearity will permit computa-
tion with resulting probable errors not exceeding 1 per cent of the range
of output.

Loading of the yz- and x-potentiometers by the adding network must
also be considered. If with available potentiometers and resistors this
error is excessive, cat bode followers may be necessary.

As an aid in determining scale factors and defining the necessary
calibration adjustments, the equation solved by the system may be
written including scale factors. Suppose that x and y are defined by
dials on the respective shafts. The dials must be ‘f phased” with respect
to the shafts so that when the dials read zero, all potentiometers and the
resolver are at positions of zero voltage output. This implies four
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phasing adjustments. If it is assumed that these have been made, the
equations that determine the scale factors of the system can be written.
I,et the shaft rotation representing z be O. = klz and that representing
y be 6, = ,kZy. Assume that all three potentiometers have the same
maximum rotation o,. (if they do not, the inequalities can be com-
pensated by adjustment of R,, Rz, or RJ. Let E represent the a-c
supply voltage. It will be convenient to treat the resistance network
in terms of the conductance GL = l/R1, G2 = l/R2, G’a = l/Rv

G= G1+G2+G3.

The servomechanism sets the amplified error signal equal to E(OV/tIJ.
The three voltages entering the resistance network (R,, R2, Rs) are
E(8./0J, E(9v/19J2, and E sin 0.. The resolver is assumed to have
unity maximum volts ge ratio; if not, this can be taken into account by
adjusting R~. The equation solved is then

where A is the gain of the amplifier (see Vol. 19, Chap. 18 for analysis of
adding network). The factor E may be removed from the equation by
dividing through; the solution is therefore independent of variations in E
within the limits for which the above equation holds. Simplifying,

(k2Y)2 + ~ sin k,Y = ‘~ ~ O.
g+— emR2

The scale factor calibration then consists in setting

ki _ k; _L&
R, 19~R2 R3

and kz = 1,

in order to make the equation assume the desired form. The first two
conditions may be satisfied by adjustment of two of the resistors RI,
R,, and RS; this may be done conveniently by potentiometers in series
with fixed resistors. These adjustments are made in such a way as to
produce correct output values (y) for given values of the input (x); by
this method all components contributing to the scale factors are taken
into account. The condition kz = 1 can be satisfied (if y is measured
in radians) by using a y-dial marked in radians or degrees. When cali-
brated the system solves the equation

The Solution of Simultaneous Equations.—In three-color printing it is
of importance to be able to solve automatically a set of three simul-
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taneous equations of the type

x = (1 –C}(1 –?n)(l –rJ)x.l+c(l –m)(l –Y)xc
+m(l –C)(1 –y)xm+g(l –-C)(1 –rn)x. +rrw(l –C)xmv

+ cy(l – rn)XCu+ cm(l – y) XC. + cmy XC~v,

Y=(l–c) (l–m)(l–y)yw +”” “j
Z=(l–c)(l –m)(l– y).%+”. ,

where X., X., Y~, etc., are constant coefficients, X, 1’, Z are known
quantities, and c, m, and y are the unknowns.

The principal problems involved are the electrical representation of
terms of the type

(1 – c)(1 – m)(l – y)XU or cm(l – y)yc~,

and the construction of a feedback system whereby all three equations
may be solved simultaneously. A multiplying device based on a proba-

bility principle was developed by Prof. A. C. Hardy of Massachusetts
Institute of Technology for this purpose.’ He then combined a number
of these devices to produce the indicated functions that will be denoted
by X’, Y’ and Z’. The dlff erences, or error signals, -X – X’, Y – Y’,
and Z — Z’ were amplified and fed back as the three variables c, m,
and y. The question of which variable is to be derived from which error
signal can be determined by an inspection of the partial derivatives of
X’, Y’, and Z’ with respect to the three variables, and the choice can
be made according to where the feedback would be most effective,
that is, where the partial derivative is greatest. A device was constructed
to solve these equations, and results accurate to within 4 per cent or
better of maximum output were obtained. The entire solution could be
done within approximately 500 psec. The repetition frequencies for the
rectangular waves used in multiplication were approximately 20 kc/see.

A theoretical analysis of the stability of a device of this sort seems
difficult. It may be said, however, that the stability conditions are
probably no more severe than for three simultaneous linear equations.
The reason for this is that the three third-order equations given above
can be replaced by equivalent linear equations involving the partial
derivatives of X’, Y’, and Z’, with respect to the variables c, m, and y.
These equivalent linear equations will describe adequately the behavior
of a system within a small region in the neighborhood of a solution.

THE SOLUTION OF RIGHT TRIANGLES

6.3. The Problem of Right-triangle Solution.—In computers for use
with airborne radar equipment, it is often necessary to find the hypote-

1~npublished work, describedat MIT Physics Colloquium, Jan. 31, 1946. Se.?
Vol. 19, Sec. 19.5, and Sec. 3.17 of this volume.
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nuse of a right triangle when the lengths of the legs are given. This is
because the range information provided by the radar is ‘‘ slant range”;
that is, distance along a straight line from the aircraft to the object
giving the echo. It is more convenient in a computer, however, to use
ground range (distance from a point on the ground beneath the aircraft
to the object), for ground-range rate-s are much more nearly constant
than slant-range rates. This is a very desirable feature if rates are to
be found by tracking (Vol. 20, Chap. 7, of the Series). The procedure
in computer design, therefore, is to do whatever rate computation is
necessary in terms of ground range and then to find the hypotenuse of
the altitude triangle as the last step before comparing computed range
with observed radar range. In this section the term “triangle solution”
will denote the process of finding the hypotenuse of a right triangle, but
not of finding angles or of solving non-right triangles. The following
symbols will be used:

r = ground range,
h = altitude,
s = slant range.

The problem of finding the hypotenuse of a right triangle is not,
of course, confined to the altitude triangle in radar computers. Since
the triangle solvers to be described were designed for radar problems,
however, it will be seen that some of them have features which particularly
fit them for use with radar. One such feature is the representation of
quantities by the time delay of pulses from a periodic reference pulse;
time-delay representation or time modulation (Vol. 19, Chap. 13 of the
Series) finds more use in triangle solvers than in other types of computers
because the triangle solver often directly precedes the time-modulation
circuit. Another feature desirable in a triangle solver is that it inci-
dentally provide an h-delay output, for the aircraft’s altitude may be,
determined by comparing a variable-delay marker on the radar display
with the first ground return on the radar, which is delayed from the
transmitted pulse by an amount measuring h. If this method is used,
some of the errors of the ground-range determination tend to be canceled
out, particularly the zero error due to delays in the radar. It is tacitly
assumed that the altitude above sea level of the object giving the echo
is the same as that of the ground beneath the plane; if it is not, inherent
errors result.

One class of triangle solvers which will be discussed may be called
“algebraic” devices. These include those which solve the equation
# + hz = # by squaring, adding, and extracting the square root. They
also include a device that uses the relation (s – r) (s + r) = IL2. Another
class of triangle solvers which will be mentioned briefly consists of those
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devices which make use of special nonlinear elements constructed by
curve-fitting methods (Sec. 5.2). A third class of devices that maybe
used for triangle solution includes those which transform rectangular to
polar coordinates (Sec.69). Finding thehypotenuse ofaright triangleis
simply a special case of this transformation in which the angle output is
not used.

Two triangle solvers will be discussed in detail. One, a parabolic-
waveform computer developed in England, is of particular interest for
its application of shaped waveforms to computation, as well as for its
economical combination of component circuits. The other, a phase-
shift triangle solver using a feedback integrator and differentiator, is
economical in use of parts and contains interesting provisions for can-
celing out certain errors.

6.4. Algebraic Methods of Right-triangle Solution. Block Diagram
Of Squaring Method.—A general diagram of the squaring-type triangle

r I

-+#

1

I Adder
~2

1
root

hz

— Squarer
h

Frc. 65.-Block diagram of curnputcr for
~1 + hl = al.

solver is shown in ‘Fig: 6.5. T-he
quantities r and h are squared and
added, and the result is applied
to a device that extracts square
roots. Depending on the sort of
individual blocks available, the
extraction of the square root may
be done either directly or by the
use of a squaring device with feed-
back. If squaring devices employ-
ing repeated parabolic waveforms
are used, either a square or a
square root is obtainable, depend-
ing on whether the input is a
delay and the output a voltage or

vice versa. The voltage waveform generated by two integrations of a
constant is proportional to the square of the time interval from a refer-
ence time; thus, if the voltage output at a given delay is measured, the
device produces a square, whereas if the delay at a given voltage is
measured, it produces a square root. In this case, over-all feedback is
unnecessary. A possible instrumentation of the block diagram uses a
parabolic waveform for squaring, with the r- and h-inputs represented
by delays (Fig. 6.6); the two output voltages are added, and their sum
is compared with the same parabolic sweep, coincidence occurring at a
delay proportional to s. In order that the sweep be unchanged in shape
by the amplitude comparisons, cathode followers are used for the com-
parisons. An appropriate change of scale factor m[wt be made in the

1,Sec.511 ; Vol. 19 of this series.
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parabola compared with r’ + h’, for t}le adding network divides by a
factor of 2. Series addition may akcJ be used, in which case two separate
parabolic waveforms are generated. I\ solution using parabolic wave-
forms in a somewhat different way is given in detail below (Sec. 65).

~ ( delay) 72 ( voltage)

~2 I

Voltage 1

/ --g )+Parabollc
Trigger

Cathode
sweep Clamp

i , in

Cathode R

enerator
follower follower

u,’., ~
S=m

( delay)

1~1~.6.6.-—Hypothetical parabolic-swcru triangle solver.

If the squaring elements used were ganged linear potentiometers
(Sec. 511 ), a servomechanism would be required to extract the square
root. The squaring blocks would wach consist of a pair of ganged poten-
tiometers, and the voltage outputs would be proportional to the input
shaft rotations. The two voltages would be added, and the sum applied

I?o= Resistance of pot
Error signal due to unbalance

~ = pot. shaft rotation T
\ Sewo

p

Full rotation \ amp

R=RO (~-zz) h

[; 4:

R \

I
-L +.z%~122- I

R.

(a) Squaring element (b) Bridge circuit and servo for
equating

FIG. 6.7.—Trianglesolver using resistance squaring and bridge.

to a differential servoamplifier which turned a third pair of ganged poten-
tiometers until their output voltage was the same as this sum. The
servo shaft rotation would then measure the length of the hypotenuse.

Method using Resistarwe Representation and Bridge for Equating.—It
was shown in Sec. 5.11 (and in Sec. 3.5) that a resistance varying para-
bolically with shaft rotation could be obtained by connecting the ends of
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a linear potentiometer. Thissquaring device isshown inl’ig.(i. ?togcther
witha triangle solver using three such elements. A Whetstone bridge is
used for equating the resistances of the two arms containing the squaring
devices. If the bridge is unbalanced, the error signal changes the
resistance representing S2in the direction necessary for balanm. Either
alternating or direct current may be used.

A bridge isanintereitin gexample of a device that solvesa mlativelv
complicated implicit function in order to get a simple result,. In this
case the bridge is solving the equation y = x, where y and r reprrsent
the resistances in the two upper arms of the bridge. It dow this not
by producing the function j(z,y) = y – z, the simplest implicit f\lnc-
tion that may be written in this case; it produces the function

E(y – X)
“2(V + z) ‘

where E is the supply voltage, as may be shown by reducing the bridge
equations to this special case.

This device requires that component tolerances be held rather closely.
The potentiometers representing P and hz not only must be linear but
must have the same resistance per unit angle to the desired ~degree of
accuracy if the input shafts are to have the same scale of r or h per unit
angle. The scale of s per unit angle may be made the same by adjust-
ment of one of the resistors RI. The input and output dials must be
zeroed when the potentiometer arms are in the centers of the respective
potentiometers. The resistor marked “~RO” must also be adjusted so

that when r, h, and s are zero, the bridge is balanced. If all the calibra-
tion adjustments are made well enough not to contribute appreciably
to the error, the remaining errors will be due chiefly to the matching of
resistance per unit angle of the r and h potentiometers and to departures
from linearity of all three potentiometers. With 0.3 per cent potentiom-
eter linearity, it should be possible to compute s with errors not exceed-
ing a peak value of 1 per cent of the range of output.

Method Using EIsctT~ic Multiplication. —The pulse-length computer
developed at Cornell University is applicable to triangle solution. This
device solves the equation ab = cd by producing an attenuation a/c
and applying it to b to obtain d. In the case of triangle solution the
equation T2+ h2 = 82is used in the form

()h~ –(s +7)=.
8—r

with the error signal e amplified and fed back ass, according to the general
method of Fig. 6.1. A block diagram of the circuit is shown in Fig.
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6“8. The input r and the output s (derived from an amplified error
signal) are fed to the blocks “ — “ and “ +”, which produce ,S— ~ and
s + r respectively. The quantity s – r is fed to a multiplying device
“x, ” and the output is made equal to h by an inner feedback loop.
The multiplying factor k is thus equal to h/(s – r). In the lower multi-
plying device, h is multiplied by this same factor, producing h2/ (s – r).
This quantity is then compared with s + r by the differential amplifier, ”
and the difference is amplified and fed back as s.

A more detailed circuit diagram is shown in Fig. 6.9. If this figure is
compared with Fig. 6.8, it will be seen that the “ adder and subtracter”
circuit of Fig. 6.9 corresponds to the blocks marked “ + “ and “ — ‘‘ in

r

4

8

FIG. 6.8.—Block diagram of pulse-length triangle solver.

Fig. 6.8; that the two attenuators correspond to the blocks marked
“x”; that the delay multivibrator, gate amplifier, and right-hand
differential amplifier comprise the “ attenuation adjuster”; and that the
left-hand differential amplifier fills the block ‘‘ cliff. amp.” The rather
complicated attenuator circuit used is necessitated by the fact that the
voltage s — r is best taken differentially. This same circuit is used for
the lower attenuator, even though the input h is available as a voltage
with respect to ground, in order to make the effect of the variable-length
gate the same in both attenuators, to balance out the effect of tube drift,
and to make level-setting easier. In a number of places the input to a
grid is taken from a potentiometer one end of which goes to B + and the
other to the input variable. This has the purpose of setting d-c levels,
but each such control also affects scale factors.

It is expected that a circuit of this type will solve the equation with
errors of the order of 0.5 per cent of output range. The values of resistors
are fairly critical, both in bleeders and in plate and cathode circuits
where symmetry is desired. In some of the bleeders operating between
+450 volts and ground, constancy of output to 0.01 per cent is necessary;
this requires good resistors with matched temperature coefficients.

1This techniqueof computationis treatedin detail in Sec.312. Circuitsfor addi-
tion and subtractionsuch as areused in thiscomputationare also treatedin &c. 32.

zFor a moredetailed?rest.mentof AtierentialamplifiersseeSec.3.9.
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605. Curve-fitting Methods for Triangle Solution.—Nonlinear devices
constructed by curve fittingl may be used for triangle solution. It has
IJeen shown in Vol. 19 that a hyperbola may be approximated by an
fiC-net\vork. This function may be used for triangle solution (Fig.
(i 10); for if a ~vaveform is generated whose voltage is proportional

to O’tz – hz for t z h, a voltage measuring r
i~ill produce a coincidence pip at a delayz I

t = ~hz + rz = s. An auxiliary h-delay
generator is needed in order to start the hy-

M

/
perbolic waveform at t = h. This may be _____>
used to provide at the same time a marker on ~ /,
the radar display, so that h may be found by $ /
comparison. The accuracy obtainable when >, ~ ,
three ganged potentiometers are used in the —s— t-

net]vork is about 0.05-mile peak error for ~1~. 610.-Hypcrbolic wave-
form

0 < h <5 miles and 1 < s <20 miles.
.i device constructed by curve fitting may also be used when a shaft

is available Ivhose rotation measures ground range and a Voltage propor-
tional to slant range is desirecl. The operation may be performed \vith a
nonlinear potentiometer if the shaft measures r/h or tan /3 (Fig. 6.11).

‘~ h Adjustment

/
/

,~~potentiometer ~i,t,,

, .—- a

RI
?

The
x is

L
=

FIG. 6,11.—Hyperbolic potentiometer.

function produced by the potentiometer may be ~~, where
shaft rotation; if the applied voltage is h, the output ~~oltage is

h~l+tanz tl=hsece=s.

1See Sec. 52 for the constructionof nonlineardevicesby curve fitting.
z ‘(A de]av .S~)*ctuallYmeansa delay equal to the time requiredfor a radarpuke

to travela distances and return,that is, 2s/c.
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The procedure in using it will then be as follows. The output voltage is
connected to a delay circuit producing a range mark on the scope. A
switch is provided so that the voltage h may be connected directly to
the delay circuit; the proper altitude may be set in by adjusting h until
the range mark coincides with the first echoes from the ground beneath
the aircraft. This same value of h is then used in subsequent operations,
and the output of the potentiometer is

hsec8=s.

A potentiometer for producing this function is discussed in Vol. 20,
Sec. 52, of this series.

6s6. A Parabolic-waveform Method.—In a method described by
F. C. Williams,’ parabolic waveforms (Vol. 19, Chap. 8) are used for
triangle solution by means of the equation

Lhk’d’-b’d’=o
which is equivalent to hz + rz — S2 = O. The circuit generates two
sawtooth waveforms of equal and opposite slopes. The positive one is
integrated from t = O to a delay equal to h. The integral of the negative
sawtooth waveform, starting at time r, is added algebraically to the first
integral; and when thk total waveform crosses its original level, an ampli-
tude comparison device produces a pip whose delay measures s. The
accuracy of this computation is about f 0.25 per cent of maximum
range.

A circuit diagram is shown in Fig. 6.12. The detailed operation of
the circuitz maybe described with the aid of Fig. 6.13. A positive pulse
is applied to the tube VI at the termmal A. The front edge of this pulse
draws grid current, and the rear edge, which is taken as the zero of time,
cuts the tube off for approximately 120 ~sec, producing a positive pulse
at the plate of VI (Fig. 6,13 b).

Generation oj Sawtooth Wavejorms.-In its quiescent state, the plate
of V2 is at about 240 volts because of the d-c feedback from the plate
through Ra, Rg, and D2 to the control grid. During this period D1 is
cut off, its plate being at —5 volts because of RT. When the plate of
VI rises, the plate of Dl is raised, causing the cathode of D2 to rise and
stopping the d-c feedback to the grid of V2. The current in R1O is
switched out of Dz and flows into Cb, and the plate of V2 runs down at the

I F. C. Williams, T. Kilburn, and A. W. Marsh, “A Circuit for the Solutionof the
Ground Range/Slant Range/Height Triangle in Airborne Radar,” TRE Report No.
T1S44, APr. 22, 1945.

ZThe following descriptionis taken from a memorandumof F. C. Williams, with
slight changes.
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ra~ 200/B10C5 = 2 volts/Wsec. The inductance LI in the plate circuit
increases the gain and therefore reduces the distortion of the sawtooth.
This rundown continues until the knee of the tube characteristic is
reached, that is, untilthe plate is at about 30 volts above ground. The

(a)

[b)

1.)

(d)

(e)

(f)

(9)

(h)

(i)

(J)

t=0 1-v

i)5Fide
Illu

+,
+4VI I I

rGate —.

m; of
6 I l-li

‘1111
,

(k) Point”W

(1) *Q&+W

h&8 pips A 1. $ 2CW

hh.d t
~a~

Fl[;. 613.-Timing diagram for parabolic-
sweeptrianglesolver.

duration of the sawtooth wave-
form is therefore (240 –30)/2
~eec = 105psec. The plate re-
mains in this condition until the
plate of V, fails again, at which
time the d-c feedback restores it
to its original level of 240 volts.
The sawtooth is d-c restored 1 to
ground by the diode Db, C,, and
Ra~. At time t = O the sawtooth
voltage should be equal to the
integrator grid voltage, that is,
– l+ volts, so that the current into
the integrator Vd will start from
zero. Hence at t = O, a down-
ward step of l+ volts is produced
at the plate of Vt by applying a
positive step to the grid of V2 from
the plate of V1 via the small con-
denser C20. The amplitude of the
step produced is C20/C5 times the
amplitude of the waveform at
the plate of VI (see Fig. 6. 13c).

In its steady state the para-
phase’ tube has its grid at ground
level because of RM, and the space
current (and therefore plate cur-
rent) is limited by the screen volt-
age, which is determined by Rm
so that the plate potential is just
above the knee of the character-
istic. The rundown sawtooth is
applied to the grid through C6; and
if CT + Cs = CG, the plate wave-

form of Vs is in paraphase with
the plate waveform of V!. Condenser CT is variable so ~hat ‘this condi-

1If a waveform is constrainedto start from ground level, it is said to be ‘id-c
restored” tc ground,

zTwo waveformsaresaidto be in paraphase if theirsum is a constant.



tion may be satisfied. The run-up sawtooth waveform proclucedis d-c
restored to ground byCg, D?, and R3t, and therefore in the absence of C21
thesantoothiv avewouldhavea positive step of l~voltsat ~ = O. But
since CZI = 2CZ0, this positive step of l+ volts becomes a negative step
of Ii volts, and again the sawtooth wave starts from the potential of
the integrator grid (Fig. 6.13d). The inductance L, allows this negative
motion but does not impair the d-c restoration.

Action of the r- and h-sroitches.-The plate waveform of VI is d-c
restored to ground by Cz, ~G, and one of the diodes of VI and applied to
the suppressor grid of V,. Before the time t = O, the suppressor of
V, is cut off, and the screen of Vi is taking all the space current (about
8 ma). The tube is taking grid current through R,,, and the plate of
L), is negative with respect to its cathode by an amount determined by
the setting of P,. When the plate of l’, rises the suppressor grid of V,
rises, and 6 ma of plate current flo~v in Vi, producing a negative edge of
9 volts (6 X R,3) at the plate of V,. This takes the plate of D,, which
was previously at +-i volts, below the level of the integrator control
grid, thus opening the r-switch, that is, rendering Da operative (see
Vol. 19, Chap. 3, for switch operation). Current can now flow through
RS3 and DS from the run-dowm sawtooth waveform, and integration
commences. The r-switch is closed when the run-down sawtooth at the
cathode of Ds reaches the plate potential of Ds; the control grid of VA
begins to fall, and regenerative feedback through the transformer Z’I
turns off the control grid almost instantaneously. 1 The positive edge
produced at the plate raises the plate of D, and therefore the cathode of
Da and closes the r-switch. Thus V, and Vi define accurately the time
interval O to r and allow the integrator Vb to integrate the run-down
sawtooth during this period only (see Fig. 6. 13h, e, and j). The use
of VA with the run-down sawtooth changes the representation of r from
voltage (at PJ to time delay.

The h-gate tube Vs operates similarly, producing the waveform shown
in Fig. 6.13h in its plate. Before the zero of time the cathode of D,’
is at + 4 volts and Dlo is operative. At t = O, the cathode of D, falls
to – 5 volts cutting off current in DIO and closing the h-switch. At
t = h, the cathode of Do rises to +4 volts, opening the h-switch, and
current flows through R~i and DIO f~om the run-up sawtooth voltage.
Thus the time t = h, after which the integrator V, is allowed to integrate
the run-up sawtooth voltage, is accurately defined by VS.

Action oj Integrator: Production of Parabolic Wavejorms.—As the
h-switch is closed and the r-integration begins, the plate of the integrator
tube V, starts from about 50 volts because of the d-c feedback through

1This amplitud~comparisoncircuit is knownas the “multiar” and is discussedin
vol. 19, sec. 914.
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R,,, R,,, Rb,, and DH. The integrator has two equal leaks, the r-leak

R,, and the h-leak % and two feedback condensers, C17 and C22. At
the end of the integrator waveform it is essential to produce a sharp
edge from which may be derived a slant-range pip; this is the purpose of
the diode D12, the resistance R36, and the additional condenser C22.
The main integrator waveform produced by Cl, appears at the cathode
of DII, but the plate of V6 must rise from 50 to 80 volts before any wave-
form can appear there. The plate is raised to 80 volts by a secondary
integration due to C22,which is much smaller than Cl?. This integration,
which is very swift, takes place before and after the main integration,
and the final edge cuts off the grid of VT via CIEand ~13, producing the
slant-range edge s. The waveforms at the cathode of DM and the plate
of V6 are shown in Fig. 6.132 and j. (For very small values of r the
entire integration is performed by C22.) When the r-switch is opened,
negative current flows from the run-down sawtooth through RZSand Da
into C22, so that the plate of V6 rises parabolically but very swiftly.
Hence the cathode of Dl, is raised, and the d-c feedback removed. When
the plate reaches 80 volts, the larger condenser CIT takes over and a
waveform begins to appear at the cathode of D12. The cathode of D,z
rises parabolically until the r-switch is closed or until the h-switch is
opened. In either case integration stops because the resultant current
at the control grid is zero. For if h > r, both switches are closed during
the time from r to h; if h < r, the currents in R3Z and RW are equal and
opposite during the time from h to r, since the slopes of the run-down
and run-up sawtooth wave are made equall by the preset condenser C7.
At this point the current flolving through the resistance RS6 to charge
C,, is stopped, and the plate of V, falls slightly. After this time both
the cathode of DIZ and the plate of V6 are stationary until the h-switch
opens or the r-switch closes. A small step then appears at the plate of
Vb due to the reverse charging current in Rs6 and is followed by a parabolic
fall, since the run-up sawtooth voltage is now operating on the integrator.
When the cathode of D12 reaches 80 volts, it is held by current, through
Dlj, and the integration is rapidly completed by C!?. The inductance
L, in the plate of V6 keeps errors in integration small by reducing the
required motion of the control grid.

Production of kfarlcers.-The times h and s are now present in the
circuit as edges at the cathode of Vb and the plate of V6 respectively.
It remains to produce from these edges pips to act as brightness markers
on a CRT. The tubes Vr and ~,g perform this function. The grid of
V, is normally held at a potential slightly lower than the potential of
the integrator grid by D 13 and R41. When integration commences, the

I ,~ct,lal]y the ~cro integration may bc made a criterion of cslibrntion : thtls tll,,
setting of C, will also take into account ineqtlaliticsof R~~ and RJ4.
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cathode of DIS is quickly raised by the plate of Ve via Cl,g, and VT takes
grid current through R,,. At the same instant the plate current of V,,
which is flowing through R4S, is cut off. As a result the point 1? between
R, and Iti rises to a steady level which is maintained until the time t = h.
At this instant, a negative pip, 5 volts in amplitude and about ~ gsec in
width, is produced in the cathode of VS and applied to the grid of V,
via Dl,. The shape of this pip is maintained in spite of the strays from
grid to ground by the comparatively heavy current through the small
leak R41, and a positive pip appears in the plate of ~, and at point B.
At the end of the integrator waveform the grid of V, is again cut off,
via C18 and DIS, producing a positive step in the plate of Vi and at B.
The sharpness of this edge is enhanced by L,. The point B returns to
its original level when the grid of VI is turned on again; the resultant
waveform is shown in Fig. 6, 13k.

This waveform is d-c restored to ground by C’,,, R,s, and the grid of
V, and produces the required positive h- and s-pips across a low imped-
ance in the secondary of Z’s (Fig. 6.131). This d-c restoration ensures
that the s-pip occurs at the instant when the integrator tube returns to

its initial condition. Transformer 2’, is a differentiating transformer \vith
a 3/1 step-down ratio. The width of these pips is approximately ~ psec,
and their amplitude 20 volts.

6.7. Phase-shift Triangle Solution.—The addition of two alternating
voltages that are 90° out of phase mav be con-
sider~d a \,ector represent~tion of the right
triangle in which the magnitude of the sum of ~
the voltages measures the hypotenuse and the ~,p’z ~
phase difference measures one of the acute R,

angles. If the two voltages representing r and J- j“
h are originally in the same phase, it is neces- =
sary to shift the phase of one (usually the

FXG.6.14.—Networkfor 90°
phaseshift.

h-voltage) by 90°.
lW-nehuorks.—The simplest method of doing this approximately is to

use a single RC- or CZt-network; this, however, has the disadvantage
that the phase shift is not quite 90°, and the voltage amplitude is attenu-
ated considerably if the shift is to be nearly 90°. A better method is to
use a bridge composed of two such networks, one introducing a phase
lead and the other a lag (Fig. 6.14). The ratio of output to input for
this combined network is

1
ez jocl _ Rz = 1 + (.NR,R2CIC2—— —
el

R, + ~& R2 + ~~z
1 – u2RlRzClC2 + jW(RICl + R2C2]’
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:mrl the phase shift is 90° ii

., 1
‘- = ‘; = R1R2C,C2”

The expression may be rewritten

()
2

1+:
e2 ——
el ()

j-
I – ~ +ju(R1C1+R2C2)

(1)

The sensitivity of phase shift to changes in u is given by

In the case R,C, = RZCZ, the output amplitude is equal to the input
amplitude, regardless of frequency. This method of phase shifting has
the disadvantage of high output impedance; furthermore, in order to get

the output voltage ~vith respect to ground,

T

a transformer or similar devite must be

R. used.
Phase Shifting by Feedback.—.l method

ez of phase shifting that affords lo~ver output
z, impedance and greater freedom of design

------
el 1 eg ‘--

uses a feedback integrator and differen-
tiator. 1 The same type of circuit that is
used in the parabolic-sweep triangle sol~-er

= (Sec. 6.6) for integrating linear sawtooth
FI~,6.15.—Single-stagefeedback waveforms may be used here for integrating

integrator.
sine waves. A general feedback circuit of

this type is shown in Fig. 6.15. The equations of operation may be
written for a sine-wave input.

Let el = input voltage,
ez = output voltage,

e. = grid voltage,
i = current flowing from grid to plate through Zz,

i~ = current in RL,
Z, = impedance between input and grid,
22 = impedance between output and grid,

and assume iP = g~e, for a pentode. The derivation can be extended to
triodes by letting RL represent the parallel combination of the load

1This method is due to W. G. Proctor. For a detailedtreatmentof the feedback
integratorand differentiatorseeSees.4.1 and 4.7; also Vol. 19, Chap. 1%
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resistance and the plate resistance. It is also assumed that no grid
current flows. By straightforward circuit analysis it may be shown that
the solution for over-all gain is

e2=_—
el

For an integrator, where

(2)

Z2. L and Z, = R,
Juc

this becomes

ez ——
el

1+

L-.%9
1

-(
—l–

g~R .
j--)uRC

if g~R >> 1, g~~L >> 1, and g./WC >> 1. ‘l’he output amplitude is thus
inversely proportional to frequency. In most practical designs the
impedances of R and C are large
relative to that of h?L in order that +250v

the input impedance may be high.
Subject to this approximation, the 33k 120k
angle by which the phase lag exceeds *
90° is L output

;;

1
8 . ——— radian.

---

uRCgmR~ Input lM

If ORC = 1 (unity over-all gain) and T’)
the tube is a 6AK5 with gmR~ = 100,
6 = 0.6°. If a triode (e.g., a 6C4) 1000 =4

had been used, J would have been
about 5°. =

If the variation of the computing 1,’Ie.6.16.—Integrator circuit.

frequency is sufficiently small, an integrator alone can be used as a phase

shifter. A possible circuit for use at 500 cps k shown in Fig. 6.16.
If the capacitance and resistance connected to the grid in the pre-

vious circuit ~vere interchanged, the circuit would be a differentiator.
It would be necessary to insert a blocking condenser in series with the
resistance from grid to plate and grid-leak resistor to ground. If, as in
Fig. 6.16, the resistance were 1 megohm, a blocking condenser of 0.1 pf
would introduce a phase shift of 0.2° at 500 cps. An application of the
previous analysis together with Th6venin’s theorem shows that the
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presence of a grid-leak resistor, even of the same order of impedance as
ZI and Z> does not produce an appreciable additional phase shift; its
effect is of the order of the l/g~Z terms rather than the larger l/g~RL
term.

The output of a differentiator circuit for sine-wave input is thena
sinusoid leading the input by 90°; the amplitude response is proportional
to frequency. The fact that the amplitude response of a differentiator
increases with increasing frequency whereas that of an integrator decreases
makes it possible to compensate for the effects of frequency variation by
comblninz the two circuits. The method of combination de~ends on
how the phase-shifted output is

‘%

T
d-c

Phase.shifted
8-voltage

altitude
output )

voltage

I

(e,) =

(a) r-voitage

r output

~

61

(b) T*
F1~. 6.17.— Methods of combining

two voltages differing by 90° in phase.
(a) Peak rectifier; (b) double rect,fier.

then combined by parallel adding,

to be added to the r-voltage. One
method of adding the r- and h-voltages
is to use parallel addition with a re-
sistance network (Chap. 3); this results
in attenuation as well as addition.
Another method, which produces the
sum without attenuation, is shown in
Fig. 617a. The two voltages to be
added are applied to the two terminals
of a diode; the system assumes an
equilibrium state in which conduction
occurs at the peaks of (el — ez). A
similar arrangement is possible with a
voltage-doubler rectifier, the difference
(el – e,) being applied twice per cycle
(Fig. 6.17 b). In either case the two
phase-shifted voltages from the differ-
entiator and the integrator are added
separately to the r-voltage and recti-
fied. If the resulting d-c voltages are
the desired frequency compensation of

the output amplitude results. The two alternating s-voltages cannot be
added before rectification, for in that case the h-components would cancel
one another.

Triangle Solver with Transformer Output.—A third method of com-
bining the r- and h-voltages uses a transformer for addition (Fig. 6.18).
This method provides not only the frequency compensation mentioned
above but also better compensation for small constant phase differences
between the h- and r-voltages that may arise from the manner in which
they are obtained in the computer. The two outputs in the circuit of
Fig. 6.18 serve this purpose, as will be shown below. Since the tube
currents are equal and 180° out of phase, no cathode capacitor is necessary.

The calculations made above for the deviation of its phase shift
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from 90° and for the amplitude response as a function of frequency no
longer hold because the two circuits are no longer independent. The
compound circuit may be analyzed in a similar manner.

It will be assumed, as in the above analysis, that the grid-circuit
currents are negligible when compared to the tube currents, that the
source impedance is zero, and that the phase shifter works into an infinite
impedance. In practice, this condition can be more nearly satisfied
if a condenser is used for parallel-resonant tuning of the transformer.
The tubes will be assumed identical. It will be assumed further that the

s~ S*
s~

Blocking C

A-c source

c1 T =
+

ep –ep

eg ek

Integrator Differentiator

—vv

transformer is ‘(ideal” to the extent that the t!ro voltages across the
halves of the primary are equal and opposite.

Let e. = plate voltage of integrator,
—eP = plate voltage of differentiate-,

el = input voltage.
It will be assumed that each tube has a voltage gain G. If the plate
voltages are equal and opposite, the oprration of the integrator can then
be expressed by the equation for the grid voltage,

~~~i •1-epRl
—— — $ + ek,

It, + &

and that of the differentiator by the equation
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Bysubtraction e, maybe eliminated; the result is

ep 1 +c.lPRlR,clc2
—.
el 2W’CIC2Z,Z2

–1 +- uZR,RZCICZ – 2jwRlCl – -- ~

where

If the frequency of operation is given by u~RIR,CIC, = 1, and if G is
very large, the expression becomes

_= -[ ’+(N.eP. _. .-2
el ()1 – ; + 2jwRlC,

(3)

This resembles very closely Eq. (1) obtained for the RC phase shifter.
At

U2=2—— 1
‘0 – RIR2C,C2’

the phase shift is 90°. The difference between this expression and the
previous one reflects the fact that the output of the RC-network cannot
exceed the input whereas the olltput of the feedbatik system can. There
is a reversal of sign because a feedback integrator inverts the polarity
as well as integrates. The variation of phase shift with frequency is
given by

()

do
z .“

= R, C,.

In the case CWRICI= 1 and G = =, the output amplitude is equal to
the input amplitude regardless of frequency; in this case Eq. (3) for the
feedback phase shifter has the same form as Eq. (1) for the RC bridge
phase shifter. The output impedance of the circuit is roughly equal to
the output impedance without feedback divided by the gain of a stage.

If an integrator and differentiator are used without transformer con-
nection in the plate circuit, a considerable decrease in the variation of @
wit h o may be obtained. “J’his result may be derived with the aid of
Eq. (2).

The phase-shifted h-voltage is added i to the r-voltage at the trans-
former secondary as shown in Fig. 618. The two solutions for s are

I ,~hi. method” is due to J, Izntz
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related as the vector diagram of Fig. 6.18 shows. If the two secondary
voltages h1and hz are equal in amplitude and 180° out of phase, the sum
of s, and SZafter they have been converted to direct current represents
very nearly the correct solution of the triangle even if the h’s are not
exactly 90° out of phase \vith s. This is because the first-order differ-
ences of sI and S2 from the true value of .s are equal and opposite; the
higher-order terms may be found I),v application of the law of cosines.
Thus if the h-input is not in phase with s, or if there is phase shift from
primary to secondary of the trans-
former, the effect \vill he. Iargc!y

sl ‘r S2

compensated. The compensation
is better jvhen transformer output

~
is used than when the outputs of 0.1 4.7k 0.0015
the differentiator and integrator
are added separately t~)T; in the 0.001. . +150.

case of separate addition, fre-
quency variation may cause hl
and hz to differ in amplitude, thus
making first-order errors from
phase shift possible. The trans- 6AK5

former circuit, on the other hand,
provides both frequency compen- —
sation and the balanced output ~
necessary for phase compensation, I?Ic. 6.19. —Integrator-dif ferentiator

provided a well-designed trans- I’base-’h’fting circuit, (Courfesv of Belt

former is used.
Telephone Laboratories, New York. )

Figure 6.19 shows a phase-shifting circuit using a differentiator and
integrator and designed to operate at a frequency of 500 cps. The
additional network used in connection with the differentiator serves a
double purpose: It provides a d-c return for the grid and at the same time
permits compensation for the phase-shift error due to the blocking con-
denser in the feedback circuit. As regards feedback of the plate voltage
to the grid, the capacitances 0.1 and 0.0015 pj and the resistances 4.7 k,
1 M, and 0.428 M constitute effectively a Wien bridge. The grid is
nearly at ground a-c potential, so that the 1- and 0.428-M resistors are
effectively in parallel. If the bridge is balanced, the voltage at the upper
end of the 0.428-M resistor is in phase with the plate voltage; this is the
desired condition of operation.

Sources of Error,~ln a circuit of the type shown, errors may arme
from the following sources:

1. A change in the amplitude of the sourr,e appears as a proportional
change in the amplitude of each variable. To eliminate this error,
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6.
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it is necessary to compensate for these changes; one method of
doing this is to use the source as a standard when changing the
representation of s.
Frequency change in the voltage source changes both the amplitude
and the phase of the voltage h, as shown above.
Harmonic content in the voltage source is probably the most serious
cause of error in practical applications of a phase-shift triangle
solver. It is not difficult, however, to obtain a source having
about 0.1 per cent total harmonic content.1 The error duo to
harmonic content does not lend itself to simple analvsis, hut
experience has shown that triangle solutions have percentage
errors that are of the same order of magnitude as the percentage
of total harmonic content.
Potentiometer nonlinearity obviously causes changes in amplitude
of the variables; the resulting error is of the same order of magni-
tude as the nonlinearity of the potentiometers used.

In the derivations above it is assumed that the impedance of
the input voltage source was negligible
compared with that of the input resis-
tor (or capacitor). The potentiom-
eter impedance affects the output as
though it were in series with the input

To phase
shifter

impedance; it is therefore necessary
that this impedance be small. One

.
---I(-+ way of reducing the peak error to

FIQ. 6.20,—Methodof re- about two-thirds its magnitude is to
ducing loading effect on h- connect an impedance, equal to the
potentiometer.

input impedance of the triangle solver,
between the potentiometer output and the top of the potentiome-
ter, as shown in Fig. 6.20 (see also Sec. 5.4).
The phase-shijt error introduced by imperf ect phase-shift operation
is roughly proportional to the square of the phase error in radians
if the compensation described above is done accurately.
Change of tube gain may affect the terms invoving g~ in the
expressions for phase-shift and amplitude error. The effect of
gain changes is small, however, as long as the gain remains large.
Harmonics introduced by the phase shifter are usually negligible if
the tubes are operated as Class A amplifiers.
D-c drift in the rectifiers is a “constant” error, that is, it is inde-
pendent of the volt~ges being detected. A change in d-c level up
to 0.1 volt may be expected in common tubes with aging and with
10 per cent filament voltage changes. This error may be reduced

1Chap. 16.
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by regular calibration, by the use of a stabilized filament source,
or by the selection of a voltage scale such that 0.1 volt represents
only a small range. The scale factor is usually determined by
letting the maximum voltage available correspond to the desired
range of operation.

9. Unbalance in the transformer secondary or in the adding circuit
may produce first-order errors due to phase shift. If the two
voltages rl and TZ are added in such a way that rl contributes
more to the sum than does TZ, there results a first-order error
proportional to the departure from 90° phase shift and to the
fractional unbalance, Such a fractional unbalance may result
from an asymmetrical center tap of the transformer secondary
or from inequality of resistors in the network used to add the d-c
voltages. Another sort of error results if the voltages across the
two halves of the transformer secondary are not quite in phase
with each other; to reduce this it is necessary to wind the trans-
former symmetrically- mtouseresistive mixing instead of atrans-
former to add r and h.

To summarize, the integrator-cliff erentiator triangle solver has the
advantage as compared with an RC bridge network of low output imped-
ance, the ratio of input to output impedance being of the order of the
gain of a stage. It has the advantage over pulse methods and servo
methods of requiring very few parts, including only two pentodes or
triodes. A fuller comparison of the methods is difficult unless the
desired representations of input and output are stated; for radar appli-
cations a rectifier and a time-modulation circuit must be used to con-
vert the output of a phase-shift triangle solver to a delay in order to
produce a range marker.

TWO-DIMENSIONAL VECTORS AND TRANSFORMATIONS

When navigation is to be done over relatively short distances, of the
order of magnitude of 200 miles, the earth’s surface may be considered
nearly plane; consequently to a first approximation displacements may
be expressed as two-dimensional vectors. Two-dimensional vectors in a
plane may be represented by physical quantities resembling vectors, by
rectangular components, or by pairs of nonrectangular coordinates that
bear some relation to the form in which the navigational data are obtained.
Examples of the last sort are polar coordinates, a common form of radar
information, and bipolar or two-range coordinates, which make use of
distances from two radars of known location. Information obtained in
either of these forms may often be used more conveniently if transformed
into rectangular coordinates; circuits for performing these transformations
and others will be discussed.
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6.8. The Mathematical Expression of Transformations.—A cor-
respondence may be established between the points of one plane and
the points of another by means of two equations,

x = j(u,u),

3’ = 9(V),

where the coordinates in one piane are U,V and in the other are x,y.
These equations define a transformation of a region of the U,Vplane into
a corresponding region of the z,y plane. Pairs of relations of this sort
enter also into the redescription of a point in a plane in terms of a new
set of coordinates, when it has already been described in one set.

FIG. 621.-Rotation of rectangular coordinates.

A special transformation that is of interest is the linear transforma-
tion, which intwodimensions isexpressed by means of two simultaneous
linear equations,

z=au+fw,
y=cu+dv.

This corresponds in general to the transformation from one set of oblique
coordinates to another. An example of a transformation involving
oblique coordinates is given below in connection with the Loran plotting
board.

A further specialization may be made to the sort of linear transf orma-
tion that corresponds to the rotation of rectangular coordinates without
change of scale factor. A transformation of this sort may be expressed
by the equations
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where o is the angle through which the axes are rotated. The correspond-
ing geometr.v is shown in Fig. 6“21, relating the coordinates Z,Y of the
point P to the U,Vcoordinates of the point.

Most of the devices to be described operate in only two dimensions.
.4 general three-dimensional rotation can be accomplished by the use of
three tlvo-dimensional rotations of this sort.

6.9. Rotation of Rectangular Coordinates.—To perform the coordi-
nate rotation described by Eqs. (4), devices producing sines and cosinesl
must be used. These may each produce either a single sine function
(nonlinear potentiometers) or both sine and cosine together (resolvers,
square-card sine potentiometers, phase-shifting condensers). .4 block

+%-+%-=+%

1-
w Cos e Adder z

cos e

sin e
-’u Sill e

Adder ~

sin 6
v sin e

z=ucosf3+v sine
v Y=-U sm e+v cos e

622.-Rotation of rectangular coordinates,

diagram showing how single sine elements may be connected to rotate
coordinates is gi~en in Fig. 6,22. The products IL cos 8 and v sin o are
formed and added to give z; similarl.v, – u sin !3 is added to v cos o to
give y. The accuracy of such a transformation is limited by the accuracy
of the com~onents used.

If a res~l~-er is used to rotate rectangular coordinates, ~ either it may
be considered to be solving the equations of transformation by producing
sines and cosines and adding them, or it may be considered a physical
model of the transformation in which the inputs are the projections of the
magnetic field on the stator axes and the outputs its projections on the
rotor axes, .l schematic diagram of the rotation of coordinates by a
resolver is shown in Fig. 6.23. If square-card sine potentiometers are
to be used, two are necessary, for each produces one sine and one cosine
function.

When a-c amplitude and phase represent a ~ect or, coorchnate rotation
corresponds simply to changing the phase angle. .1 phase shift varying

LFora rtetailcrltreatmentof sine-cosinedevices,seeSCCS.5,6 and .5.9.
1Seealso ililler and Weisz, “ CoordinateTransformationCircuits tlsing Resolv-

ers,’”SDRC Report NTO.14-228,JunP1, 1944.
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linearly with shaft rotation may be obtained by the use of a phase-
shifting condenser or a resolver. If the input signal is put on one input
terminal and the same signal phase-shifted through 90° on the other

u
y=-u sin tl+v cos e

~k

z=ucos O+vsin O

—
I_
1-

-u
.

k
e

FIIJ,623.-Rotation of coordinates by a
resolver.

input terminal, the rotor will pick up
a signal having amplitude propor-
tional to the input and phase shift
varying linearly with the angular posi-
tion of the rotor. Three-phase devices
may also be used. The accuracy ob-
tainable in this operation with phase-
shifting condensers is about 1°; with
resolvers O.1° (see Vol. 20, Chaps. 12
and 13).

6s10. Polar to Rectangular Trans-
formations. —Transformation from po-
lar to rectangular coordinates is
simply the production of a sine and

a cosine. It may therefore be done as a special case of coordinate rota-
tion, by any of the methods mentioned in Sec. 6.9. If the radial-coordi-
nate input is considered a vector that lies along one of the rectangular
axes an-d is to be rotated through an angle o
(the other polar coordinate), the operation
performed is the production of a sine and a
cosine. .i block diagram of this special case
and a diagram showing the use of a resolver
to convert polar to rectangular coordinates
are shown in Fig. 624a and b respectively.
The input to the resolver in this case is to the
rotor and the outputs from the stators, but
the reverse arrangement might equally well
be used. In practice it is more common to
let the rotor be the input because there are a
number of “ l-to-2-phase” devices that have
only one rotor winding but two stator
windings.

6s11. Rectangular to Polar Trsnsforma-
tions.—The conversion of rectangular to polar
coordinates involves somewhat more com-

r

i-d-+sin @ r sin e
I
I
I

L
&-- C05e T Coso

(a)

TSpe

k T
0+-– -

r Cos e

(b)
FKQ.6.24.—Polar-tc-rectangular

transformations.

plication. The equations of transformation, written in explicit form, are

r = <X2 + yz,

e = tan–’ ~.
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The operations of squaring, extraction of the square root, division, and
production of the inverse tangent are not simple. Implicit solutions are
more convenient in this case. The equations of transformation may be
expressed in implicit form as

x=i-cOse,

y=rsinlj,
or again as

—zsin0+ycosf9 =0,
Xcos O+ysint?=r.

In the latter pair of equations, the first rqllation is an implicit one for 6’
in terms of x and y; the second is an explicit expression for r in terms of
x,y, and O,which can be computed
in a straightforfvard way once the
first has been solved. A block dia-
gram showing how this trans-
formation can be performed with
single-sine elements is shown in Fig.
6.25a. The function ( –x sin %+ y
cos d) is computed by two of the
sine or cosine blocks, and this func-
tion is fed to a servoarr.plifier that
drives the @-shaft until the func-
tion reaches zero. When this loop
reaches equilibrium, the proper
shaft rotation 8 will be fed into the
other sine-cosine blocks, producing
r explicitly.

The implicit solution of the
&equation is similar to the type
dkcussed in Sec. 6.2 and shown in
Fig. 6.1; in both cases a combina-
tion of operations generates a func-
tion that is desired to be zero, and
this function is fed back in such a
way as to reduce its value. There
is an essential difference between
the two methods, however. In the
circuit of Fig. 6.1 the function was
fed back as one of the input vari-
ables, whereas in this case, roughly

I-T---:

~.otor
?+9-wl

(a)

—?

‘Lx=
Servo amp =

(b)
FIG. 6.25.—Rectrmguiar-to-polar transfor-

mations.

x’II= =

speaking, it is fed back as a rate of change of one of the input
variables O. Thus the system of Fig. 6.1 has an inherent error resulting
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from the fact t~laLat equilibritlm tllef~lllction ~(x,y) hasa small residual
value measured by y/A; on the other hand, systems of the type used here,
in which the feedback determines the m[c of change of a variable, will
have no such inherent position error ut equilibrium, fortlle error signal
is j(z,y) = (dy/dl)/A, :~llcltllis iszt'rcJ b{{ntlseatequilibriumdy /dt=O.

li?e.soloe~s.-Figurc 6.256 sho}vs I1OJVthis trtinsformation may be per-
formed with a resolver.’ It \vill lW seen that the operation is the same
if it is considered that one rotor ~rinding picks up a voltage

—.~sin O+ycos O

and the other z cos 0 + y sin 8. The servoamplifier has the same func-
tion as before, and r may again bc considered to be found explicitly.
Perhaps a ‘simpler physical explanation of’ lrhat happens is that the
servoamplifier causes cmc rotor to Iw oriented perpendicular to the nlag-
netic field that is the resultant, of tIIc t]vo fields produced by the stators;
the other rotor winding, ptirallel to the field, picks up the resultant
voltage. With the Armu resolver (>’o. 213044) or Bendix resolver
(XD-759542) such a transformation c:m be done with a peak error of
about f 0.1° in an angle and ~ 0.06 pcr cent of maximum output in
output a-c amplitude.

Sine ~otentiometcrs.—’~hc transformation fmm rectangular to polar
coordinates can also be made ~vith a ]mir of g~nge[l st~uare-card sine
potentiometers. A method of this sort m:ly be used ]rith d-c voltage
representation. A diagram of this method is shm~n in Fig. 6.2b. Each
sine potentiometer performs the operations corresponding to tivo of the
sine or cosine blocks in Fig. 6.25. The principal problem in the design
of such a system results from the fact that d-c voltages representing the
various quantities involved do not have ground potential as a reference
level unless a push-pull supply is available for the sine potentiometer
(see Chap. 5). Also, in order to use the sine potentiometers with greatest
accuracy, the outputs should be taken push-pull rather than single-
ended. One possible approach is to produce balanced positive and nega-
tive voltages at the inputs, thereby centering the outputs at ground.
This, however, necessitates two voltage-inverting circuits, each of which
may require six triode sections (Chap. 3), whereas the method shown
requires only one inverting circuit.

The circuit shown provides for cancellation of the voltages AZ and
By which are added to the sine and cosine components because the voltage
supplies for the tine potentiometers are not symmetrical. The servo-
amplifier that orients the shafts of the potentiometers must solve the
equation

xsin8—ycos O=O.

1A sampledeswjnof a resolverservomechanismof thistype isgivenin Sec. 14,
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Itdoes this by virtue of the fact that the “constant” terms Ax and By
are fed equally to the two inputs of the differential amplifier. The
equation actually solved is

–~sin6+Az+#cos0+Bg =~sin6+ Az–#cos8+B~;

but this is equivalent to

zsin/3-ycos O=O.

The terms Ax and By are removed from the output voltage by a similar
cancellation. The same sllbtraction that makes possible the push-pull

(from low impedance sources )
e output ‘r yv

h’J_
Setvo
motor

:ard’sinepot;
I ,

I I I 1 1 t

3
“+U@ +.i

-~

17=
~ccot?+Ax

D-c voltage
inverter

~ jcos8+}sit&Az-Bj
2

(Canst.)(z cos e + g sin e)=(fhnst)(r)

FIG. 6,26.—Rectangular-to-polar transformation using direct voltage.

operation of the output is also used to remove the “constant” voltages.

Addition before inversion makes it necessary to use only one d-c voltage-
inverting circuit.

There is a loading error that results from connecting the adding

resistors R directly to the sine potent,i omet ers. If a sine potentiometer
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has 20-k resistance and the mixing resistors are of the order of 1 megohm,
the error from this source will be of the order of 0.3 per cent of maximum
output (see Sec. 5.7). An inconvenience of this circuit (and of all precise
adding circuits using resistance networks) is that the resistors require
calibration if maximum accuracy is to be obtained. This requires five
calibration potentiometers in series with resistors. Since the sine
potentiometers may have ~ 0.25 per cent peak errors, the over-all peak
error of the computation may be as great as 1 per cent.

The Loaded-potentiometer Resolver.—There is another method of
transforming rectangular to polar coordinates that requires no special
parts like resolvers or sine potentiometers but operates over only a
limited range of angle ( t 50°, for example) depending on the degree of
approximation desired. This is the “loaded-potentiometer resolver. ” I

‘=
CMferential V

servo
ampl,rier

‘ Motor

(a) ; (b)

FIG. 6.27.—Loaded-potentiometer triangle solver.

This device makes use of the fact that a tangent function can be approxi-
mated by the use of a loaded potentiometer (Sec. 54). The equations
of transformation used in this case are

xtanll=y,

This again is a case of an implicit solution for 0 followed by an explicit solu-
tion for r. These equations are equivalent to the equations z = r cm O,
y = r sin /3; the equivalence is shown geometrically in Fig. 627a. By
laying off a distance z along the hypotenuse, the isoscelcs triangle A BJ9
is formed; if EC is constructed parallel to All, the triangle CDE is similar
to ABD and therefore isosceles; and CE = CD. The angle EBC = 0/2;
therefore CD = CE = y tan 8/2 and r = x + y tan 0/2.

Since two equations of transformation involving no trigonometric
functions other than tangents are given and a means of approximating
the tangent function is available (Sec. 5.4), a block diagram of a device

I G. D. Schott, “Loaded Potcntiomctcr Triangle Solver, ” RL Group Report No.
63, May 31, 1944. The method is due to J. W. Gray.
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for making the transformation may be drawn. This is shown in Fig.
6.27b. The functionz tan Ois produced, andthedifference xtan 6 – y
actuates a servoamplifier that turns a motor orienting the 0-shaft; the
value of 0 computed there is then used to produce y tan 6/2; this is added
to z to give r. The error observed over a range of t 50° is approximately
0.5 per cent in r and t 0.2° in 0, due chiefly to potentiometer nonlinearity
and inaccuracy of calibration.

T~e transformation from rectangular to polar coordinates may also
be done if a phase-shift triangle solver (Sec. 6.7) is used to produce both
phase and amplitude outputs. The phase shift may be converted to
rotation as shown in Chap. 3.

6.12. Special Coordinate Transformations. Oblique Coordinates:
The Loran Plotting Board.—In the Loran navigational s?rstem (Vol. 4),
an aircraft may find its position by measuring the differences in time

~#~l,oBlineWI
Iso-A lines

(a) Intersecting hyperbolas (6) Expanded region

FIC; . 628. -I.or:*LI geor,>etr>.

delays of synchronized pulses from two pairs of transmitter stations.
The time difference (i.e., the difference in range) corresponding to each
pair of stations locates the aircraft on one of a family of hyperbolas, of
which the two stations are the foci. The measurement of two such time
differences, one from each pair of stations, locates the aircraft at a point
that is the intersection of two such hyperbolas. In practice, the trans-
mitters may be separated by several hundred miles. In some cases it
is desirable for the navigator to know his position in some region whose
dimensions are small compared with the separation of the transmitters.
In this case the approximation may be made that the coordinates may be
transformed linearly in that region (Fig. 628).

It has been desired to plot automatically the coordinates of the plane
on a board, as determined by the Loran information. Subject to the
assumption of straight-line oblique coordinates, there are at least two
ways in which such a plotting board may be built so that it can be adjusted
to provide for the many different angles of intersection ~vhich may be
encountered. One such method is to let the plotting point be moved
by two mechanical motions whose angles relative to one another are
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adjustable.’ A diagram of such adevice isshownin Fig. 629. In the
device shown, one of the coordinates of the board must be parallel to
each of the families of hyperbolas in the region considered.

If it is desired that the two mechanical motions of the plotting point
be N-S and E-W (rectangular coordinates), this can be done by means of

a transformation between the Loran delay
Plotting surface

Q

information and the information at the
board. The Loran time delays may be
converted to proportional d-c voltages by

\

the use of delay circuits set manually to
Motion of plotting

Arm
point along arm produce the same delay as the I,oran.

I These d-c voltages then measure incre-
Adjustableangle mental distances in an approximate system

of linear oblique coordinates. The proce-
Motion of arm along edge of board dure is to transform the d-c voltages to

FIG, 6.29.—Plotti,,g board express position in NT-Sand E-W coordinates
with two mechanical motions
at adjustablemode. measured from a predetermined origin in

the region considered.
The relation of the rectangular and the oblique coordinates is shown

in Fig. 6.30. The family of hyperbolas running most nearly east-west
will be called A-hyperbolas or iso-A lines, and the others iso-13 lines.
The voltage corresponding to the A-delay is represented by E., and E,,
is the voltage corresponding to the B-delay. If EA varies alone, the
plotting point must move on an iso-B line, at an angle o from north.
Let a represent the distance of movement
along an iso-B line required for each volt of
EA. Then if E. increases by AEA volts and
B is constant, the northward movement of
the plotting point is Ay = a cos b AEA and
the eastward movement is Ax = a sin ~ AE..
If E~ varies alone, the stylus moves in an
iso-A line, at an angle a from east. Let b
represent distance per volt of EB along an
iso-A line. Then Ax = b cos a AEB, and

dlso-11 line
aAEA 5

Is}-: p AY
B

a

Ax
l:IG.630.-I{elatioll of rectal~gu.

lar to oblique coordinates.

Ay = b sin a AE,. If both E. and EB change, the increments of x and y
give the equations of transformation

Ay=acos fiAEA+bsina AEB,
Ax=asin @AEh+bcosa AEB.

1This method \vaNwed in a plotting board designed in Division 11 of the Wdiat io]l
laboratory.

z This method is duc to ,J. ~r. Grav.



SEC. 6121 SPECIAL COORDINA TX TRA NSFORJ1 A !I’If)h’s 167

The signs of the various terms depend also on the sign convention adopted
for the positive directions of A and B.

A schematic diagram of a computer for doing this is shown in Fig.
6.31, and photographs of a plotting board constructed for this purpcse
in Fig. 6.32. The instrumentation is as follows. Voltages measuring
AA and AB are obtained by comparing the outputs of time-modulation
circuits with the Loran delays. A voltage varying linearly with AA
and AB is obtained by a resistive mixing network; the coefficients of
AA and AB are adjusted by using potentiometers as shown in the dia-
gram. Since for a given mission the values of a, b, a, and b are constant,
they may be set in advance. The final step of converting voltage to

5
Time-

modulatjon
clrcult

Comparison
with Loran
B dela

Loran
Information

‘4
Comparison

with Loran
A dela

m
I II 1
I

Plotting
point

J-.-L
t ;;d;;y

Fro. 631.-Schematic diagram of Loran plotting board.

displacement of the plotting point is done by means of linear-card
potentiometers and servos operating lead screws. The E-W lead screw
and potentiometer are actually moved across the board by two N-S
lead screws, as shown in Fig. 6.32. The plotting point moves in each
coordinate until the voltage picked up by the potentiometer arm is
equal to the transformed voltage in that coordinate. The adjustment
of the potentiometers may be checked by observing whether or not the
plotting point moves properly when each time delay is varied. Switches
must also be provided to allow for different orientations of the hyperbolas.

Bipolar Coordinates: A Transformation Using Squaring Devices.—The
Loran plotting board, which has just been described, is an instance of
the use of radar range data for locating a point in two dimensions.
Another problem of similar nature arises when the ranzes of an aircraft
from tw~ fixed stations on the ground are known an~ it is desired to



168 GROUPED OPERATIONS [SEC. 612

—-—.. . ........

,,



SEC. 612] SPECIAL COORDINATE TRANSFORMATIONS 169

express the position of the aircraft in rectangular coordinates. This
constitutes a sort of bipolar coordinate system, but not an orthogonal
system. A pair of rectangular axes convenient for computation has its
origin at one of the fixed stations and its y-axis passing through both
stations. In this case the equations of transformation are no longer
linear. They are

~=;+e;~’

~z = ~z — ~z,

where Z, y = the rectangular coordinates as described above,
1 = distance between the two fixed points,

m = range from fixed point at origin,
n = range from other fixed point.

The geometry is shown in Fig. 6.33a. .4 computer for solving this prob-
lem was designed by H. S. Sackl and uses methods similar to those used

zz=ntz-~z=(m+~)(?n-ld m+n
m ~z-%2
n 21m–n

<--.;” m-y 1

(a) (b)
FIG.6.33-Bipolar to rectangular trarlsforrr):ltio!!.” ([L) Gco,nctry; (b) block diagram of

corn[jutcr.

in the electronic triangle solver of SCc. 63. A block -diagram of this
device is shown in l~ig, 6,33b. In the computation” of ?/ the operation of
squaring is carried out by

or

a clevicc thtit solves

_X_t ?! . -?_

21 m—n

the equation (Chap. 3)

mz _ ~2 = 21u,

(Here u is an intermediate vari:,l,lc in the computation of y.) The
quantity 1/2 is then :uitiwl tu u, ‘1’his is don(~ IIY the four blocks in the

upper part of the ditigram. Similarly the lo)rcr three blocks compute x

i H. S, Sack, “ It(,port or] ( ‘(]lljp{ltcr+lt)vol!illg S(lilarcs allrl Sq(lwc ltOots,”
(’ornell (rnivr-rsity, oct. 1!), 1{)4:{. ‘1’llis work W:M rlonc llIldcr an OSItIl contract.
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as a function of m and y, by solving the equation

m+y x— .—
x m—y”

A schematic circuit diagram for this computer (from the report
referred to above) is shown in Fig. 6“34. Differential amplifiers with

1

q

11

1

~

z

2
I:lu, 6+4.---c0l!1putm fol u = (1/2) + (m’ - !19/21; z’ = m? – u’

constant-current tubes in the cathode circuits are used for addition and
subtraction. Each of these requires two envelopes: a pentodc and a
double triode.’ Each ‘‘ attenuator” block is a differential amplifier which
is made inoperative for part of the repetition interval by a \’ariable-
Iength rectangular pulse from the attenuation adjuster. ‘l’he feedback
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loop formed by the attenuation adjust(’r aud the upIwr :).(Im)lmtm :Msunms
an equilibrium condition in which the output of the upper attenuator is
equal to the other input to the attenuation adjuster. The rectangular
pulse then causes the attenuator to multiply by a factor (m + n)/1, in
the case of the ~-computation. The same pulse then determines the
attenuation of the lower attenuator block, the output of which will be
(m – n)(rn + n)/L

The circuit as shonm requires about 28 tube envelopes, not including
VR tubes or the trigger circuit. This number may be reduced if lower
precision is required or if different methods of attenuation and addition
are used. The error in y may be 0.25 per cent, that of c probably
somewhat greater.



CHAPTER 7

EXAMPLES OF COMPUTER DESIGN

BY D. MACRAE, JR., I. A. GRIE-;NWOOD, ,JR., AND W. ROTH’

7.1. Introduction.—Prcceding chapters have covvrml methods of
design, techniques, and devices for use in the creation of computers. It
is the object of this chapter to present two typical computers to illustrate
the application of this information. The computers that will bc dis-
cussed are (1) part of an airborne navigation computer and (2) a radar
trainer computer solving the problem of synthesizing the position of an
aircraft in polar coordinates relative to a moving ship.

The first computation to be discussed is one that solves part of the
problem of aircraft navigation using radar. The computer of which it
is a part is a ground-position indicator which integrates the airspeed of
an aircraft and the wind to provide a continuous indication of position;
it makes use of radar to obtain an accurate indication of the position of
the aircraft with respect to identifiable objects on the radar screen and
to find wind. The computation to be described has to do with the pro-
duction of markers on a radar screen, corresponding to two shaft rota-
tions that represent the rectangular coordinates of a point with respect
to the aircraft; this constitutes only a portion of the entire navigational
computer. The treatment will be detailed in order to show some of the
practical considerations that enter into a design. The discussion of this
computer will follow the general design procedure given in Sec. 2.1; at
each step in the design the material of Sec. 2“1 is summarized, followed
by a discussion of the corresponding steps in the development of the
navigational computer.

At the time of termination of Radiation Laboratory technical develop-
ment work, the design of this computer was not finished, though most of
the circuits in it were completed or nearly completed. It is expected that
the development of this computer will be carried on by organizations
other than the Radiation Laboratory.

1Elections 7.1 to 7.7, inclusive, are by D. MacRae, Jr., and I. A. Greenwood, Jr.;
Sees. 7.8 to 7.11, inclusive, are by W. Roth and I. A. Greenwood, Jr.

2 B. Chance, “The Interconnection of Dead Reckoning and Radar Data for Pre-
cision Navigation and Prediction, ” Jour. Fran?din InL, 232, pp. 355-372; W. J.
Tull, N. W. MacLean, “ GPI—An Automatic Navigational Computer,” Jour. Frnnk-
kn Znd., 242, pp. 373-398, November 1946.
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The spherical-coordinate integrator, the second computer described,
was used extensively in radar training equipment. In the discussion of
this equipment, the emphasis is on the description of the device rather
than on the process of its design. In several instances different circuits
are used in the two computers to perform the same operations. This is
due mainly to different accuracy and weight requirements but also
partly to the fact that different personnel were involved in the two
designs.

NAVIGATIONAL COMPUTER

7.2. Preliminary Information. Procedure oj Sec. 2. 1.—It was stated
in Sec. 2,1 that the first step in the design of a computer is the determina-
tion of what is to be computed and the interpretation of functional needs
in terms of technical specifications and basic equations or empirical
relations. At this point the designer also makes tentative over-all
block diagrams, using his knowledge of computing elements. ,Judgment
and ingenuity are particularly required in this step. The characteristics
of the basic data, the factors that limit the designer’s choices, and the
operating conditions must be determined. Desired controls, displays,
and outputs must be specified, and acceptable alternatives listed. At
this stage in the design it is appropriate to start discussing with com-
ponent specialists the possibilities of getting some of the scarce com-
ponents that might be useful in the design.

The GPI Navigational Computer.—A ground-position indicator (GPI),
I designed at the Radiation Laboratory, makes use of radar information

both for locating the aircraft and for determining w-ind. Both these
operations use a group of circuits that transform the mechanical informa-
tion in the computer into markers whose intersection constitutes an
index of position on the radar display. These are the circuits which are
discussed here in detail.

The air speed is resolved into north-south and east-west components,
I and these are added to the respective components of wind, giving the

i two resultant components of the velocity of the aircraft relative to the
earth. These are integrated by means of electromechanical integrators
of the type described in Sec. 4.9. The outputs of the two integrators are
shaft rotations representing the position of the aircraft and turning at a
rate determined by the values of air speed and wind which are integrated.
The relation of these coordinates (aircraft position) to the other coordi-
nates involved is shown in Fig. 7.1. These shaft rotations can be sub-
tracted from another pair of adjustable shaft rotations that represent
the coordinates of a reference point identifiable on the radar display,
and the differences represent the coordinates of the reference point rela-
tive to the aircraft. These differences of coordinates may be used in
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locating the aircraft with respect to identifiable echoes ou the radar
screen and in finding wind. Let the index be set to coincide with an
identifiable echo on the screen by first setting in the known coordinates
of the point and then bringing the index to coincidence by rotating the
shaft measuring aircraft position. When this is done, a @ is said to
have been taken. The readings of the aircraft position shafts will repre-
sent the actual location of the aircraft.

The same index can also be used for finding wind. Since the coordi-
nate differences from which the

Aircraft

Coordinates
f aircraff
position

.
0

Origin of
coordinates

FIG. 7. 1.—Coordinates represented in
navigational computer.

index is formed are changing with a
velocity corresponding to the vector
sum of air speed and wind, the index
will remain on an echo once it has been
set to coincidence with it provided all
velocities have been correctly entered.
The index and echo move across the
screen together as the aircraft flies past
the identified point. If there is an
error in the wind entered into the
integrator, the index will drift off the
echo. This information may be used
in a manual tracking mechanism (Vol.
20) to correct the wind value until
the index remains on the echo. It is
the tracking operation, rather than the
taking of fixes as such, that determines
the accuracy required in the circuits
producing the index.

Alternatives jor Producing an Index. -It is first necessary to consider
the alternative methods for producing an index on a PPI radar display.
One method, used in a GPI produced by the British, is to have a fixed
marker at the center of the cathode-ray tube and to move the radar
picture in accordance with the input information until a desired echo
falls under the fixed index. This has the advantage that rectangular
coordinate input information can be used directly; it has the disadvantage
that the PPI must be made to give a satisfactorily uniform map of the
ground beneath the aircraft. Normally the map will not be uniform,
for range from the center of the PPI is ordinarily slant range rather than
ground range. This may be corrected by the use of “ground-range
sweeps” which compensate for the nonlinearity of the time delay vs.
ground-range function by introducing a nonlinear function of radial
displacement vs. delay depending on altitude. Even with this son of
:orrection, however, the method is still relatively inaccurate.

Another method that depends on the cathode-ray-tube display of a
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true map is the use of a mechanical index. Such an index might be
moved in rectangular or polar coordinates. This, in addition to involving
the errors of the cathode-ray tube, may involve parallax.

The met hml chosen in this case is to intensify the beam of the cathode-
ra} tube in m.mmdance ~~ith the GPI information in the same way that
the radar information intensifies the beam. Thus the characteristics
of the CRT enter in the same way for both radar and GPI information,

Fm. 7.2.—Radar plan-position indicator with range and azimuth markers.

and errors from this source tend to cancel. The procedure \vill then be
to define a time inter~’al measured from the transmitted pulse, which
represents GPI slant range; at the end of this interval an intensifying
range mark will be produced. To indicate the azimuth of the point
given by the GPI coordinates, a radial trace on the PPI will be produced
by intensifying the beam for the duration of one or more radial sweeps at
the proper antenna angle, that is, when the antenna azimuth relative to
north is equal to the angular coordinate corresponding to the GPI
information. The index will thus be the intersection of a circle and a
radial line.

Circuits Producing the Index.-The computation then consists prin-
cipally of converting the rectangular coordinates given by the N-S and
E-W shaft rotations to the polar coordinates of the radar display. There
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are several changes of representation associated with this; they are
necessitated mainly by the facts that the inputs are shaft rotations, the
outputs are to be markers, and the most convenient rectangular-to-
polar coordinate transformation uses a-c voltages.

It is necessary to take into account the altitude of the aircraft in
producing the range marker. The method used for production of a range
marker is intensification of the beam in the cathode-ray tube at a time
instant delayed from the transmitted pulse by an interval correspond-
ing to the range of the echo in question. The ‘‘ delay” of the radar echo
is proportional to the “slant range, ” whereas the GPI shaft rotations
measure the components of “ground range. ”1 Thus in order to control
the slant-range time-modulation circuit it is necessary to correct the
ground-range voltage by an amount depending on the altitude.

Equations. —There are only three operations other than the identity
operation to be performed in this computation. The first is the rec-
tangular-to-polar”
thus :

An equivalent set

coordinate transformation, which may be expressed

(1)

of equations which more closely represents the opera-
tion performed is

xcos O—ysin O=O,
xsin O+ycos O=r. }

(2)

The second operation to be performed is the computation of the hypote-
nuse of a right triangle, given the legs.

# + hz = sZ, (3)

where r = ground range,
h = altitude,
s = slant range.

The third operation is the subtraction of shaft rotations necessary
to produce the azimuth mark. This mark is to occur when

OR = 6A + @C, (4)

where On = the angle of the resolver shaft (output of rectangular-to-
polar transformation),

84 = the angle of the antenna with respect to the aircraft,
L9C= the compass angle (the angle of the aircraft with respect to

north).

1See Sec. 62 and Vol. 20, Chap. 4.
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Design Limitations. - --In connection with this computer three basic
decisions NWremade:

1.

2.

3.

An attempt is to be made to meet strictly the performance speci-
fications and, }rhere applicable, the component specifications of
the .krmy Air Forces and the Navy Bureau of Aeronautics. These
specifications relate mainly to the life of the equipment and its
performance when exposed to extremes of temperature, humidity,
vibration, etc., and are briefly discussed in Chap. 19.
An attempt is to be made to employ radical new techniques of
electronic construction and the most advanced design techniques
available if necessary in order to reduce drastically the weight of
this computer.
Strong emphasis is to be placed on reliability and the various
factors that contribute to it, such as ease of maintenance.

The emphasis on light weight points to the necessity of replacing
some components with much lighter substitutes. In some cases com-
ponents must be redesigned. Several basic electronic devices of this
sort \vhich are extremely important in the further development of this
computer are lightweight accurate resolvers; small lightweight servo
motors, controllable with small tubes; subminiature tubes; lightweight
small condensers; and small precision computer transformers. Labora-
tory de~’elopment and discussions with manufacturers are initiated or
continued at this stage in the computer design, most of these devices
having been already under consideration for other purposes or as part
of a basic de~’elopment program.

Errors. —Throughout the design process, the designer must have an
idea at least of the order of magnitude of the errors to be expected in
computation. In the GPI navigational computer, it is necessary to
consider the desired over-all performance in the light of other navigational
techniques and of limiting component accuracies. From a consideration
of this sort, approximate figures for the permissible over-all error may
be specified and this error may be apportioned among the various com-
puting elements.

The discussion of the circuits to be treated here will assume that
such a general error analysis has been performed, and that the probable
error of a setting of the index, due to the circuits discussed, is not to
exceed ~ mile on a radar display having a 50-mile maximum range. An
assumption of this sort is quite arbitrary, and, in fact, it is often found
that the original apportionment of permissible errors has to be modified
as the design proceeds.

7.3. Creating a Block Diagram. Procedure oj Sec. 2.1.—After the
problem has been defined, the general nature of the computer decided
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upon, and most of the dmign limitations stated, the next Btep is to create
a block diagram. This process requires ingenuity and some knowledge
of available techniques. It is difficult to say when the best arrangement
of components for a given problem has been reached; successive trials,
aided by experimental and theoretical information, will generally lead
to improvements over the first diagrams drawn. Several different
representations of quantities will usually be found in the optimum
arrangement.

Representation of Quantities.-The nature of the output determines part
of the instrumentation; for example, the use of a time-modulated range

FIG.7.3,—Generation of range and azimuth markew fm!rl integrator outputs,

mark makes it convenient to use a delay circuit (Sec. 6.6) actuated by a
d-c voltage. Some sort of transformation from rectangular to polar
coordinates is necessary, and at some point, either before or after the
transformation, the mechanical input information must be converted
to d-c voltage. The principal choice remaining has to do with whether
the transformation is to be done mechanically or electrically. In the
development of this computer consideration was given to both mechanical
and electromechanical methods. An electrical resolver, the electro-
mechanical device, was finally chosen for the operation after it was
shown to provide satisfactory accuracy, because it seemed easier to
obtain in quantity and because it was lighter than the mechanic~l device
considered.

The block diagram then assumes the form shown in Fig. 7.3. The
z- and y-shaft rotations are first converted to alternating voltages by
means of linear potentiometers. The voltage across the potentiomete~
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is supplied by a sine-wave oscillator (see below). Since the voltages at
the potentiometer arms come from relatively high-impedance sources,
precise impedance-changing circuits (drivers) are necessary to reproduce
these voltages across the resolver stator windings without loading the
potentiometers. The coordinate transformation is done by means of a
servo (Sec. 6.9) that turns the resolver rotor until one winding picks up
no voltage. At this equilibrium position, the other rotor winding picks
up the resultant a-c voltage that measures the ground range r, and the
rotor shaft rotation measures the angle OR = tan–l (y/z).

The range voltage then goes to a triangle solver, which computes to
slant range s from r and the altitude. The phase-shift triangle solver, I
which uses alternating voltages, is particular y convenient here. At
thk point a rectifier converts s to d-c representation, and the delay circuit
produces a proportional time delay. Finally a sharp intensity marker is
generated at the time corresponding to S, and this marker is fed to the
CRT.

The angle ORis taken ORby an Autosyn,2 and by means of differential
Autosyns the algebraic sum @R – O. – 8. is formed. The rotor output
voltage of the final Autosyn is zero ]vhenever On— OC— .9A= O, and at
this time the azimuth mark appears. The azimuth mark circuit pro-
duces an intensifying pulse when the Autosyn output is a minimum.

An additional amplifier, not shown, is inserted at the output of the
resolver. The function of this amplifier is to multiply the r voltage by
a constant. This is done in order to permit the resolver drivers and the
oscillator supplying voltage to the potentiometers to operate at 101v
voltage level and thereby conserve power. In the entire computer
there are several other amplifiers similarly employed so that there is
considerable saving of power and consequent reduction of weight in the
power supply.

The use of the oscillator voltage as a reference for the linear delay
circuit may be done in such a way that, to a first approximation, varia-
tions in the oscillator output do not affect the delay of the range mark.
If the slope of the triangular waveform is made proportional to the oscil-
lator output, a given range (defined by input shaft rotations) will cor-
respond to a constant delay, regardless of small variations in oscillator
voltage.

7.4. Preliminary Design. Procedure oj Sec. 2. 1,—After the block
diagram has been drawn, the first stage of design is to select the circuit
types to be used. This means taking the design to the point where the
values of most of the components are known approximately; the com-

1 (,”f. Sec. 67.
2 S(W S(w!.12.1.
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ponents determining the accuracy must be known well enough to permit
a performance analysis, and it must be possible either to buy or to manu-
facture them. When the circuit types to be used are fairly standard, the
approximate accuracy obtainable may often be stated before any design
work is done for the particular problem at hand. If a new computing
circuit is required, however, considerable development work may be
required to make sure that the circuit can satisfy the requirements.

Circuit Types.—For each block in the block diagram of Fig. 73 a
specific circuit type must be chosen. The principal requirement on the
oscillator that supplies the computing voltages is that it produce a nearly

10k(load)

A.

0002

+ 300

., 180k

0002
180k .

6AK5 SD-834’S

FIG. 7.4.—Oscillat0r cil cuit

pure sine wave, ~vith not more than about 0,1 per cent harmonic content.
A further requirement imposed by other circuits in the computer is
that the output be fairly constant. Thlls the circuit type chosen is a
Wien bridge oscillator \\itll J thermistor for amplitude stabilization.
Positive and negative fecdlmck are applied at the t~vo terminals A and B
of the Wien bridge. ‘l’he signal at the input grid is a measure of the
unbalance of the bridge. ;kt the fundamental frequency the bridge is
balanced, but for harmonics there is considerable unbalance. The result
is a sharp frequency characteristic tending to reduce the harmonic
content of the o{ltput consiclcrably. ThC feedbfick is taken from the
transformer sccondtiry in order to minimize distortion introduced by
the transformer itself.

‘~he {iril,{~,s f’()] tht~ lcsolver St,ators are t,!vo-stage amplifiers with

high fce(ilxu,k gain, accomplishing the same purpose as cat bode followers



SEC. 7.4] PRELIMINARY DEStGtv- 181

but having less variation in gain with respect to tube change and aging.
Circuits of this type are discussed in Vol. 18. The peak variation with
respect to tube change is expected to be about + 0.1 per cent.

The servo for the resolver uses an a-c amplifier, phase detector, and
final differential-current output stage driving the field windings of a split-

6AK5

0!5 ==

All resistors % watt unless indicated

FIG. 7.5,—Resolver driver circuit.

field motor. This circuit may require further development work in order
to achieve the error figure of rAO = 100 yd peak error which was assigned
to it for this purpose.

Following the resolver is a step-up amplijie~ which changes the voltage
scale by a factor of about 5. This is a three-stage amplifier with a feed-

&
Field winding

of motor ~<

--- ---

m-=~

Amplifier

&

FIG. 7.6.—

1

*
Stabilization networks

-Resolver servo circuit.

back circuit that consists of a parallel-adding combination of two resistors
in the grid circuit. The over-all gain of the amplifier with feedback is
determined almost entirely by the values of these resistors. A trans-
former might be used for this purpose, but the output impedance wo~dd
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be greater, harmonic distortion might be introduced, and there would
probably be more variation of ratio with temperature.

The b-ianglesolueris of the phase-shift variety discussed in Sec. 66,
using electronic differentiation and integration to produce a 90° phase
shift with amplitude reasonably constant over the frequency range used.

+250V

0.005
,

6C4
130k

550k::

70
load

FIG. 7.7.—Step-up driver circuit.

Therectijiers (one for each of thetivo output voltagesol’the triangle
solver) are of the voltage-doubler type, in order to increase the scale
of d-c volts per mile at the delay circuit. Crystal rectifiers might br
used here to avoid tube drift and to reduce filament po\ver.

After thed-cvoltages have been combinedin an averaging net~vork,
the average is compared with a periodic triangular waveform by means

of an amplitude comparison circuit. The triangll-

a

lar waveform is generated by a bootstrap integrator
circuit of a type discussed in Vol. 20. Deviations
from linearity may be of the order of 0.1 per cent

=--i
and level shifts 0.2 per cent of maximum output.
Methods of producing range marks are also dis-
cussed in Vol. 20. A blocking oscillator is used to
produce the final sharp pulse.

The azimuth mark circuit’ is an amplifier that
—— produces a pulse when the output of the A~ltosyn

llG. 78.-Voltage-doub- chain reaches zero. This output goes to zerolerrectifier.
twice during every revolution of the antenna, so

that some means must be provided for selecting one of these” nulls” and of
preventing a mark from being produced by the other, which occurs 180°
away from it. The principal sources of error in azimuth marking arisr
from the Autosyns; there may be errors of approximately 0.2° in the rotor
position at which minimum output occurs; and the minimum output may

ISeeVol. 20, Chap. 4.
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differ from zero, so that it is necessary to provide in the amplifier for start
ing the output pulse before the input reaches zero.

Components.—The potentiometers that convert shaft rotation to
voltage must have a linear variation of resistance with rotation. For this
purpose a 10-turn helical potentiometer can be used. Deviations from
linearity are held to 0.1 per cent or less of total resistance. Another
possibility is the single-turn RL270 potentiometer (Vol. 17, Chap. 8),
which was under development at the time of design and is capable of
the same accuracy.
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FIQ. 7.9.—Azinluth mark circuit.

A resolver that meets the design requirements is one developed by
Bendix Pioneer (XD-759542) for use in lightweight computers. This
device is accurate to 5 min in angle and f 0.06 per cent of maximum
output range under the conditions in which it is used in this computer.
The ratio of input to output voltage varies with temperature, changing by
about 0.2 per cent over a range of – 55° to +70”C. This variation may
be reduced by changing the electrical loadlng on the resolver output.

The precision resistors that determine the gain of the step-up driver
must “track” (preserve the constancy of resistance ratio) over the
desired temperature range. These may be wire-wound or other types
of precision resistors. The initial adjustment of ratio is made by a
factory-set calibration rheostat in series with one of the resistors; thus
even if an accuracy of computation of 0.1 per cent is desired, the initial

1The ‘‘ Helipot” madeby h’ational TechnicalLaboratmiesor the “ MicropOt” of
ThomasB. Gibbs (’o.; See Vol. 17, Chap. 8.
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values of the resistors need not be held to. closer tolerances than 1 per
cent.

The constancy of the slope of the triangular waveform with respect
to temperature depends on the constancy of the RC product of the inte-
grating network (Vol. 19, Chap. 10). These components must be chosen
so that their temperature coefficients cancel to some extent, The
accuracy to which this can be done is limited by the designer’s knowledge
of the temperature coefficients; if standard mica condensers such as those
specified in Specification JAN--C-6 (Apr. 20, 1944) are used, the variation
of temperature coefficient within one class in the specification is a limita-
tion. The best tolerance specified (type G) is from O to – 50 ppm/°C.
When by proper choice of resistance type the average temperature
coefficient of RC is made zero, a change of +0.25 per cent over a 100°
range can still be expected from a randomly chosen sample. If elements
are separately tested and matched, greater accuracy is possible, but
quantity production becomes much more difficult.

These, then, are the principal precision components which contribute
directly to the error of computation. The tubes used also contribute.
Clamp tubes in the linear delay circuit, the diodes in the rectifier, and the
coincidence tube all introduce d-c level changes. The triode amplifiers in
the oscillator introduce harmonics that must be removed by the Wien
bridge feedback.

other special components introduced in this design are the split-field
servo motor, used in the resolver servo; the oscillator output transformer,
specially designed for light weight and balanced output; and the ther-
mistor used to stabilize the oscillator output.

If production in quantity is contemplated, the possibility of obtaining
or manufacturing all these special components is investigated at an early
stage in the design.

Scale l’actors.-’~he maximum range of the radar with which this
computer is to be used determines some of the scale factors. The range
attainable on ordinary ground echoes (cities, land-water boundaries,
etc. ) is from 30 to 60 miles; however, in order to provide for the longer
ranges that may be obtained if radar beacons are used in navigation, it
is preferable to use a maximum range of 100 nautical miles. The poten-
tiometer that converts shaft rotation to voltage must then represent 100
nautical milesl in either direction; that is, its entire length corresponds to
200 miles. If single-turn potentiometers \vith a full rotation of 350° are
used, the mechanical input must be at a scale of 200 miles = 350°.
For the same reason, the range mark must go out to 100 miles, the delay
circuit must be accurate to at least that range, and the full voltage of

1In the discussion that follows, ‘(miles” will be used to refer to nautical miles.
A II:l(ltical mile is {,qual to a rninutc of latitlldr,
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the triangular wave form must then correspond to 100 miles. This full
voltage is made as large as possible in order that tube drifts shall cor-
respond to small errors in delay.

The plate supply voltage for the amplifiers can be an unregulated
300-volt supply. This limits the possible output of the step-up amplifier
following the resolver, for the peak-to-peak,swing of the plate of the output
tube cannot exceed 300 volts. As a matter of fact, the nature of the
circuit restricts the maximum output to about 200 volts peak-t~peak,
or 70 volts rms. Thus the 5C voltage scale at the triangle solver is
70 volts rms = 100 miles, or 0.7 volt rms per mile. The voltage scale for
circuits preceding the step-up driver is 0.2 (volt rms)/(mile), so that the
gain of the step-up driver is about 3.5. The output voltage of the oscil-
lator is then (200 miles) (0.2 volt/mile) = 40 volts rms. This appears
across the potentiometers. The maximum voltage in either coordinate
that goes to the resolver stator is 20 volts rms.

Since the differentiator and integrator in the triangle solver operate
better when the gain is less than unity, a larger altitude voltage than
the desired output is fed in. It is desired to provide for altitudes up to
40,000 ft (about 7 miles). If the entire oscillator voltage (20 volts) is
used to supply an altitude potentiometer whose full rotation represents
7 miles, a loss in gain of a factor of 14 can be taken in the phase shifter.

In the azimuth data a scale factor might conceivably be used if
“ two-speed” data from geared-up synchros were used. In this case
however, no such gearing is employed, so that in one sense the scale
factor for azimuth information may be considered to be unity. The
information is actually transmitted in the form of two voltages which
measure the projections of a rotating line segment on oblique axes at
120° to one another. one such voltage is used as the input to the azimuth
mark circuit. This voltage varies as the sine of output angle, hence in the
useful region, where the voltage is nearly zero, it is nearly proportional
to the angle itself. A scale of voltage/angle at null may then be defined;
if it is measured in volts per radian it is equal simply to the maximum
output of the autosyn chain. As the output signal is amplified, this
scale factor is multiplied by the gain of the amplifier.

One scale factor that enters into the design, although it does not

appear directly in the computation, is the sensitivity of the error signal
winding of the resolver. The voltage per radian of error, for small
error angles, is equal to the r-voltage that appears across the other rotor
winding, assuming that the two rotor windings have equal numbers of
turns.

7.6. Performance Analysis. Procedure oj Sec. 2. 1.—The performance
analysis is a check on paper to determine in the light of available data
whether or not the computer will operate satisfactorily. This consists
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chiefly of an error analysis with consideration of the effects on errors of
the conditions under which the computer is to operate: temperature,
humidity, pressure, etc. The particular value of a systematic check of
this sort is that it may show that some important data have not yet
been taken; for example, the probable life or behavior with temperature
of some important component may not be known.

Errors.—In each case when a component error is known, its maximum
value is specified. Usually the error varies in such a complicated way
that it is extremely inconvenient to give a measure of error such as rms
or probable error. A linear potentiometer is a good example of this.
Yet when the errors of a number of components are combined it will be
extremely rare that the maximum errors of all the components appear
simultaneously and all affect the output in the same direction. If the
designer is more interested in the probable error of the computer than in
the limits of error, he must make some approximations and simplifying
assumptions in order to use the data available for the components. At a
later stage in the design (after a model has been made) probable errors
may be found by taking more data. At the present stage an estimate
must be arrived at without this information.

A set of working assumptions that have proved useful are the following:

1. The probable error of a component will be assumed equal to one-
third the peak error or tolerance (this corresponds to an error not
exceeded in 96 per cent of the cases in a normal probability
distribution).

2. Errors may be combined by squaring, adding, and extracting the
square root, as is customary for probable errors. The result of
calculations carried out on the basis of these assumptions may be
expected to be correct within something like a factor of 2. In
practice the most serious departures from the behavior predicted
in this way have been found to be due to systematic deviations
of the central value from the true value, due, for example, to
miscalibration.

The approximate values of maximum errors for the various compo-
nents and circuits mentioned, exclusive of temperature effects, may be
tabulated x shown in Table 7.1. These figures may be converted into
miles (or degrees in the case of the azimuth error, which may be calculated
separately), and the square root of the sum of the squares calculated.
If the resulting figure is then divided by 3 (this being the equivalent
of dividing each peak error by three), the result will be the assumed
probable error.
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The range error is then approximately

187

(AT),,., =

V“(0.2)2 + (0.1)2 + (0.06)2 + 4(0.1)2 + (.01)2 = 0,11 mile (5)
3

Similarly, the azimuth error is approximately

(0.08)’ +(0.06)’ + 4(~.2)2 = 0,14.
(Atl).,.b = <

3
(6)

If a fix is taken at an average range of 50 miles, the corresponding error
rA8 is

(rAO).,o, = 0.12 mile. (7)

If these range and azimuth errors are combined by rms addition,. the
result is a probable fix error of 0.18 mile. This is somewhat better than
the figure of ~ mile mentioned earlier.

‘rABT,E 71.-MAxIMuM WIROES

Component

Potentiometers.
Drivers
Resolver.
Resolver servo

Autosyns . . . . .
Azimuth mark circuit.
Step-up drier....
Triangle solver
Detectors

Delay circuit

Maximum error I Ar,
miles

AO,
degrees

*0,1~0 of full range (200 miles)
+o.l~o of output
t5min; *,06~Oofmax, output (100 miles
RA19= 100 yd at R = 50 miles (average
range)
t0.2° each, combiningrandomly
?0.2”
+O.lyo of output
A0.2v0 of altitude
* 0.2 volt (200 volts = 100 miles)
~~~2 volt (200 volts= 100 miles)
~; ,I%of fullrange(100miles)departure

rom linearity.

0,20
0.10
0.06

0.10
0.01
0.10
0.10
0.10

0:08”
0.06

0.2 @
0.20

Other Considerations .—The performance analysis of thk computer
with respect to temperature is not detailed here. Some import~.nt
sources of error maybe mentioned however. The variation with tempera-
ture of the stator-to-rotor voltage ratio of the resolver (0.2 per cent) is
significant and is characteristic of transformers. Change of air gaps
with expansion of core metal and change of wire resistance with tempera-
ture are probably responsible for the effect. These variations may be
compensated once they are accurately known.

At this stage of the design it is also well to consider the interaction
of the various separate circuits. For example, the loading effect of the
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resolver drivers on the precision potentiometers may be checked. ‘1’hc
input impedance of the drivers is very high and chiefly capacitive; but
until a rough quantitative check has been made, the clcsigner cannot be
sure that significant phase shifts will not occur. The interaction of the
z and y channels may be examined in case current in a rotor }vinding
should produce coupling between the two stators. The operation of
the step-up driver and triangle solver with the detectors shollld be checked,
for the pulses of current drawn by the detectors may produce undesired
transients in the preceding circuits. These points require experimental
work with two circuits at a time and may expose difhcultics before a
model has been constructed.

7.6. Detailed Design. Procedure of Sec. 2. 1.—l’he design must no~v
be carried to the point where each component is \vell enough specified
so that it may be ordered and so that it can be counted on to function
properly in the computer. In the follo\ving description, circuit designs
will be given, but in many cases tolerances are not available.

The tubes shown in these designs are miniature tubes (the 6C4
triode, 6AK5 pentode, and 6AL5 double diode) and subminiature tubes
(the Sylvania SD-834 triode’ and Raytheon CK-604 pentode). The
circuits using miniature tubes may be redesigned for other tube typeti
by means of relatively minor changes.

Oscillator.—The 500-cps oscillator, a Wien bridge circuit, is based on
a design made at Bell Telephone Laboratories with the assistance of a
Radiation Laboratory engineer. The circuit is shown in Fig, 7.4, The
output is 40 volts rms across 10,000 ohms. Tests on the circuit indicated
only 0.05 per cent second harmonic and O.1 per cent third harmonic in
the output waveform.

Resolver Drivers. —These drivers are two-stage amplifiers with cathode
feedback, as shown in Fig. 7.5. The design of these circuits is discussed
in detail in Vol. 19. With respect to variation in tubes, load impedance,
condensers, and resistors, the variation of gain does not exceed f 0.1
per cent.

Resolver Servo.—For the servoamplifier to be used with the split-
field motor, an a-c amplifier, phase detector, “ phase-iead” network,
and a differential current output stage, as shown in Fig. 7.6, should prove
satisfactory but is untested. A similar circuit which was used in a
related equipment is described in Sec. 14.3.

Step-up Driver.—The high feedback gain of this circuit and the use
of three stages of amplification necessitate careful design to prevent
oscillation. The design procedure for this amplifier is discussed in
detail in Vol. 18. The final design is shown in Fig. 7.7. The use of a

LNow the 6K4.
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step-up amplifier here allows lower voltages to be used in the preceding
stages, with resultant over-all savings in power and weight.

Triangle Solver.—A tentative circuit design, incorporating the reduc-
tion in gain previously mentioned, is discussed in Sec. 6.6. The sources

of error in this type of triangle solver are also discussed in that section.
Detectors.—The type of voltage doubler recommended is shown in

Fig. 78. The principal design problem with this type of detector is
usually selection of proper capacitor values; this should not be difficult
in the present case, because of the low output impedance of the step-up
driver.

Time-modulation Circuit .—A time-modulation, or “ delay, ” circuit,
including sweep generator, coincidence circuit, and pip generator, is
similar to those for which detailed discussion and design procedures are
given in Vol. 20.

Azimuth Mark Circuit. —This circuit is shown in Fig. 7.9. It includes
a differential amplifier, a plate-circuit detector, and a regenerative loop
which causes the output to be a rectangular gate several milliseconds in
length. Differential rather than single-ended amplification is used in
order to make it possible to use a shorter time constant in the detector.
This is necessary because the angular velocity of the antenna (2000/see)
is such that one cycle of the 400-cps line supplying the autosyns corre-
sponds to ~.

The final autosyn is connected in such a way as to make available a
voltage that goes (approximately) to zero only once each revolution,
rather than twice. This is done by adding to the sine-modulated output
voltage a constant a-c voltage equal to the maximum output. The
resulting voltage is used to remove the “ back trace” of the azimuth
mark.

7.7. Finishing the Design.-Several steps remain to be done in the
design of this computer. The detailed design has to be carried out for
several of the circuits. A model must be built as a check on the combina-
tion of circuits and mechanical components. One difficulty often encoun-
tered when circuits and mechanical parts are to be designd under
pressure of time is that the mechanical design has to be “ frozen” much
sooner than the electrical design. This means that last-minute changes
can be made in the electrical design if experiments show that some
expectations are not realized; the corresponding mechanical changes,
however, may be much more difficult to make.

It is in the remainder of the design that the limitations already men-
tioned—light weight, reliability, conformity to aircraft specifications—
enter particularly. Care must be taken in chassis layout to save weight
and space but at the same time to make servicing possible and to avoid
excessive heat dissipation at “ hot spots” in the chassis. Exhaustive
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tests must be made to see whether or not the circuits perform satisfactorily
with respect to temperature, vibration, humidity, etc. Even such things
as the effect of chassis warm-up should be considered, for it has been
found in some instances that a circuit calibrated a short time after it
has been turned on may show substantial systematic errors after an
hour or two of operation.

SPHERICAL COORDINATE INTEGRATION

7.8. Statement of Problem and Preliminary Design Information.––
The spherical coordinate integrator discussed in the following sections
was designed as part of a radar training device and solves the differential
equations of motion of an aircraft as observed from a moving ship.
Information such as heading, air speed, rate of climb, rate of turn of the
aircraft, direction and magnitude of the \vind, and the course, speed, and
rate of turn of the ship are set into the integrator, which then operates
upon this information in such a manner as to yield the position of the
aircraft with respect to the ship, as measured in spherical coordinates.
Thus, slant range, azimuth angle measured in the horizontal plane, and
elevation angle of the aircraft above the horizontal plane are computed
as continuous functions of time. These data are used to simulate the
position information ordinarily obtained by a radar mounted aboard the
moving ship and tracking the maneuvering aircraft. I

Two fundamental methods of solving the differential equations of
motions may be investigated. One method involves resolution of the
various velocity vectors into three mutually perpendicular components
whose dh-ections are fixed with respect to the earth, integration in these
coordinates, and transformation of the resulting position information
into the desired spherical coordinates. The second method consists of
transformation of the various velocity vectors into vectors in spherical
coordinates corresponding to the rate of change of range of the aircraft,
rate of change of azimuth, and rate of change of elevation, respectively,
followed by integration in these coordinates, no coordinate transforma-
tion of the resulting position information being necessary. After careful
consideration of both methods, the latter one was chosen. It is simpler
than the first method, since no final conversion from one set of coordi-
nates to another is used; because of this it is also capable of giving
smoother output information, since the output of a velocity servo is
usually smoother than that of a position servo running at a comparable
velocity and is certainfy smoother than that of a velocity servo and a
position servo in series. This smoothness is desirable from the stand-
point of the radar trainer application.

1A completedescriptionof a trainer employingthe sphericalcoordinateintegrator
will be found in “ SP Trainer,” Radiation Laboratory Report No. 928.
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Upon investigation, several assumptions are found that simplify thr
general equations and are acceptable from the radar training standpoint,
since they introduce negligible errors. These simplifying assumptions
resulted in considerable savings in over-all system complexity. The
effects of wind and ocean currents on the ship may be assumed equal to

\

FIG. 7,10,—Radar trainer using spherical coordinate integrator.

zero. Curvature of the earth maybe neglected. Skidding of the aircr.. ft
and the ship during turns may be neglected. Since a stabilized antenna
is used in the radar equipment that this trainer component was to simu-
late, roll and pitch of the ship may be neglected.

With these assumptions, the detailed differential equations of motion
of the aircraft with respect to the ship can now be developed.

The simplified system geometry is shown in Fig. 7“12. Complete
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ground plane geometry, including the effects of wind and motion of
theshipj isshown in Fig. 711.

The symbols used throughout the discussion have the following
meaning:

~=

0=
+=
-y=
~=

c=

v. =

s=

w=

h=
p=

R=
o=
P=

p! =

t=

Note

elevation angle of aircraft with respect to horizontal,
azimuth angle of aircraft with respect to north,
heading angle of aircraft \vith respect to north,
course of ship }vith respect to north,
direction of wind with respect to north,
rate of climb,
horizontal true air speed,
ship speed,
wind speed,
altitude of aircraft,
slant range,
ground range,
position of radar,
position of aircraft,
projection of aircraft position
time.
that V. is a horizontal speed.

on ground plane,

When the aircraft is climbing,
the true air speed is the vector sum of V. and C.

Figure 7.12 indicates the position of the aircraft in space relative
to the ship at a given time t as well as the velocities of the aircraft at
that instant. Since the solution is desired in spherical coordinates, the
input information pertaining to the motions of the aircraft, ship, and
wind must be resolved into vectors representing rates of change of range,
elevation angle, and azimuth angle.

By inspection of Fig. 7.12, the radial component of ground speed is

dR

)z v.
= v. Cos (@ – e), (8)

where the subscript Va indicates the component is due to horizontal
air speed. Similar components due to ship motion and wind are obtained
as shown in Fig. 7.11.
Since

)~gd v.
= V. sin (@ – 0),

the rate of change of azimuth angle due to the (horizontal)
given by

)de
Zt v.

= ~ Va sin (I#J– O).

(9)

air speed is

(lo)
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Here again similar components are obtained as a result of the ship motion
and the presence of wind. The total rate of change of azimuth angle is
given by

$ ‘%+%-%
(11)

and upon integration, the actual azimuth angle of the aircraft is obtained.
In a similar manner the rates of change of range and elevation angle

are obtained. Substitution yields the desired differential equations of
motion:

sin (7 – 8) – S, sin (y – .9)]

–e)+wcos(7–e)

– S’ cos (~ – 0)] sin C) I
(12)

~ = [Csinc+ [V. cos(@- @ + Wcos(7 – O)

– Scos (7 – e)] COS6) )

In order to obtain the actual displacements, these differential equa-
tions must be integrated with respect to time to give

!‘1
0=00+ ~O~[Vasin (@–o)+Wsin(~– O)

– S sin (y – @)]d:

/

‘1~=~o+ -{ccose –[v. cos(ffJ-e)+wcos(T– e)
h P (13)

– Scos (y – O)]sinc) dt

/

t
P= PO+ (Csinc+ [Vacos(@ –0)+Wcos(7–0)

to
– ~COS (~ – 6)] COS6) dt

These are the general equational which are to be solved by the inte-
grator. The quantities with the O subscript indicate the initial displace-
ments at the time towhen the input data are introduced.

7.9. Integrator System Operation.-A simplified block diagram of the
integrator is shown in Fig. 7“13. The manner in which the necessary
input data are entered and the way in which the integrator solves the
equations can be explained with the aid of the block diagram. A more
detailed description of the operation of the individual blocks is presented
in a later section.

The input knobs that are employed to enter the necessary rate data

1A detailed development of the~e equations of motion will be found in the previous

reference.
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are shown at the left of the figure, while the output dials representing
the spherical coordinates of the aircraft with respect to the ship are shown
to the right.

The input rates are converted from mechanical shaft displacements
to a-c voltages whose magnitudes are proportional to the respective rate
shaft displacements. The conversion element in each case is a linear
potentiometer fed from a constant-voltage a-c source.

The rate-of-turn voltage derived from the rate-of-turn input knob
is used to control the speed of an a-c motor. Over the range used, the
speed of the motor is roughly linear with control voltage so that the output
shaft rotates the compass heading dial and shaft at a speed roughly pro-
portional to the desired rate of turn. The aircraft heading dial in meas-
uring the displacement integrates the rate of turn. This crude velocity
control can be used only because the required rate-of-turn accuracy is
not great.

The (horizontal) air speed knob is geared to the arm of a linear poten-
tiometer which is electrically connected to the rotor of the air speed
resolver. A resolver develops two output voltages proportional respec-
tively to the product of the sine and cosine of the rotor angle and the
rotor input voltage. The rotor is turned by a mechanical differential
which has the aircraft heading @ as one input and the azimuth angle o
as the other. The differential is connected so that the outtmt shaft
turns as (o – 8). If the voltage impressed on the rotor of the true air
speed resolver is proportional to V., the output voltages are proportional
to V. cos (O – 0) and Va sin (O – 0). These voltages are indicated
on Fig, 7.13 alongside the corresponding output winding of the resolver.
This resolver, therefore, has solved the ground speed triangle of Fig.
7.12.

The rate-of-climb input knob is geared to the arm of a linear poten-

tiometer which is electrically connected to the rotor of the rate of climb
resolver. The rotor is geared to the elevation angle shaft; and since
the rotor input voltage is proportional to C, the output voltages are pro-
portional to C sin e and C cos c respectively.

In a similar manner, the ship speed resolver takes the input voltage
S and the rotor angle (~ – 19)to give output voltages proportional to
S cos (~ – 0) and S sin (~ – 0). The wind sueed resolver takes the
input voltage w and the rotor angle (r — O) to give output voltages
proportional to W cos (, – O) and W sin (, – 0).

By referring to Eq. (12), it is seen that we must take sums and differ-
ences of the vector quantities already obtained and further operate on the
resultants. This is done by connecting the resolver output windings in
series. Addition is performed by connecting the windings in like phase,
and subtraction is performed by connecting the windings in phase opposi-
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tion. The relative phases are shown in Fig, 7 13 by the plus and minus
signs at each terminal of the resolver output \vindings.

By following the series circuits starting ~vith the wind speed resolyer
output l~indings and paying proper regard to the phasing, Ire obtain u
voltage proportional to

wcos(7- e)–scos(7-o)+v. Cos(o–o) =$’ (14)

which feeds the rotor of the range rate resolver.
The second series circuit yields a voltage proportional to

lf:sin(7– O)– Ssin(-y-@)+l’a sin (@– f))=R$ (15)

which is employed to drive the azimuth angle velocity servo. Equation
(14) indicates that we have obtained an a-c voltage proportional to the
algebraic sum of all components entering into the rate of change of ground
range. Similarly Eq. (15) indicates that we have obtained an a-c voltage
proportional to the algebraic sum of all components entering into the
rate of change of azimuth angle. It still remains, ho~~ever, to divide
Eq. (15) by R in order to obtain the actual rate of change of azimuth
angle dO/clt.

As shown in Fig. 7.12, the quantity dR/dt must be further resolved
to introduce the elevation angle c This is done by the range rate resolver
as shown in Fig. 7.13. The voltage obtained in Eq. (14) feeds the rotor
of the resol~-er, while the angle c is set into the resolver by the shaft.
Hence, we obtain voltages proportional to (dl?/dI) cos c and (dk’dt) sin q

respecti~.ely. The contributions to the motion of the aircraft resulting

from the rate of climb are entered by adding the respective components

from the rate-of-climb and range rate resolvers as shown in Fig. 713,
Thus, by following through the two series circuits in a manner similar to
that used previously, we have

Ccose–d~sinf=p$

and

~sine+d~cos e=+

dt df

(16)

(17)

Equation (16) must be divided by p and integrated in order to gi~,r the
movement of elevation angle resulting from the inpllt data. Si~.i]:lrly,
if Eq. (17) is integrated, the increment in range will h~ve been obt ainwl,
and the increment in azimuth can be obtained by dividing l<;(~.( 15) by
R and integrating. The above quantities which are to be integrated
are all expressed by voltage amplitudes.
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Let us follow the integration of Eq. (15). It is desired to obtain

‘=’O+LYR:I” (18)

where the quantity R (dO/dt) is now available as a voltage e(t). We
therefore write

Let

and

e=eo+
/

~ ~ e(t) dt. (19)

u=
/

e(t) dt

/

t-t
0=00+ ~ du.

t=o

The integration is actually broken into the same two mathematical
steps, as above. The voltage e(t) is first integrated with respect to time
by a velocity servo integrator. The function l/R is then integrated with
respect to the output of the velocity servo integrator, by means of a ball-
disk integrator. The ball-disk integrator used for this second integration
is a convenient device for integrating with respect to a variable other
than time, whereas the velocity servo is a convenient method of inte-
grating with respect to time. A more complete discussion of this dis-
tinction will be found in Chap. 4.

An alternate method of solving the integration problem would have
been to multiply the voltage e(t) by l/R before integrating by the velocity
servo, the ball-disk integrator not being used. This alternative method
was not feasible here because a speed range of 105 (ratio of fastest speed
to slowest speed) was required. Neither a velocity servo nor a ball-disk
integrator is normally capable of such a wide speed range. However,
by cascading two devices, each with a speed range of 103, the over-all
speed range requirement could be met. In an exactly analogous fashion
~ and p are obtained.

In connection with the integration of Eqs. (15) and (16), the multi-
plying factors 1/R and 1/p, respectively, must be used to position the
balls of the ball-disk integrators described above. These functions are
entered by dividing servos, which receive as their input data voltages
proportional to R and p, respectively. The operation of these servos is
shown in Fig. 7.13. The feedback voltage closing the loop of each
servo and used to balance the input voltage is derived from the poten-
tiometer on the servo output shaft, connected as shown in Fig. 7.13.
A constant a-c voltage is applied to the arm of this potentiometer, and
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hence, by ohm’s law, the current through the lowrr part of this pcAentionl-
eter and its associated small resistanm is in~”ersrly proportional to the
sum of the small resistance and the included resistance of the poten-
tiometer. The voltage across this small resistor is then balanced against
the input voltage in each servo, leading to a null in one case at a resistance
proportional to l/R and in the other case to I/P. ‘~he mec,hani~al ~OtiCM$~

is used directly to adjust the ball position of the ball-disk mte@at
Since the elevation angle e has been obtained and the ran~e p w ‘

known, the ground-range altitude triangle may be solved by means $[ ;
J

1

i
.1
J

1’xG.714.-Combination vclority servo and ball-disk integrator.

the ground-range resolver. If the rotor of this resolver is fed from the
arm of the p potentiometer and the c shaft is geared to the rotor, the
output voltages will be proportional to the ground range and altitude
respectively, since

R = p COSe, (20)
and

h=p sine. (21)

Thus an a-c voltage whose amplitude is proportional to ground range R
is obtained and is used as the reference voltage to obtain the displacement
proportional to 1/R.

It is interesting to note that the ground range R could have been
obtained in a different ~~ay. It will be recalled that a voltage-pr-opor-
tional to dR/dt was obtained in order to feed the rotor of the range rate
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resolver. Since thk quantity represents the rate of change of ground
range, upon integration there would be obtained the ground range Ii.
Although thk method might seem more straightforward than the one
described above, it suffers from the fact that for the same over-all accuracy
greater accuracy is required of the individual elements than is the case
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Since the ground-range resolver was introduced to obtain a voltage
proportional to ground range in accordance with Eq. (20), at the same
time there can be obtained a voltage whose amplitude is proportional
to the altitude of the aircraft. This is given by Eq. (21).

A linear potentiometer which is driven from a constant a-c voltage
source serves as the data output element. The arm of this potentiometer
is geared to the servo motor as well as to the altitude-indicating dial and
is electrically connected to the input circuit of the servoamplifier, The
altitude voltage obtained from the ground-range resolver is also fed into
the input circuit of the servoamplifier. In the usual manner, the servo

motor will rotate the potentiometer arm in a direction such that the two
input voltages are equalized.

The terms p,, 0,, and co, which appear in the integrator equations,
are set in manually as initial displacements. These terms are integration
constants that fix the position of the aircraft with respect to the moving
ship at the start of a trainer problem.

The above analysis of the system operation by means of the simpli-
fied block diagram has shown how the range, elevation angle, azimuth,
and altitude of a moving aircraft with respect to a moving ship can be
t,btained. The section that follows will present the actual detailed
circuits used and some of the design problems encountered.

701O. Unit Operation. —This section will discuss specific circuit details
and ~ssign problems encountered during the development of the
spherical coordinate integrator. The values of circuit elements actually
used are given in the figures so that the reader can obtain an idea
of how the theory presented in the previous section was reduced, to
practice.

Figure 7.16 is a schematic diagram of the rate-of-turn channel. A
Diehl FPE-25 two-phase induction motor is used as the turn rate motor.
The rate-of-turn potentiometer, which is fed from a center-tapped auto-
transformer, controls its speed. One winding of the motor receives
constant excitation from the 60-cps line, while the other winding receives
variable power from the rate-of-turn potentiometer and the autotrans-
former center tap. The capacitor placed in series with the fixed or
constantly excited field winding shifts the phase of the excitation to
provide the quadrature fields necessary for motor operation.

The voltage applied to the control field is a minimum when the arm of
the rate of turn potentiometer is at the center and is a maximum at
either end. Since the voltage is referred to the center tap of the auto-
transformer, the phase reverses as the potentiometer arm siveeps from
one end through the center to the other. In this manner, a voltage
reversible in phase and adjustable in amplitude is applied to the control
field of the motor. The direction of rotation of the motor is dependent
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upon the phase of the control voltage, and its speed is roughly propor-
tional to the voltage amplitude in the range covered.

Since the motor requires a control voltage of the order of 15 volts to
start under the actual loading conditions, a shaft rotation of about
~ 40° from the center would ordinarily be required to start the motor.
By adjusting the resistance of the zero set potentiometer, the voltage at
the center of the rate-of-turn potentiometer can be made to equal the
value necessary to just start the motor. Hence, by modifying the stand-
ard commercial potentiometer, the rate-of-turn motor can be actuated
with about + 1° rotation of the potentiometer arm, .41though this
feature in no way alters the theory or manner of operation, it does provide
an improvement in the method of turn simtdation.

Heading motor
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The schematic circuit diagram for the resolver channel is given in
Fig. 7.17. The central power source is a center-tapped autotransformer
fed from the 60-cps line. The horizontal true air speed knob is geared
to the arm of the true air speed potentiometer. The potentiometers
PI and P, are included so that the maximum and minimum true air speeds
respectively can be preset. The rotor winding of the true air speed
resolver is fed from the secondary of a step-down transformer which in
turn is driven by the air speed potentiometer.

The step-down transformer is used so that the loading of the poten-
tiometer by the rotor of the resolver is reduced to a negligible value.
The load impedance presented to the potentiometer is essentially that
of the reflected rotor impedance, which is high enough *,o prevent exces-
sive loading. Since the load is reductive and the source impedance is
resistive, a phase shift occurs that cannot be tolerated for reasons that
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will be discussed later. This phase shift is a function of potentiometer
setting because the source resistance varies as the arm rotates. By
tuning the load circuit comprising the step-down transformer, resolver,
and secondary circuit of the resolver, a load that is higher and resistive
can be presented to the true air speed potentiometer. In this manner,
approximately zero phase shift can be maintained independent of poten-
tiometer setting. The 2.o-pj capacitor in parallel with the transformer
primary is used for this tuning. It has been found that commercial
10 per cent tolerance capacitors maintain the over-all circuit phase shift
within the desired limits.

The rate-of-climb resolver is fed in a similar way, although the resistor
net\vork required to feed the rate-of-climb potentiometer is quite different.
The rate-of-climb voltage must be able to reverse phase, one phase
indicating a climb and the other phase indicating a dive. In addition,
the maximum dive voltage must be greater than the maximum climb
voltage, since an aircraft may dive at much greater speeds than it climbs.
The four potentiometers can be adjusted to provide for the proper climb
and dive voltages as well as providing for a dual scale type of presenta-
tion. With the switch in Position 1, a regular scale is provided which is
used for most applications; however, Position 2 may be used to give
lower rates of climb or dive for the same potentiometer shaft rotation,
providing greater accuracy when setting in low rates of climb or dive.
The phase of the control voltage reverses when the arm is in the electrical
center of the potentiometer network in a manner similar to that discussed
above for the rate-of-turn potentiometer.

A step-down transformer plus tuning capacitor is again employed to
minimize loading of the rate-of-climb potentiometer and phase shifts,
as discussed above.

The ship and wind speed resolver circuits are made identical, since
the maximum magnitude of wind considered is in the order of the maxi-
mum ship speed. Potentiometers P, and PS are included so adjustment
of the respective maximum speeds can be made if desired. The resolvers
are driven in the same manner as those discussed above so that poten-
tiometer loading and phase shifts are kept to a minimum. The fixed
resistors in series with PT and pa respectively are included to attenuate
the voltage to the proper level for use in the two channels. The rela-
tive amplitudes of the voltages impressed on the rotors of the resolvers
must correspond to the relative amplitudes of the quantities that they
represent. These relations are set by the values of resistors and poten-
tiometers used in the networks feeding the rate potentiometers.

In the discussion of the block diagram, it was stated that the range
rate resolver received its voltage from one of the output windings of the
true air speed resolver. This cannot be done directly in practice, since
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the resolvers used must be open-circuited in order that the summation of
the voltage components be correct. To prevent loading, a 6AG7 cathode
follower is used as a buffer and driver for the range rate resolver rotor.
The rotor winding is placed directly in the cathode circuit although ii, is
tuned by a 8.O-pf capacitor to obtain a higher and resistive cathode
impedance.

With the Diehl resolvers used, a 2/1 step-up exists from rotor to
stator windings. Since the same ratio exists in all previously mentioned
resolvers, no serious effects are introduced; however, the voltages on the
output windings of the range rate resolvers are the result of two cascaded
resolvers operating on the input signals. In order to correct for this

Rectifier D-c Power output
amplifier stage

t

I 4,
A

Rwersing
relay

r t
E~co

generator

Osuty

F1a.7.lS.—Velocity servo block diagram.

discrepancy in relative scale factors, the actual voltage impressed on
the rotor of the range rate resolver is only one-half the output voltage
from the true air speed resolver. The attenuation is accomplished by
the 330-ohm resistor placed in series with the rotor winding. Thus, the
cathode-follower stage serves both as an impedance matching element
and as an attenuator to equalize the existing scale factors.

The interconnections of the respective stator and rotor windings are
as shown in Fig. 7.13. The input impedance of the velocity servos is
large, since the signal is applied directly to the control grid of a vacuum
tube, no grid resistor being necessary.

The series circuits comprising the resolver stator windings generate
the correct voltages only if negligible current flows. If current passes
through the windings, a voltage drop occurs that causes an error pro-
portional to the winding impedance and current magnitude. In the
present case, however, the current flowing is essentially zero, since the
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\.elocity servo input impedance is so high. The respective winrhngs can
therefore be connected in series as shown in l?ig. 713, and no error will
exist if the voltages are all in phase.

The output voltages representing the desired vector summations as
discussed previously are converted into mechanical shaft rotations whose
angular ~wlocities are proportional to the respective voltages by means of
the three \relocity servos. Tile three channels are identical. The bloclc
diagram is given in Fig. 718, and the schematic in Fig. 7“19.

As sholvn in I!’ig. 7.18, the 60-cps input voltage to the velocity servo
is first xmplified and then rectified to obtain a d-c voltage proportional
to the amplitude of the input a-c voltage. This d-c voltage is further
amplified in a direct-coupled amplifier whose output controls the power
(ieveloped b,y the po~ver outpllt stage. The d-c power output is used to

To Diehl

Signal 2

1’]<:.7.211—Servoamplifier block diagraln

drive a Bodine d-c motor after being fed through a reversing relay
\rhich is used to control the direction of rotation.

The position of the reversing relay is controlled by a thyratron \vhich
in turn receives its control ~oltage from a phase detector. The phase
detector develops a d-c voltage whose polarity and amplitude are depend-
ent upon the phase and amplitude respectively of the input a-c voltage.
The thyratron conducts for only a control voltage in phase with the anode
voltage. If the input signal reverses, the relay arms change contacts.

From the block diagram (Fig. 7.18) it can be seen that the motor
drives a d-c generator whose output voltage is fed back to the rectifier,
after feeding through the reversing relay. Thus, when the input phase
reverses, the direction of motor rotation re~’erses which would reverse
the polarity of the generator voltage. Since the generator leads are
also reversed by the relay, the polarity of the generator feedback voltage
is kept the same independent of the phase of the input signal.

The complete schematic diagram for the velocity servo is given in
Fig. 7.19. .I]though no detailed discussion of this circuit is included here,
it is fully described in Radiation Laboratory Report h-o. 645-10.

The block diagram of the ser~-oamplifier that was briefly mentioned
in the discussion of Fig. 7.13 is given in Fig. 7.20, while the detailed
schematic diagram is shown in Fig. 7.21. The circuit needs very little
discussion, since it is very similar to the usual audio power amplifier
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with the exception of the parallel-T network. This network is included
to introduce a variable degree of phase-lead control for stability purposes.

Each of the two i,lput signals is impressed on a primary terminal of
the input transformer so that the secondary voltage is proportional to
the difference between the two input signals. The difference signal is
amplified and applied to the control winding of the two-phase low-inertia
servo motor. 1

Although the general discussion of the ground-range resolver and the
three servo loops presented the problems one at a time, this procedure

Input An@,f,er Parallel1 network

{

D,rJe,
tran,tormw 1-r m 27i

PowerWnpl!fw

J t 1
Pow, supply

7 I

Ill&
&63VTOI,lame.ts

FIG. 7.21.—Servo schematic.

cannot be followed here, since the circuits are more closely interrelated.
The circuitry for these channels is given in Fig. 7.22. The element
common to all these sections is the range potentiometer that is used to
develop an a-c voltage whose amplitude is proportional to the actual
slant range.

The potentiometer is fed from a low-voltage tap on a variable
auto-transformer which in turn is fed by an isolation transformer from
the 60-cps line. Since it is not appreciably loaded, the linearity of
the potentiometer ( ~ 0.1 per cent) determines the accuracy by which the
displacement of the slant-range shaft is converted to a voltage. The

IThe operationof this servoaznplifieris discu.wedin RL Report hTo.045-2.
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1.2-k resistor in series with the range potentiometer serves merely as a
voltage divider.

‘l’he rotor of the grmmd-range resolver is driven by a 6AG7 cathode
follower whose control grid is directly connected to the arm of the range
potentiometer. The cathode-follower cirmlit is identical to that which
is used to feed the rotor of the range rate resolver discussed previously.
Since the gain of this cxthode follower is nearly constant in the range used,
the rotor volt~ge varies directly as the range and is linear to about f 0.2
per cent. The resolver output voltages are proportional to the ground
range and altitude respectively.

,

R

~lG. 722.-–Grounrrmgege resolver and servo channels.

The range voltage for use in the l/p servo loop is also obtained from
the cathode follower that feeds the ground-range resolver. The l/P
potentiometer which is turned by the servomotor is driven by a voltage
obtained from the arm of the l/P variable autotransformer. The voltage
developed across the fixed resistor is fed back to the l/p servo input,
where it is compared with the actual range voltage. Since the servo
loop acts to equalize the two input voltages, the servo motor drives the
arm of the 1/p potentiometer until this condition is fultllled. The shaft
and arm of “t”h;s potentiometer rotate an amount proportional to I/P
This same shaft is geared to the ball-positioning mechanism of the eleva-
tion ball-and-disk integrator.

The adjustable resistor P,l is used to set accurately the value of the
proportionality factor between the current flow and the voltage fed
back into the l/p servoamplifier. The arm of the 1/p variable auto-
transformer is used to make the scale factor of the servo matching voltage
the same as that of the input range voltage.
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The I/fi servo loop is identical with the I/P loop with tlm cxceptioli
that the voltage whose amplitude is proportional to It comes from an
output winding of the ground-range resolver rather than a cathode fol-
lower. All other circuit details are identical with the channel discussed
above.

It has been stated that the actual aircraft altitude is presented as a
dial rotation. With an actual radar installation, the altitude must be
computed from the other observed data. A voltage whose amplitude
is proportional to altitude is obtained from an output winding of the
ground-range resolver as has been exdained previously. The maximum
altitude permitted by mechanical de~ign consideration was set at 35,OOO
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ft, whereas the maximum ground range \ras set at 100 miles. Thus, the
maximum amplitude of the altitude voltage from the ground-range
resolver is only about 7 per cent of the maximum amp’itude of the ground-
range voltage. Since a higher voltage level is required for suitable alti-
t,ude servo operation, a linear amplifier is placed between the altitude
output winding and the input to the h servoamplifier. The schematic
diagram of this amplifier is given in Fig. 7.23.

A two-stage RC-coupled amplifier is used to drive a 6V6 power
amplifier. The output serves as one of the two input signals to the alti-
tude servoamplifier. Since the amplifier must be linear to better than
1 per cent in order that the altitude dial will present information with
1 per cent accuracy, a large value of degenerative feedback is included.
The feedback loop returns a portion of the output voltage to the cathode
of the first stage where it subtracts from the input signal.

With this amplifier, a gain of 60 is obtained and the linearity is of
the order of + 0.5 per cent. It accepts input voltages up to about 1
volt which corresponds to an altitude of about 40,000 ft. Thus, the
rtmplifier is operated linearly in the desired altitllde range from zero to
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35,000 ft, and the output voltage level is in the range leading to optimum
serve performance.

The matching voltage for the altitude servo is obtained from the
arm of the altitude potentiometer which is rotated by the h servo motor.
This potentiometer is driven from a line isolation transformer through
the 47-k resistor which serves as an attenuator. The servo loop responds
in a manner such that the potentiometer voltage is made equal to the
h voltage coming from the amplifier. Since the h dial is geared to the
altitude potentiometer arm, the dial will be positioned proportional to
the potentiometer arm and hence proportional to altitude.

7.11. Over-all System Operation. —Both the theory of operation of
the spherical coordinate integrator and the actual form of its reduction
to practice have been discussed in considerable detail in the foregoing
sections. The way in which the positional data from the integrator is
actually presented to the parent radar set in suitable form still remains
to be discussed.

The data defining the position of the aircraft with respect to the
moving ship ordinarily obtained by the radar set are range, azimuth
angle, and elevation angle. The equipment described presents this
information in the form of mechanical shaft displacements, as has been
shown, but some form of data conversion must be made before this
output information can actually be used. In order to understand the
necessity for this final data conversion, a brief discussion of radar trainer
operation will be found helpful,

The trainer generates i-f pulses corresponding in time to the actual
range of the aircraft from the ship. These pulses are fed into the receiver
of the parent radar set in place of the i-f signals normally feeding in
from the crystal mixer. In order that the proper azimuth and elevation
angle information be included, these i-f pulses are gated in accordance
with the relative positions of the antenna mount of the radar set and
the aircraft. When the position of the two coincide in both azimuth
and elevation angle, the i-f pulses feed through; however, if these condi-
tions are not fulfilled, the pulses do not feed through.

The time-modulation circuit that causes the i-f pulses to appear at the
proper time following the radar trigger is controlled by a d-c voltage.
The integrator must therefore develop a d-c voltage whose amplitude is
proportional to the displacement of the range shaft. This voltage can
then be used to control the linear delay circuit. This data conversion
is performed by gearing the arm of a linear potentiometer to the output
range shaft.

The azimuth and elevation :mglv infornmtitm is obt:lined I)y mount,-
ing 360° potentiometers on the rtidar antenna molmt azimllth and elev:l -
tion shafts and on azimuth and elevation output shafts of the integrator,
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Therefore, two azimuth and elevation potentiometers are present; and
if they are properly lined up, they can be used in two bridge circuits to
furnish the desired gating voltages. The voltage from such a bridge
circuit is a minimum when the arms of the two potentiometers in the
bridge are in corresponding positions. If either potentiometer shaft is
displaced, the output voltage will increase in the usual manner. Thus,
if the gating circuits are controlled so that the signal feeds through only
when the bridge voltage is a minimum, the synthetic radar echo appears
only when both potentiometer shafts are in corresponding positions.

The action is similar with respect to both the azimuth and the eleva-
tion bridge circuits, but they respond to motions in planes perpendicular
to one another. If the output voltages from the two bridges are properly
mixed before being applied to the gating tubes, the gating is dependent
upon the coincidence of both the azimuth and ele~’ation angles of the
aircraft and the radar antenna mount. The signals, therefore, appear
only when the line of sight of the radar antenna mount intersects that
of the aircraft.

7.12. —Summary.-Two examples of electromechanical computer
design have been presented. While at first glance the devices described
appear to be exceedingly complex, upon closer study each is seen to con-
sist merely of a collection of the simple computer circllits and devices
presented in preceding chapters (and elsewhere in the Series) coordinated
very much along the lines suggested by Chap. 2, and capable of design
by straightforward methods. The authors are confident that the near
future will see many more computing devices of this same general nature
take their places as working tools of science and industry.

The computer designs discussed in this chapter should serve also to
underscore a point made earlier; namel,y, that there is an intimate relw
tionship between computers and servomechanisms. While servomech-
anisms have been treated as a separtite subject in the chapters ~vhicb
immediately follow, it should not be forgotten that these devices are as
much a part of the computer designer’s “bag of tricks” as any of the
devices presented in Part I.
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INTRODUCTION

CHAPTER 8

AND SUMMARY OF DESIGN PROCEDURE

BY I. A. GREENWOOD, ,JIt.

INTRODUCTION

8.1. General Principles of Servomechanisms.-l’he design and use
of servomechanisms have grown to be an extreme] y important part of
electronic and mechanical technology. The increasing demands of
engineering and science for greater accuracies, speeds, and efficiencies;
the comparative nenmess of many aspects of the subject; and the increas-
ing availability and use of wartime developments are factors that tend
to make the servomechanism field one of rapid growth and widespread
interest at this time. The exacting technical requirements of military
devices brought a great acceleration in servo development during World
War II, and servos for military purposes were produced in vast quantities
during the war.

For the purposes of this book the definition of the term “ ser\,o-

mechanism” as proposed by Hazenl and used by Halli and others will
be used. According to this definition a servomechanism is “ a po\ver-
amplifying device in which the amplifying element driving the output
is actuated by the difference between the input and the output. ” An
example of a servomechanism is the simple data-transmission system of
Fig. 8.1. With this system it is possible to turn the input shaft through
the angle Oiand to have this motion repeated by an output shaft rotation
of tl at a remote location, with a power amplification. If the rotation
of the output 00 is different from the rotation of the input 6,, an error
voltage e is developed across the rotor leads of the synchro control trans-
former.3 This error voltage is phase- or sense-detected to yield a d-c
signal that when amplified and used to control power to the motor
will result in rotation of the motor tending to make 90 correspond to o,.
Other schemes accomplishing the same end are, of course, used. At
first glance, it would appear that this is a fairly simple and potentially

1H. L. Hazen. “ Theory of Fkn-vomcchanisms, ” Jour. Franklin In*t., 218, No. 3,
279-330, September 1934.

2A. C. Hall, The Analusis and ,Sunthesis of Linear Seruomerhaniwns. 511T Servw
nmchanisms Laboratory, 1;43.

aSee Vol. 17 for a detailed
also treated in Sec. 13.2.

(Re&int of MIT doctorate thesis. )
discussion of control transformers. The subject is
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very useful device. This is true. Its apparent simplicity, however,
may be misleading in that careful and intelligent design based on a knowl-
edge of feedback theory is needed in order to ensure that the resulting
simple device will operate as desired. There may be a surprisingly
close resemblance between the circuit diagram of a useful and well-
behaved servomechanism and the circuit diagram of a servomechanism
that will burst into violent oscillation the moment power is applied.
Once the dangers are recognized, however, the techniques of servo design
are sufficiently straightforward so that design and use of servos can and

I I

i Synchro

‘O””O’ i---d

Synchro I
I generator

~ (data input transformer ~

I device)
(data output ,

! device)

I
I 1 I 1

q e,,
Input output

FT~. S.1.—Simple remote follow-up servomechanism.

should become a useful professional tool for the average engineer and
scientist.

It is of interest to inquire further into the advantages that servo-
mechanisms may offer. An important advantage follows from the
definition, that is, the ability to amplify power, usually mechanical
power. A second advantage, mentioned in connection with the servo
of Fig. 8.1, is the ability to transmit information from one place to another.
The combination of these two advantages, the ability to control large
powers remotely, has accounted for the development of a large fraction of
the servos that have been used to date. An advantage somewhat related
to the second listed above is the elimination of reaction on the controlling
element when large powers are controlled. An interesting application
in which this property is of importance is the use of servomechanisms to
allow unilateral flow of torque from one element to another in the M.I.T.
differential analyzer.’ Other advantages of servomechanisms are the
result of their ability to effect transformations from one type of data

I Bush and Caldwell, “A New Type of Differential ,4nalyzer, ” .Jour. Franklin
Inst., 240, 25.$326, October 1945.
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to another, the most common transformation being from
to mechanical data. This ability to transform from one ~

data representation to another is of itself a valuable feature; it also allows
the techniques and advantages of feedback to be applied to systems
involving other than purely electronic elements (e.g., mechanical and
electromechanical elements), thereby increasing their accuracy of opera-
tion, speed, and efficiency and making possible automatic operation.

In Fig. 2“7 a servomechanism is used to operate the bridge computer
of Fig. 1.1. This illustrates the use of a servomechanism to apply feed-
back techniques to a loop involving electromechanical elements, thereby
changing the bridge into a device that may operate automatically.

8.2. Uses of Servos.-All of the advantages of servomechanisms
mentioned in the previous section apply to servomechanisms used in
computers. This type of usage was discussed in Sec. 2.7. Examples of
computers using servos are numerous, particularly in the field of military
devices. A differential analyzer application has already been mentioned.
Servos have been used in computers for ground- and ship-based anti-
aircraft gunnery, air-to-air gunnery, and bombing.

The ability of servos to facilitate control at a distance finds many
industrial and military applications. Practically all heavy antiaircraft
arti]lerY, for example, is servo-controlled by the output of some type of

computer usually located remotely from the guns. The use of servos for
control of industrial machinery is a rapidly expanding field, a spectacular
example of such an application being a servo-controlled aircraft wing
spar milling machine 1 which cut the time required for a complicated
machining job from 13* hr to 5 min. Servomechanisms have been used
for turning the tuning condensers of push-button-controlled radios. An
interesting application of servomechanisms has been in the manufacture
of fissionable materialz for the atomic bomb, in which whole compli-
cated processes were remotely controlled. This is but one example from
what is probably the largest field of application of servomechanisms—
industrial process control. An extensive technology on process control
has already been built up. It is of interest to note that many of the
control devices used in present-day process control techniques are based
on other than electronic methods. 4 There is good reason to believe that
many of the electronic devices reviewed in this volume and similar

1Electronics 17, 146, October 1944.
z H. Smyth, A tornic llnerrq for Military Purposes,U.S. War Dept., 1945, Sece.

7, 27, and Appendix4.
8See for example,D. P. Eckman, Industrial Process Control, John Wiley & Sons,

New York, 1945; and E, S. Smith, ~utomutic CoatroZ Engineering, McGraw-HiI
Book Co,, Inc., New York, 1944.

t Cf. Sec. 12.15.
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devices will see greatly increased use in the process control field during
the next few years.

8.3. Petitions of Temsmd Concepts. -Hazen's' and Hall' s2defini-
tions of the term servomechanism as “ a power-amplifying device in
which the amplifying element driving the output is actuated by the
difference between the input and the output” has already been mentioned;
for the purpose of this book, this definition will be used. There are
alternate definitionsin the literature, however, that are of interest. The
ASME Proposed Glossary of Automatic Control Termsa uses the term
“automatic controller” in nearly the same sense that servomechanism
is here used, defining it as a “mechanism which measures the value of a
variable quantity or condition and operates to correct or limit deviation
of this measured value from a selected reference. ” Two differences are
noted: lack of an implied power amplification and use of a “ selected
reference” as opposed to “an input. ”

Current usage considers the words “ servo” and “ servomechanism”
as equivalent, although Brown gives a distinction between the two terms
in an early paper.4 A recently proposed British definitions of the term
“servo system” is “ a Power amplifying, automatic, error-actuated
control system. ”

Following a definition by Harris ,6 a “ regulator” is considered to be
a special type of servomechanism which tends to keep a physical quantity
at a constant level, whereas a servomechanism may make the physical
quantity vary over a predetermined cycle or vary as a definite function
of some other arbitrarily varying quantity. A recently proposed British
definition’ of the term “automatic regulator system” differs only slightly
from Harris’ usage in defining it as “an automatic error-actuated control
system, the input signal to which is preset to a constant value or to a
series of values varying with respect to t!me in a predetermined manner. ”
The Britishs definition will be used in this volume for the term “ automatic
control system” or merely “ control system, ” defined as “an arrangement

1Hazen, 10C.cit.
z Hall, 10C.cit.
JReproduced in Eckman, op. cit., pp. 224–230. AS ME stands for American

Society of Mechanical Engineers.
i G. S, Brown, “ Behavior and Design of Servo mechanisms,” NDRC Sec, D-2

Report, November 1940,
s Ministry of Supply Servomechanisms Panel, Glossary of Terms Used in Control

Systems with Particular Refererwe to ServomechanismsJpublished by Military College
of Science, January 1946.

c H. Harris, “The Analysis and Design of Servomechanisms, ” NDRC Report.
1942.

7 Ministry of Supply Servomechanisms Panel, op. czt.
8 Ibid.
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of elements interconnected in such a way that the operation of each
depends on the result of the operation of one or more other elements,
the purpose of which is to control some condition of a body, process, or
machine. ” Hall’s’ usage of this term is nearly the same but includes
the idea of power amplification.

It is of importance to distinguish between the types of control that
Hall has referred to as “open-cycle control” and “ closed-cycle control.”
Open-cycle control works on signals received solely from a controlling
instrument, while in closed-cycle control system, additional signals that
are derived from the position of the device or the state of the process
being controlled are received by the controller. Hall’s term “ open-cycle
control” has been referred to by the AS ME Glossaryz as “some form of
automatic operation,’ ) and by the British as an ‘‘ unmonitored cent rol
system” or “input-actuated control system. ”

The term “ error” is used by most a~lthors to represent the difference
between the servo input and output. The ASME recommended term
for this is “ deviation. ” The terms “ misalignment” and “ difference”
are occasionally used.

When highest accuracy iil a servomechanism is required, a” continuous

control system” is usually used. Hall~ defines such a system as one in
which “ a definite and continuous corrective action is developed by the
servo controller and applied to the device being controlled no matter
how small is the error in the position of that device. ” “rhe majority
of the devices covered in Part I I of this volume will be continuous-control
devices or devices operated such as to closely approximate continuous
control. For example, a vacuum-tube motor control is a “ continuous
control”; an on-ofi relay motor control is not.

For the purpose of t-his volume, a distinction must be made between
instrument servos and power servos. The present treatment is limited
to instrument servos. An instrument servo is arbitrarily defined as :L

ficrvo rated at lCSSthan 100” watts maximum continuous output. . The
term “ instrument” in this title is derived from the fact that most of the
servos discussed will bc those used in instruments, but exceptions will
hc found. A synchro system by itself is not here considered to be a
servo, since it involves no power amplification, and is not treated. The
use of straight synchro systems is discussed in Vol. 17, while Vol. 25
treats higher-power servomechanisms.

The term “nonlinear servo” will be used frequently in this volume,
Two types of nonlinearity arc recognized. 1n cmc type, elements SUC}I

as amplifiers or motors are nonlinear, In the other type, the gain of the

1Hall, Zoc,ci~.
~Ikkmnn, op. c;L., pi). 22+230.
~H:dl, lot, (if.
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servo varies over the working range of the inputs and outputs; but for
any small region of the working range, the performance approximates
that of a servo with linear elements operated at a gain determined by the
particular region of operation chosen. An example of this type of non-
linearity is the resolver servo of Sec. 14.3. Obviously, if gain varies
drastically over a small region, nonlinearity equivalent to the first type
may result. Both types of nonlinearity may be present at once. Non-
linearity is treated in Sec. 11.11.

A convenient classification of servos may be made in accordance
with their uses, the principal examples of which are “ position servos”
and “velocity servos. ” A “ position servo” is one in which the displace-
ment of an output shaft or its equivalent is controlled by some input
variable. The simple servo shown in Fig. 8.1 is thus a position servo.
A “velocity servo” is one in which the first derivative with respect to
time of the output is controlled by the input variable or the error signal.
In some cases, there maybe difficulty in deciding which of these classifica-
tions is appropriate. Consider, for example, the case of a velocity servo
used to integrate an input voltage. Since the input voltage is usually
measured across a resistance, the input might be thought of as charge
rather than voltage, in which case the output rather than the derivative
of the output would seem to be the quantity directly controlled by the
input, and one would be tempted to classify thk as a position servo.
Its correct classification as a velocity servo is clarified by examination
of the error signal controlling the output. In this case the error signal
is a voltage that is a function of the first derivatives of assumed input
and output. There are a few types of servos that do not fit either posi-
tion or velocity servo definitions very well; nevertheless, these descriptive
terms are widely used and are appropriate in most instances. Servos
could also be designed such that the second or higher derivatives of the
output would be controlled by some input variable, but such servos are
extremely rare.

8.4. Plan and Scope of Part 11.—Following the above introductory
sections are a number of sections dealing with the recommended proce-
dures and techniques for designing electronic instrument servo systems.
These constitute a summary only, with references to following sections
where detailed discussions of each of the various components may be
found. Chapters 9, 10, and 11 present a theoretical background for the
study of the characteristics of servo components and of over-all servo
systems, emphasizing particularly factors of stability and over-all
accuracy. This theoretical discussion approaches the servo design
problem from both the transient and steady-state viewpoints. A
number of special problems, such as data smoothing, nonlinearity,
gear ratios, etc., are discussed in Chap. 11. Chtiptw 12 is devoted to a
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rather detailed discussion of the principal components of the usual elec-
tronic servo systems, namely: data input and output devices; amplifiers,
phase detectors, modulators, etc.; motors and other power devices; and
power-control circuits. Chapter 13 summarizes practical techniques
for obtaining measurements of the characteristics of servo components
and servo systems. Chapter 14 summarizes a number of special servo
systems. Detailed circuit diagrams are included.

Although the emphasis of thk treatment is on electronic devices,
brief references to some competing nonelectronic devices have been
included.

DESIGN TECHNIQUES

8.6. Preliminary Design Data.—The first step in the design of a
servomechanism is the determination oj what must be designed. This is
important, and time spent in carefully stating design requirements will
generally be saved in succeeding stages of the design.

Type cj Servo Required.—It must first be decided what functional
type of servo is required, that is, velocity servo, position servo, etc.
Other classifications of servos that have been mentioned, such as con-
tinuous vs. noncontinuous or linear vs. nonlinear, specify alternate ways
of fulfilling given requirements rather than fundamental classifications
of the requirements with which this section is concerned.

Data Input and Output Itepresentations. -The input and output
representations of data must be specified. The subject of data representa-
tion is discussed in Sees. 2.11 to 2’13 and in Sees. 12.1 to 12.6. Before
the servo of Fig. 8.1 could be designed, for example, it would be necessary
to know that the input data representation is a mechanical shaft rota-
tion and that the output data representation is also a shaft rotation.
Scale factors and ranges must, of course, also be known.

Power A vailable.—The power available should be specified as to
voltages, allowable currents, and, if alternating current, the frequency.
Voltage and frequency tolerances are very important in servo design
and should be carefully determined.

Quality. -It is important to specify accurately the minimum accept-
able quality. A design procedure must attempt to yield a servo a factor
of safety better than this minimum; to go very much further may be a
waste of expensive equipment and design time. In many cases the
requirements on a servo are so severe that one must go to extremes of
present techniques to achieve satisfactory performance; in other cases
cheap simple devices and rudimentary design may suffice.

Quality may be expressed in a variety of ways. Maximum, average,
or probable errors may be stated for specified inputs. Probable or
average errors are usually associated with input and noise specified in
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terms of their power-frequency distributions. Maximum errors under
the special input conditions of velocity and position steps of given mag-
nitudeare frequently used, Steady -state velocity mdacc]erationer rors
are very convenient means for specifying quality; it ~vill be shown later
that they may easily be related to the feedback loop decibel gain vs.
log frequency characteristics of the servo. Band\vidth is frequently
used as an index of “speed of response, ” a term some]vhat loosely used
but referring principally to the acceleration of a servo.

It is usually desirable to specify the damping of the servo. For this
the damping factor (or factors) may be used; a more convenient index
of stability is the height of the peak of the sinusoidal steady-state over-
all response curve (cf. Chaps. 9 to 11). The smoothness of operation
may also be specified.

Load .$pecijication.-It is necessary to specify the force or torque
and inertial load on the output of the servo and the speed range over
which it must operate, including sle~ving.

Other F’actors,-The list of design factors of Chap. 19 should be
checked; appropriate factors listed as design requirements; and specific
limits and operating conditions chosen for these design factors. Factors
applying particularly to servos are the following: slip ring and com-
mutator electrical noise, operating position, backlash, hysteresis, life,
and reliability.

8.6. Design Procedure.—The following discussion of design procedure
is intended merely to summarize the recommended steps in designing a
servomechanism after the preliminary design data have been assembled.
For most steps, a reference is given to a succeeding section for detailed
treatment of the problems involved. Although arbitrary, the procedure
has been found to be useful.

After completing the preliminary specifications, the designer may
proceed as follows:

1.

2.

3.

Choose the motor and motor-control circuit or their equivalents
and the approximate motor gear reduction. Chapter 12 treats
these components. Problems of gear ratios, friction, and back-
lash are discussed in Sec. 11.12.
Choose the data input and output devices and their approximate
gearing, unless these have already been specified in the preliminary
design data. See Sees. 12.1 to 12.8 for a detailed discussion of
data input and output devices.
Choose types of circuits for the amplifiers, phase detectors, modu-
lators, demodulators, etc., required. In the choice of these cir-
cuits sufficient amplification should usually be allowed to make up
a loss in gain of roughly 10 (20 db) due to phase-lead circuits which
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may be used for stability in addition to the usual factor of 2 to
4 for tube aging, line voltage changes, component aging, etc. See
Sees. (12. 10 to 12.12 for further discussions of these circuits. An
important part of this design step is a choice of the type or com-
bination of types of controller characteristics that are to be
achieved. Chapters 9 to 11 discuss these characteristics.

4. Make a first design in some detail for each of the above por-
tions of the servomechanism. It should be kept in mind that only
parts procurable in the desired quantities should be specified, even
in this early phase of the design. The remarks of Sec. 2.2 apply
here.

5. Determine by calculations, measurements, and reference to pre-
viously established data the detailed characteristics of the motor
and control equipment; the amplifiers, phase detectors, modulators,
etc.; and the input and output devices. This may or may not
include phase-lead circuits or devices. See Chap. 13 for a dis-
cussion of the techniques of such measurements. The theory of
Chaps. 9 to 11 ~~ill be found helpful in any calculations required.

It may be desirable to build up a breadboard model of the
power-control circuit so that empirical data on the motor and
control circuit combined may be obtained. This procedure is
particularly justified when local feedback is used in the power-
control and motor circuits, resulting in more nearly linear over-all
characteristics for the combination than for the motor alone or
when the waveforms of the controlling circuit are so complex as
to make the accuracy of theoretical calculations questionable or
the labor of computation excessive.

6. On the basis of the information obtained in the last step, design
in detail the phase-lead circuits, integral control circuits, amplifiers,
velocity feedback circuits, dampers, or other devices or circuits
where changes in the shape of the transmission-frequency char-
acteristics \vill improve the stability, accuracy, or smoothness.
The theoretical treatment of Chaps. 9 to 11 should be referred to.

7. Work over the design to make all elements consistent with the
preliminary design considerations and specifications and with each
other.

8. Build a prototype or breadboard model to test performance and
as a check on the theoretical calculations. It is good practice tc
test such a model at some time with all limit tolerance parts, witl
tolerances chosen such that resulting errors will add.

.4 breadboard model or prototype model also allows the final
adjustment of component values that is often necessary even
with good theoretical design.
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9. Determine tolerances and specifications for each and every com-
ponent. A design cannot be considered complete until this has
been done in every detail and the component is shown to be obtain-
able in the quantity required. Failure to complete this may mean
that a single unsatisfactory component will necessitate a complete
redesign, although this is not likely.

The steps of this procedure, particularly the first three, are intimately
related. It will usually be necessary to repeat the procedure several times
bejore a jully satisfactory design is achieved.

8.7. Design of Servos by Experimental Techniques.—For low-quality
servos or for designs that are similar to previously tested designs, it is
sometimes safe to omit the theoretical design of stabilizing circuits.
Final component values under such a shortened procedure are determined
by experiment and test, using limit tubes and components if possible.
Preliminary design is based on sufficient gain to allow for a stabilization
circuit attenuation factor of roughly 10, unless other stabilizing means are
used, and must include the right type of controller characteristics as
mentioned in Step 1 of the design procedure of the preceding section.
It is important that the servo designer understand the theory oj use oj theso
various types oj controller circuits regardless oj u’hetheTor not the theoretical
calculations are made. A person who works with servos can rapidly
acquire an ability to adjust an existing design to near-maximum per-
formance. When this ability is combined with a basic understanding
of the theory of servomechanisms and of the many special-purpose cir-
cuits and devices available, the resulting combination of skills will fre-
quently allow good servos to be produced rapidly without extensive
theoretical calculations. Acquisition of the adjustment skill alone,
however, is usually wasteful of time in the long run.

Where a design is to be produced in quantity, it is desirable to know
what the accuracy and stability safety factors will be under adverse
combinations of production component tolerances. The extreme impor-
tance of having this information for production designs normally justifies
both theoretical analysis and careful experimentation, although careful
experimentation alone may suffice in some cases.



CHAPTER 9

SERVO THEORY; INTRODUCTION AND TRANSIENT ANALYSIS

BY G. L. KREEZER

INTRODUCTION

9.1. The Aims of Servo Theory.-The following three chapters deal
with the application of mathematical methods to problems of servo
design and adjustment. A later chapter dwds with the considerations
relevant to the selection of the components of a system intended to meet
given performance specifications. Ways of evaluating this provisional
choice to determine if a system made up of these components will, in
fact, perform as required will be considered here. Theoretical principles
are introduced at this point, since it will be helpful for them to be kept
in mind in the survey of available components that follows.

To evaluate a system made up of a given set of components, the most
obvious procedure is to construct a trial model and determine its per-
formance through actual observation and test. Such a procedure is
more readily feasible in the case of small instrument-type servos than it
is for systems of greater power level, but even here it maybe uneconomical
of time and materials, requiring a long sequence of trial constructions
and tests. It is natural, therefore, to attempt to carry out the trial
construction on paper through the medium of a mathematical model. 1

So-called servo theory makes possible the construction of a symbolic
model of the proposed system in the form of mathematical equations,
and the carrying out of the appropriate tests, experiments, and adjust-
ments on this model by means of mathematical operations. The basic
questions in servo theory are, therefore, the same obl-ious ones that any
experiments with a physical model would attempt to answer.

1. How does this system perform?
2. How does its performance compare with the standard specifications,

set up on the basis of practical needs?
3. If it fails to meet performance specifications, how can it be modi-

fied so that it will do so?

I Theoretical treatment has the additional merit of facilitating specification of
production tolerances of the components to be used in a gi~-cn system. For on a
mathematical basis, the effect on perform ante of mmiations in magnitude of com-
ponent parameters may be predicted. Cn an experimental baeis, trials are necessary
of the worst cases to be expected in practice.

225
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The methods of servo theory are designed merely to make possible
:mswers to these simple questions. In the present account, these ques-
:ions will be used to provide the framefvork for our survey, Thus,
under the subject of the determination ojsyst~m pcrjormancc will be con-
sidered the methods available for finding o~lt how a given system per-
forms; under the subject of evalua~ion of system prrjormance, the ways
available for comparing its performance with specifications; and under
the subject of correction oj system pwjorvnancc, \vays for removing defi-
ciencies in performance through suitable modifications in the structure
of the system. In mfinal section on special problems, some problems of a
more complex or special type will be examined. But it is necessary to
review first certain preliminary concepts and definitions that will be
utilized in subseql lent dise{iss ions.

1’I{ELIMINAI+YCONCEIWSAND LIETHODS

9.2. Transformation and Operational Methods.—In the present
survey of servo theory, considerable use will be made of the I,aplace
transformation. It is necessary, therefore, to review some of the salient
features of the method.

The Laplace transformation provides o way of representing a function
of a real variable j(t) by a function of a complex Variable F(s), and con-
versely. The variable t will be regarded here as standing for time, and
the complex variable .s as standing for u + ju. lly means of the direct
Laplace transformation, we may pass from the real fonction j(t) to the
complex function F(s). This transformation is designated symbolically
as

J3[j(t)] = F(s)

and is read “the Laplace transform of j(t)equals F’(s) .“ By means
of the inverse Laplace transformation, we may pass from F(s) to j(t).
In symbols,

S-’[F(S)] = f(t)

and is read, “the inverse Laplace transformation of F(s) equals j(t).”’
The equations2 defining these two transformations are

1In representation of functions in the two domains, the practice of Gardner and
Barnes of representing functions of a real variable by small letters and the correspond-
ing function of a complex variable by large letters will, for the most part, be followed.
Occasionally, the same letter will be retained for the corresponding functions in
the real and complex domains, where ambiguity might otherwise result. In every
case, however, the domain in which the function lies will be indicated by the variable
insidethe parenthesis. Thus e,(t) is a function of time, and e,(s) is its Laplace trans-,
form, a function of the complex variable s.

~For a discussion of these equations and the conditions for their validity see



SEC, (J2] TRA .V,WI’ORJIA7’10.V A .Y’D 01’ EI{.4 TIO.VA 1, I!T1<THOD,S 227

F(s) = Q[j(t)] =
/

mf(t)c-”’ dt, u. < u> (1)
o

and

The possibility of a function being represented as a function either of
a real variable or of a complex variable is of value in that a problem
difficult to solve in one domain may be relatively easy in the other.
Difficulties may then be bypassed by shifting to the less difficult domain.
In the case of the problems arising in servo theory, this advantage will
be utilized chiefly in the provision of relatively simple procedures for
the solution of linear differential equations. Differential equations
involving functions of time become after transformation algebraic
equations in s. These equations can be manipulated easily by purely
algebraic operations, We may solve for the function of interest, in the
complex domain, and then pass to the corresponding real function that
pro~,ides the sollltion of our differential equation. Certain special
advantages arise in relation to the concept of transfer function which is
considered belo~v. It should be noted that since our direct transform
J’(s) is a function of a complex variable, it is feasible to apply, where
useful, any of the special procedures that form a part of complex function
theory.

So milch 1~.yway of preliminary orientation. The chief relation-
ships that ~t’eshall need to use in our tre~tment of servo systems may now
be summarized.’ The starting point for a given problem will typically
be a differential equation macle up of functions of t. The first step in
the use of the Laplace transformation will consist in application of the
direct Laplace transformation to both sides of the equation. This
operation might be carried out by application of the defining Eq. (l). IIut
since certain types of flmction and algebraic operations on functions
repeatedly occur in different eqllations, it has been found convenient
to set up tables of transform pairs such as Tables 9.1a and 9. lb, which

11, F. Gardllcr and J. I.. Barnes, Transients i?~hwar ,$ysterns, Vol. I, Wiley, h’cw
>-ark, 1942, pp. 100-107.

1For the derivation of these relationships and a fuller treatmrnt of the Laplace
transformation, the follo!ving rrfmrnccs m:ty hc consulted: Gardner and Barnes, 10C.
cd.; N. W. McI,achlrm, Compk,.r l’ariable and operational Cdcvlus, Cambridge,
I,ondon, 1942; R. V, C’hurrhi]l, 1fodmn Oprmliormi. Mathematics in Engineering,
McGraw-Hill, New l-ork, 1944; C, Doctsch, Thcorie urui Anwcndung dcr Laplacc
Transformation, Springer, lkwlin, 1!)37; 1;. S. Smith, Automatic Conbvt Engineering,
llcGr&w-Hill, N“cw }-ork, 1!M4, Pi). 302-308. A bri[,f treatment may be found in
Vol. 1X of this srric.. ‘1’hr pr{,srnt :wco{lnt is Imwl Iargrly on Gardner Znd Barnes.
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show the result of appl yin g the direct and inverse transformations to
commonly occurring functions and operations.

TABLE9.la.—LAPLAcETRANSFORMPAIRS FOROPERATIONS

a

b

c

d

e

afW

m, * f2(0

dt–

I

F(s)

aF(s)

F,(s) f F,(s)

sF(s) – f (O+)

s~F(s) – s’(I)+) – f’(0

FM _ f-’(O+)
s 8

Special conditions and definitions

a is a constant or a variable independent
of tand s

f (O+) is value off(t) immediately fol.
lowing t = O

1
f’(o) = 4y ~=o

J-’ (t) = Jf(o rit

.T-’(O+) = f-’(t) l,=o+
I

TABLE 9.lb. LAPLACETRANSFORMPAIRS FORFUNCTIONS*

:;: f (t)=C-’[F(s)l F(s)=s [f(t)] I ‘% Location Type of
of poles f(l) Iunci,on

a
~-d 1

S+a ‘a ==--i- +,

b slnOJt ~
.q2+/J2

0 * w

c Cos u t
~
~2+w2

0 * v

d ,- a( Cos Wt
S+a

1~
. ‘a :=1- ~’

e 1, or w(t)
J_
s 0 4 -

f t
1 0~ -XT=++ <

order pole

9 u(t -a) + c-as
0 + j~+’

—.. L

* Modified from tahlm in Gardner nncl 13arncs, OP. cit., pp. 120, 332, 3,56: and E. S, Smith, Automatic
Control Eno+.,,~ing, McGr~w-Hill, 1944, pp. 322f/.

Table 9. la shows the effect of applying the direct transformation to
the most commonly occurring operations. In Column 2 is shown the
real function j(t); in Column 3 the equivalent complex flmction F(s),
obtained after application of the direct transformation. Column 4
specifies the special conditions under which the correspondence is valid.

Table 9. lb is a similar table for specific functions. Column 2 gives
the real function j(t) ; Column 3 the corresponding complex function
F(s). In any given problem, one need only find the appropriate func-
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tion in the table and can then write down the function in the other domain
to which it corresponds, much as he would use a table of integrals.
Column 4 gives u., the u of absolute convergence, i.e., the minimum value
of the real part of s for which f(t) can be regarded as the inverse transform
of J’(s).’ Columns 5 and 6 give a graphical representation of the trans-
form pair in question. Thus column 5 shows the location in the complex
plane of the poles of the function F(s), and Column 6 the graph of the
type of time function corresponding to this location of the poles. z Deter-
mining the location of the poles of a complex function F(s) is of great
importance, since the location and order of the poles establish the
nature of the time function that appears on carrying out the inverse
transformation.

It may be of interest to add a few words on the relation of the Laplaee
transformation to the historically older operational methods derived
from Heaviside. The Laplace transformation method has been char-
acterized as the modern equi~-alent of the Heaviside operational calculus.
The expressions derived by the two methods show marked similarities.
Smith has aptly referred to them as “ t~vo dialects of the same mother

tongue. ”3 The chief differences consist in the method used to represent
input functions and in the method of inserting initial conditions. The
differences in appearance are at a minimum when the initial conditions
are zero. Thus, if with initial conditions zero the Laplace transformation
is applied to a differential equation to ok~tainan algebraic equation in s,
the same result could be obtained by substituting s for the differential
operator d,ldt and 1/s for the integration operator, just as in the case of
the operational calculus. Where time functions such as t?,(t), do(t), or
E(t) occur, they are still written as functions of t in the case of the

1See Gardner and IIarnes, op. cit., pp. 102, lZ2fl.
z It will he recalled that the poles of a complex function F(r) constitute a certain

type of singularity of the function, singularities being the values of s for which F(s)
or its first derivative fails to he finite and single-~durd. (See McLachlan, op. cit.,

pp. 8–14. ) If it is assumed that F(s) is a rational function, it may be represented as

the ratio of two polynomials P(s) znd Q(s) of drgrcm m and n respectively. If the
roots of P(s) and Q(s) are known, then the function F(s) can be represented as in Eq.
(3)

(s +s.)(s +s,) . . (s +.m)
‘(s) ‘p+ =-(; +s,)(s +s,) . (s +Z)’ (3)

where —s., —sh, . , —s,,, are the roots of P(s) = O, and —s1, —s1, . . . , —s.
are the roots of Q(s) = O. If identical factors in numerator and denominator have
been canceled o(lt, and if s is given the -.,alue of any one of the roots of the denomi-
nator, Q(s) will equal zero rmd F(s) will equal intinity. The roots of Q(s) are there-
fore designated as “poles,” first-order poles if the root occurs only once, second-order
poles if a particular root occurs twice, and so on. In similar manner, the roots of
P(s) are called the “zeros” of the function F(s).

3Smith, op. cit., p. 303.

I
I
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Heaviside operational method but are written as functions of s in the
case of the transformation method. Consequently, in the operational
calculus, operational expressions in p may be found combined with time
functions, whereas such hybrids will not occur if one is using a transforma-
tion method, Equations will contain only functions of time in the real
domain or only functions ofs in the complex domain. A more fundamen-
tal difference between the two methods lies in the fact that the s of the
expressions obtained by means of the Laplace transformation is a complex
variable whereas the p or l/p of the expressions obtained in the Heaviside
calculus are merely symbols for the operations of differentiation and
integration. Despite this difference in the fundamental significance
of the variable s or p, 1 ithas been customary to refer to both types of
expression as operational expressions, a practice that will also be fol-
lowed here. 2 c

93. Transfer Functions.-A concept that pervades the entire field of
servo theory and is basic in the application of the frequency method of
analysis is that of transjer junction.s The nature of the concept may be
understood by considering its relation to the differential equation used
to describe a given system. Let us assume a system describable by an
ordinary differential equation with constant coefficients, such as Eq. (4).
The independent variable is time t, and the dependent variables & and
80 are regarded as functions of time. In functional notation they may
be written Oi(t) and O.(t). The term @,(/) can be regarded as the forcing
function or input signal of the system, and fl~(t) as the response or output
signal. The transfer function is defined as the ratio of the output to

1The particular symbol used in operational expressions whether s, p, h, or any
other is, of course, trivial.

2For further discussion of the relation of different operational methods, see
Gardner and Barnes, op. cit., pp. 99–107 and pp. 359–366; lfcLachlan, op. cit., pp. vi,
115; and Smith, op. cit., pp. 302–306,

JSomewhat different names have been used by different authors in referring to this
concept. Thus Gardner and Barnes, op. czt., pp. 132, 152, usc the term system fw,c-
tiorz, This is a term which wc should have preferred except for the possible implica-
tion here that the term applies only to the cnt ire servo system, H. W. Bode, Network
Anulyais and Feedback Arnplijier De8ign, Van h-ostrand, New York, pp. 15, 227ff., in
general uses the term irnrnittancejunction, although at times he also uses the term
transferjwwtion in the sense used here. A. C. Hall, Analysis and i5’r@hesis of Linear
Servomechanisms, MIT, uses the term transferfunction;but in detiningit, he seemsto
limit it to what we call the feedback transjer function. Writers following the ternli-
nology of the Heaviside operational calculus usc the term operators. McCOI1, Seruo-
mechnrzisms, Van N“ostrand, New York, in dealing with steady-state relations, uses
the term bansmissian ratio. The familiar concepts of transfer impedance and admit-
tance functions of electrical circuit theory may be regarded as special forms of transfer
function. See E. ,~. Cruillemin, CormrzunicutionNetworks, Vol. 2, Wiley, Netv York,
1935,p. 475,
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the iupul, uftcr Lilt ditfereutial equatiou has bwm trausl’ormed to all
algebraic equation through the application of some one of the methods
of operational calculus (Heaviside calculus, Fourier transformation, or
Laplace transformation). These steps are carried through for Eq. (4),
\vith the Laplace transformation being used to transform the equation.
We may assume that the initial conditions are all zero.

+%’1‘-+%1‘&[’i(’)])
Js’co(s) +jseo(s) = ei(s),

(Js’+j’s)eo(s) = et(s),
and

60(s) _ 1
e,(s) Js’ +jS”

(’l)

(5)

(6)
(7)

(8)

Iuaccordance with our definition, theratio 80(s)/O,(s) maybe designated
as the transfer function of the system. The chief advantages resulting

t’(’)-i

ei(s) ~ O.(s)
Js2+fs

h

l;IG. 91 .—Block diagram illustrating use of transfer function.

from use of the transfer function concept in servo theory may be briefly
s.lmmarized.

1. The transfer function fits in readily with the representation of
complex systems by means of block diagrams. Thus a given block, in a
block diagram, corresponds to the
transfer function. The forcing
function, in operational form, is
considered as the input; and the l’lG. 9.2,—Combinationsof transfer func-

response, in operational form, as tions.

the output. Thus Eq. (8) may berepresented bytheblock diagram of
Fig. 9.1. A sequence of such units incascade, asin Fig. 92,canbeused
to represent a set of independent transfer functions. This correspondence
will be clearer from the discussion below on the combination of transfer
functions.

2, The response of a given system to an arbitrary forcing function
can be simply represented as the product of the forcing function, in
operational form, and the transfer function. This result follows directly
from the definition. I.ct lls represent the transfer function as P(s).
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Then,
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O.(s)
— =P(s),
0,(S)

(?.(s) =P(s)e,(s),

To obtain Ooas a function of time, it is necessary only to transform the
function P(s) d;(s) to a time function by means of the inverse Laplace
transformation.

3. The transfer function concept provides a convenient way of obtain-
ing the over-all equation of a system from the transfer functions of com-
ponent units. Let us consider the system represented in Fig. 9.2.
Reading from left to right, the output of each unit is the input for the
next. The over-all transfer function E4(.s)/El(s) may be readily found,
since it will be the product of the component transfer functions. Thus,

E,(s)
— = P,(S) P,(S) P3(S).
h’,(s)

(9)

4. A special case of the general transfer function P(s) is the frequency
transfer function P(ju). l-he independent \’ariable (s) of the transfer
function P(s) is complex and may be regarded as equivalent to u + jo,
with a the real part and jo the imaginary part of the complex variable (s).
If u is taken as 0, s = ju and can be substituted in the transfer function
in place of (s). Accordingly, Eq. (8) becomes

%&) . 1 1
.Jj%’ + jju = –JV2 + jjw”e,(j.j —

(lo)

This form of the equation can be designated as P(ju). Since u can be
regarded as representing the angular frequency of a sinusoidal function, I
this form of the transfer function leads to the representation of response
of a system as a Fourier spectrum, The means for computing this Fourier
spectrum from the transfer function \vill be described later. Thus
P(s) and P(jti) may be regarded as two alternative forms of the transfer
function, and the discussion given for the P(s) form holds also for the
P(@) form.

9.4. Generalized Block Diagrams and Components of Servo Systems.
Figure 9.3 shows the chief functional units of a servo system together
with the symbols that will be used to represent the different parts of the
system and the signals occurring at various points. These symbols
may be defined as follows:

1The basis for this relationship is given in Table 9.1b. It depends essentially on the
nature of those transform pairs which show the correspondence of the imaginary part
of the roots of the characteristic equation and the time funct ion for which it stands.
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d;(t) = the input time function signal, or disturbance,
o.(t) = the output time function signal, or response,
E(t)= theservo error, defined asequal to Oi(t) – O.(t),

H(s) = the operator or transfer function representing the controlled
member,

C(s) = the controller operator or transfer function. It represents
the effect that the controller member exercises on the error.

The physical controller may be defined as including all the units
involved in conversion of the error signal to the forcing function that is
applied to the output member. In the usual case, in which the output
member is a mechanical load, its forcing function (or input) is a torque,
and the controller will incude an error-corrective network, amplifier, and

KG(s) Output transfer function
—-. —

ei (s) 1+KG(s)
>

Error transfer function Feedback transfer funtilon

E(s) 1 80(8)
—= ——~)=KG(8)~— t),(8) l+ KG(s)

ei(8) E(8) Tc(s)
Output or (3.(8)

e%(t)
Error E(1)

Controller
Tc(t)

— controlled
O*(t)

b
Input detector

Error C (8) Torque member
H (8)

output

1f

I h

FIG. 9.3.– Block diagram of servo system.

motor. Corrective networks are those which are inserted in a system
to improve performance properties through suitable modification of the
frequency-response curves of the system and therefore of its transient
or steady-state response. They are called error corrective networks if
they operate directly on the error signal.

In the simplest servo system, that characterized by a proportional
controller, corrective networks of any kind are absent and the motor
torque is directly proportional to the error. A derivative controller is
one in which the corrective network operates on the error signal to give
its (approximate) first or second derivative or both, and an integral
controller one in which the corrective network gives the integral of the
error signal. Brown designates a servo system as Type 1, 2, or 3,
depending on whether it contains a proportional, derivative, or integral
controller, respectively. Thus the type of corrective network present
ifi the customary basis on which the controller and the total system are
classified and named.
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9.6. Interrelations among the Transfer Functions of a Servo System.
For mathematical representation of a servo system, three different forms
of transfer function have been found useful: the feedback transfer func-
tion ooze, the output transfer function Oo(s)/Oi(s), and the error
transfer function E(s)/&(s) (see Fig. 9.3). The ratios given in each
case constitute the definition of the function. It is easily shown that the
output and error transfer functions can be written in terms of the feed-
back transfer function. These relations are given by Eq~. (12) and
(14), with KG(s) being used to represent @~(s)/E(s), following the notation
of Hall.

To obtain the error function E(s)/19i(s):
let

O.(s)
E(s) = ‘G(s)’

but

E(s) = 0,(S) – 00(S), SO Oo(s) = 0,(s) – E(s).

Substituting in Eq. (11) for O.(s),

Oi(s) – E(s) = ~G(s)
E(s)

Solving for E(s)/&(s),

E(s) = 1
0,(s) 1 + KG(s)”

(11)

(12)

TO derive the expression for the output function O~(s)/Oi(S):

O.(s) _ e.(s) E(s) 1
8,(S) – E(s) 0,(S) = ‘G(s) I + KG(s)’ (13)

00(s) = KG(s)
0,(S) 1 + KG(s)” (14)

9.6. Standard Types of Input Function. -To test a given servo system,
either in concrete physical form or in its symbolic counterpart, it is
necessary to apply an input disturbance &(t) which will represent signals
or disturbances to which the system will be subjected in actual use.
Though the most suitable test functions would seem to be a representive
sampling of those expected to occur in practice, this is frequently not
possible, owing to the varied nature of such signals. It has, therefore,
been customary to use certain standard test signals which provide a basis
for estimating how the system will behave under conditions of actual
use. Following is a list of the chief standard test signals or conditions,
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I ogethcr witl~ Lhcir Laplw: transforms. ‘1’he form of the Iirst t,tlr(,t,
time functions is illustrated in Fig. 9.4.

Step Displaccmrni (Hcaviside [ Tnit
Funcfion):

et(t) = 1, t>o
= 0, tso

t-

Stepdisplacement

8,(S) = ~.
s

The time function may be repre-
sented by u(t),following the termi-
nology of Gardner and Barnes.’ in

L
(J t—

the Heaviside calculus, it is represente(l Step veloclty (ramp funct,on)

by a special symbol meaning unit ste],
function,

Step Velocity Inpu!:

e,(t) = Nt,

where N is a constant.
‘>() w-

0,(S) = $. 1~1~.9.4.—Standardtypos {,( i]!l,ul
fur,ction8,(1).

McCO1l proposes the term “ ramp function” for this input function,
following a suggestion of Darrofy. z

Sinusoidal Input:

e,(t)= COSd or O,(t) = sin d,
s

e,(s) = ~ and et(s) = *2.
s + 02,

initial Error:

Oi(t)= 0; e.(t)= 4; E(t) = o,(t) – e.(t)= – #l

This condition is useful in testing the adequacy of a system as a
regulator, 3 in the narrow sense of maintaining the regulated variable at,
a constant level.

DETERMINATION OF SYSTEM PERFORMANCE

Let us suppose that a provisional selection has been made of the

components of a servo system and a block diagram drawn to represent

their arrangement. The first question that must be answered is, How

will the system perform ? What are its response properties? Two

I Gardner and Barnes, Transientsin Linear Systems,Vol. I, Wiley, New York,
1942,pp. 100, 115.

2McCOI1, Servcwnechonierns,Van Nostran d, New York, 1945, p. 38.
3For definition, see sec. 8.3.



alternative approaches may be used. In the one, rcl’erred to M the
tr-an.sientapproach, the response is obtained in terms of’ the variation
of output or error as a function of time f’or various standard inp~lt func-

tions. In the other, designated as the )“requcrwy or sinusoidal steady-
state approach, performance is reprcscntc(l in tcrrns of frc:(~~len(:y-resr]onsc:
curves of output O., relative to error or input, w’hrn the system is excited
by sinusoidal test functions. 130th apprfmches \vill be described here
in some detail, the transient approavh in the present chuptcr and the
frequency approach in the foll~)i~ing chapter

TRANSIENT ANALYSIS

Two principal steps are involved in determination of the response of
a given system by means of the transient method of analysis,: set.ting
up the differential equation representing the system and sollltion of’ this
equation to show either the error h’ or the output signal 80 as * function
of time. The first step, that of setting up the equltion of the system,
is not limited to the transient method of anal,vsis, since it is also a pre-
liminary to the frequency approach It is in the second step, in the solu-
tion of this equation, that one is dealing specifically }vith the transient
method of analysis. It obtains its name from the fact that the complete
solution of the differential equation of the system exhibits the character-
istics of the transient part of the solution as well as the steady-state part.

9.7. Setting Up the Differential Equation.—The bulk of servo theory
is based on the assumption that the system being analyzed is linear,
more specifically, that it is one ~vhich can be represented by a linear
differential equation with constant coefficients. 1 A brief discussion of
the limitations involved in this assumption and of the status of nonlinear
theory is given in Sec. 11”11. The procedure for setting up the differ-
ential equation representing a servo system is therefore no different in
nature from that used in writing the equations for any linear system, such
as those of electric circuit theory. From the known structure of the
system and the physical laws governing the phenomena in different parts,
a set of equations is written for different functional units. By appro-
priate operations, these equations are finally, in the case of a system of
one degree of freedom, reduced to a single differential equation containing
two functions, beside the independent variable time. In the case of
servo systems, these two functions will be the input signal Oi(t) and
either the error E(t) or the output signal do(t), depending on which is of
more practical interest. The error E(t) will usually be of greater interest,
since determination of this function will indicate the extent to which

10ur subsequent reference to linear systems will be to linear systems in this
narrow sense.
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the servo system deviates from an ideal system. In an ideal system
E(t) will always be zero.

As a substitute for the procedure summarized above, an alternative
procedure involves application of the transfer function concept. In the
case of a complex system, it is simpler algebraically and gives one a
clearer perspective on the sequence of operations required for obtain-
ing the final differential equation of the system. The procedure consists
of the following steps: (1) drawing the block diagram of the system with
the various units connected in cascade, (2) determining the transfer
function of each of the units represented in the block diagram in the way
already described in Sec. 93, (3) combining these component transfer
functions by multiplication to give the feedback transfer function
80(s)/E(s), and (4) deriving the error transfer function E(s) /o,(s) by
means of Eq. (12). If desired, this error equation can easily be rewritten
in terms of derivatives to show its identity with the system differential
equation derived by the more conventional procedures. The foregoing
procedure may be illustrated by means of the following example of a
proportional servo system.

Step 1. Block Diagram of tkeSystem.—For our example the block diagram is
given by Fig. 93. It shows three units: the error detector or error-measuring
means; the controller, comprising here amplifier and motor; and the output
member or load.

Step 2. Determining Transfer Functions oj Components.-First write the
equations of the three units. These are given by Eqs. (15) to (17).

e,(t) – e,?(t)= E(t) (15)
for the error measuring means,

z’.(t)= k,.!?’(t) (16)

for the proportional controller, and

(17)

for the controlled member, in this case the load driven by motor torque, where
k~= the proportionality constant of controller, in pound-feet per radian error,
J = tbe inertia of load, slug-ft’, in and
j = the viscous friction of the load, in lb-ft per radian per sec.
The remaining symbols have the meanings given in Sec. 9.4.

Equation (16) states that the torque provided by the controller is proportional
to the error. For a more complex controller, this equation will be a differential
equation or contain an integral term. Equation (17) states that the torque
applied to tbe load is balanced by tbe opposing torques due to acceleration @S

that due to viscous friction. One next transforms each equation of interest to
operational form and solves for the ratio of output to input. In the present
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instance, since wc wish initially to obtain the fecdhack transfer iunctinil
O.(s)/E(s), we need consider only Eqs. (16) and (17).

From Eq. (16) we thus obtain
T.(s) = ~
E(S) “’

(18)

From Eq. (17) we obtain, by application of the Laplace transformation and a
little algebra,

Js’e.(s) + jseo(s) = 2’.(s), (19)
6.(s) 1
T.(s) = Js’ + js

(20)

Step 3. Combinationoj Component TransjerFunctions.—Combining transfer
functions given by Eqs. (20) and (18), we obtain

and therefore

0.(s) T.(s) 1
T.(s) 2(s)—=-s ko

6.(S) k,
KG(s) = ~j = ,Js2 + j~” (21)

This is the feedback transfer function.
Step4. Deriwztionoj Error TransferFunction-.4pplication of Eq. ( J2) ~ives

~(s) _ 1 1
0,(s) 1 + KG(s) = k~

(22)

1+ Js2+$s

Js’ + jS—
‘Js’+js+k:

(22(1)

Js’ + jS
‘(s) = Js’ + jS + k,

9,(s) (23)

This equation gives, in operational form, the error as a function of the parameters
of the system, the complex variable s, and the input function 0,(s).

Formulated in terms of derivatives, this equation can he written as

(24)

where E and 0; are functions of t. This form is derived from Eq. (23) by multi-
plying both sides of the equation by the characteristic function, in order to relate
the operational expression to the appropriate variable, and then replacing the
terms in operational symbols by the appropriate differential expressions. The
procedure is merely the reverseof that followed in obtaining the transfer function
from the differentialequation. Thus, from Eq. (23) we obtain

(~sz + js + k,)~(.s) = (Js’ + jS)l%(S),

~82~(8) + f8E(8) + koE(9) = ~826t(S) + fS&(S),
.1 d2E(t)

~+##+kctE(O = J dt
d2&(t) ~ j d$.

I

(25)
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In most c~ses, one will not wish to rewrite Eq. (23) in terms of derivatives,
since it \rillitself be the starting point for the subsequent steps. If, however, the
I>roblemspecifies initial conditions for E(t) and O,(t) and their first derivatives
that are different from zero, then it is probably clearest to prepare for the inser-
tion of these initial conditions by first writing the equation in the form of a
(Differentialequation in t [Eq. (24)] and then applying the rules for the Laplace
transformation of the derivative terms to each term in turn. These rules provide
for the insertion of initial conditions (see Table 9 la).

9.8. Complete Solution of the Differential Equation of the System.–-
Solution of the system equation, as given by either Eq. (23) or (24),
means finding an equation that gives the error E as a function of time t.
A plot of this equation provides a graphical picture of the response, which
may be compared ~vith a plot of the required performance. Finding
such a solution, holvever, depends on first substituting some function
for fl~(t) or Oi(.s), either one of the standard input functions described in
Sec. 96, or a function representing some arbitrary input of practical
interest. The solution therefore will show ~vhat the error response is to
this particular input function o~(t). The points of special interest in
the present section may be conveniently cla~sified under the following
topics: (1) the sequence of steps involved in obtaining a solution, (2)
relational and nondimensional parameters, (3) nondimensional response
curves, and (4) procedures for handling more complex problems. Under
the first three topics, discussion will be limited to the simplest possible
systen-a proportional servo-since the fundamental techniques are
in~’olved here as ~vell as in the more complex systems and can thus be
made to stand out more clearly. Under the fourth topic, the nature of
the supplementary procedures introduced to take care of more complex
problems will be considered.

Steps Invoh>ed in Obtaining a Solution.—As is well known, a number
of alternative procedures are available for finding a solution for differen-
tial equations ~vith constant coefficients. Among these are the tradi-
tional methods described in any text on differential equations and the
operational methods, such as the operational calculus of Heaviside or the
releted procedures involving the Laplace or Fouriwi transformations.
The present exposition employs the Laplace transformation, as already
indicated. Except for differences pointed out in Sec. 9.2, similar steps
~vould be required if one of the other operational methods were employed.
.issuming that we start with a differential equation representing the
system, three chief steps are required in obtaining a solution: (1) trans-
formation of the differential equation to operational form, (2) algebraic
manipulation of the operational equation in order to change it to a form
suitable for application of the inverse transformation, and (3) application
of the in~,erse Laplace transformation to yield the required variable as a
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function of time. These three steps are illustrated below
representing a proportional servo system.

[SEC. 98

for Eq. (24),

1. Transformation of differential equation. Application of the
Laplace transformation to Eq. (24) yields Eq. (26). Initial conditions
[i.e. the value of E(t) and Oi(t) and their first derivatives at t= ()] are
here assumed equal tozero, inorder tosimplify the algebra. When any
of these initial conditions are different from zero, they may easily be
inserted in the equation by means of the formal rules for application
of the Laplace transformation to derivatives (see Table 9.la). Equa-
tion (26) may now be manipulated like any ordinary algebraic equation.

JS’E(S) +jsE(s) +A-OE(S) =Js’ei(s) +j-soi(s). (26)

2. Manipulation of operational equation. Our purpose is next to
write Eq. (26) in a form that will permit us to obtain the error E as a
function of time when the inverse Laplace transformation is applied.
Two steps are therefore necessary: solving Eq. (26) for the variable or
function of interest E(s) and recasting the resultant equation in a form
to permit theinverse transforrnatio ntobeevaluated. Let us first solve
fortherequired variable -tl(s). From Eq. (26) we obtain

E(s) =
Js’ + j’S

JS2 + jS + ko
e,(s). (27)

It will be noted that this equation is the same as Eq. (23), obtained
initially by the transfer function procedure of setting up the equation
of the system. If we now substitute some specific function for Oi(s), we
will be in a position to attempt the inverse transformation. Let us
assume that the input function d~(t) is a step function. Therefore 8,(s)
equals 1/s, and

(Js + j)s ~
(28)E(s) = J~2 + js + k, s

Js+j p(s) . (29)= Jsz + js + ko – Q(S)

To determine an appropriate form for Eq. (29) prior to application
of the inverse transformation it is expedient to consider the fundamental
forms that appear under F(s) in a table of transform pairs. Inspection
of Table 9. lb shows that the form of the time junction corresponding to
a given function of s, such as E(s) of Eq. (29), depends on the poles of
the function. These are determined, it will be recalled, by determining
the roots of the equation Q(s) = O. This equation is known as the
characteristic equation, and the polynomial Q(s) as the characteristic
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The roots may be more clearly displayed by writing Q(s) as a
factors containing the roots.

P(s)
‘(s) = (s + 5,)(S + s,)”

(30)

As a final step Eq. (30) may be written as a sum of partial fractions.

P(s)
~ + *21

(s+ S,)(s+ s,) = s +.s,
(31)

where A and B are constants and – SI and – SZare the roots of Q(s) = O.
Several methods are available for evaluating the constants, or coefficients,
A and B. One basic method, the method of undetermined coefficients,
will be found described in any standard algebra..

A second method, corresponding to a procedure commonly used for
evaluating the residues at the poles of a complex rational function, is
almost apparent by inspection of Eq. (31). To determine A, we may
multiply both sides of the equation by (s + SJ. This new equation
will be true for all values of s, hence for s = —sI, which may be substi-
tuted for s throughout.

P(s)

1

= A +B(–s, +s,)
(s + s,) ,=-,, —81 + S2

(32)

=A+O.

Thus terms on the right other than A are eliminated and the value of A
can be found from the left-hand side of the equation. A like procedure
can be used for evaluating the other constant B. Analogous though
slightly modified methods are applicable when any one of the denomina-
tors on the right-hand side of the equation contains higher degree terms
in s, such as SZ+ W2.2 The same procedure may be followed regardless
of the number of factors, and therefore constants, involved.

Since in our example the characteristic function is of second degree,

the roots obtained by setting it equal to zero are readily found.

Js2+fs+ko=o;

js.——+ J()j’ko
2J – z –7” (33)

It will be found convenient later if we now write the above roots as com-
plex numbers, by factoring out j = ~1 from the radical.

s=-& &j$$-(~2. (34)

1See Gardner and Barnes, op. cit., p, 132,
z For a detailed description of procedures, see Gardner and Barnes. CW.ant.. DD.

153–164,
,., . .
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3. Application of inverse Laplace transformation. We are now in a

~oaition to determine the different types of time response that may occur

i the case of an error function such as Eq. (29) with a second-degree

1c ara,ctenstic equation. Consideration of Eq. (34), giving the roots of

a quadratic, together with our table of transform pairs will show what

kinds of time response are possibie and the reason why any given one

occurs. We shall find that three types of time response may occur:

(a) an undamped sinusoidal oscillation, (b) a damped oscillation, and

(c) a nonoscillatory damped exponential. (These responses are illus-

trated in Fig. 9.5 f or both the error am-l the output response.) The type

Output response @o(t) ‘@i(t) - E(t)

—. —— ——_ —___

0

0 -t olijflt 0 +t 0 +t
11111
11111
11111

+1

0

-1

Roots conjugate imagmary Rootsconjugatecomplex Rootsreal and equal Rook real and unequal

FIG. 9.5.—Types of response curves corresponding to different solutions of a second-degree
characteristic equation.

of response occurring will depend on the character of the roots of our quad-

ratic. These in turn will depend on the value of j/2J relative to dlro/J
[see Eq. (34)]. When j and therefore j/2J = O, the two roots of the
quadratic are conjugate imaginaries and the time response is an undamped

oscillation. When j/2J is greater than zero but less than -, the

roots are conjugate complex and the time response is a damped oscilla-

tion. When j/2J = dk~/J, the roots are real and equal and the ,~0~

time response is a decreasing exponential. Finally, when f/2J > v’kO/J,
the two roots are real and unequal and the time response is the sum of
two exponential. These results are illustrated in Fig. 9.5. The curve

corresponding to j/2J = - is designated as critically damped,

since it represents the smallest value of j/2J relative to ~ko/J at which
oscillations will not occur. Curves corresponding to still greater values
of j/2J are designated as overdamped. These results may be readily
obtained by substituting different values of j/2J into Eq. (34) and deter-
mining the nature of the roots resulting. Then by examination of our
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table of transform pairs the nature of the time response corresponding
to different types of roots may be determined. For purposes of illus-
tration this procedure is carried out in two of the special cases.

1. Undamped oscillations. Whenf/2J = O,s = +.i -. There
are thus two conjugate imaginary roots, represent ing two conjugate poles
on the imaginary axis. Transform pair (c) of Table 9. lb shows that the

corresponding time function is an undamped oscillation of frequency

~ko/J. This frequency is called the undamped natural frequency and
represented by the symbol u..

If we wish to evaluate formally the inverse transform of E(s), we
find, substituting j = O in Eq. (29),

Js s s
~(s)=Js2~~o=s2+~= “S2+ Ql;

J

(35)

Then upon applying transform pair (c), there results the inverse Laplace
transform

E(t) = Cos cont. (36)

This equation gives the complete solution of our differential equation
under the condition specified.

2. Damped oscillations. We again start with the error equation
for a step-function input, given by Eq. (29) and repeated here:

The roots of the characteristic equation are

=—a+ja

Then Eq. (29) can be written

s+2a
~(s) = (8+ . –sjj~+ ~ + ~~) = (S + a)’ + d“

Applying transform pair

E(t) =

1.303, page 342, Gardner and Barnes,

()1+3 az ‘* e–”: sin (d + ~)
1

(29)

(37)
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Relational and Nondimensional Parameters.—The outline given of the
steps involved in solving the system equation was limited for reasons
of concreteness to the dimensional parameters characterizing specific
physical components. Examples of such parameters are the moment of

inertia J, measured in slug ftz (or gm-cmz), the viscous friction j, meas-

ured in lb-ft (or dyne-cm) per radian per sec and the stiffness or propor-

tionality constant lro, measured in lb-ft (or dyne-cm) per radian error.

It has been found of value in many problems to employ instead what
might be called relational parameters, i.e., parameters that depend on
relations or ratios among the dimensional parameters rather than on
any one physical property. In the present section a few of the more
important of these parameters will be considered and an attempt made
to show how they arise naturally out of the different types of solution
considered above. In some instances these parameters are nondimen-
sional, a feature that contributes greatly to their value. 1 In other
instances, though not in themselves nondimensional, they provide a
basis for easily forming new nondimensional parameters through com-
bination l~ith other parameters or variables having the inverse dimensions.

Let us consider, first, a pair of parameters that are defined in relation
to the amount of damping in a system, namely, the damping ratio ~

and the undamped natural angular jrcquency w.. It was found possible
in the previous section to arrange the different types of time response in
a series corresponding to the magnitude of j/2,J relative to ~kO/J. AS
j/2J increases from zero to values greater than <h~/J, the time response
was found to change progressively from an oscillation of constant anlpli-
tude to damped oscillations that are damped out more and more rapidly
and finally to nonoscillatory responses compounded of exponential.
If, noiv, we wish to indicate the position in such a series at which the
response of a given system Jvill lie, it seems natural to select as a refcrenee
point one that will separate the oscillatory from the nonoscillatory
responses, Such a reference point is provided by the response that occurs
when the roots of the characteristic equation are real and equal, It is
known as the critically damped response and will occur when

For smaller values of j/2J oscillatory responses occur; for greater values,
nonoscillatory responses. We may refer to j as the damping parameter
of the system, since with all other parameters constant, variation of it
alone will provide the series of responses mentioned above. Similarly,
~, may be used to designate the value of j for critical damping. Then f

IA clc:u discussion of llol]dirrl[:llsi[]r):~l equations may be found in I). P. Campbell,
“ Theory of Autom:ltic ( ‘otltrol Systc]ns, ” [wiuslriul Auidion, Scptxmhrr 1945, p. 62-
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is designated as the damping ratio and is defined as the ratio j/j., or the

ratio of actual damping to critical damping. It is convenient to be able

to express ~ in terms of the whole set of system parameters. As a pre-

liminary step, j. is written in terms of system parameters. When j = j.,

i.e., for critical

therefore

and

damping,

(38)

The quantity ( now provides a convenient index of

given response in the series of possible responses.

damped system, { = 1, as is apparent from Eq. (38).

latory or underdamped responses occur; for ~ > 1,

overdamped responses occur.

the position of a

For a critically

For ~ < 1, oscil-

nonoscillatory or

The ~elated - parameter tin, the undamped angular frequency, has
already been defined as equal to v’h-o/J. It is the val~le of the freq~lency

u when j and therefore ~ equal zero.

These new parameters ~ and U. may nolv be substituted for the

‘[ physical parameters” J, j, and ko appearing in any of the equations

occurring in our analysis of the proportional servomechanism. Thus in

place of Eq. (27), the error eqllation can be written as

SJ+ 2((.0,,sj;(s) = — —-– e (,s)
.s~+ 2ru.!s + u: ‘

(3!-))

From this point, we might proceed exactly as before and find the variolls

possible time solutions in terms of { and u. for any given input function.

This is in fact the more usual procedure in expositions already pub!ished.’

Ifj however, the solutions have already been obtained in terms of J, j,

and koj itmay be simpler to use them as the point at \vhich the substi-
tutions are made.z The equations for the different types of response

to step functions may be written as in the following equations:3

1G, S. Brown, “ Transient Behavior and Design of Servomechanisms, ” NI)RC
Sec. D-2 Report, November 1940; H, Harris, ‘‘ The .4nalysis and Ihmgn of Servo-
mechanisms,” NDRC Report, 1942; C, S, Draper and G, V. Schliestett, “ General
Principles of Instrument Analysis, ” Instruments, 12, 137-142, 1939.

z In making the substitutions in any equation, it will be found convenient to
perform such algebraic operations as will lead to coefficients such as f/J and k,/J and
to substitute for these ratios terms containing w: and f. Thus, it is readily shown
from the definitions of u. and ~ that k,/J = u: and f/J = 2fw,.

3 Cf. Brown. op. d., Table IV.
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where Oiis the magnitude of step function Oi(t)and o = tan–’ VI – {~/{.

It ~vill be shown in the following subsection how equations such as

these provide a basis for construction of sets of generalized response

curves that may be used to simplify the determination of system
response.

A second pair of relational parameters frequently useful is ku, the

velocity error ccnstant of the system, and T or T, the so-called time con-

stant or characteristic time of some portion of the system. 2’ is fre-

quently written with a subscript to indicate the portion of the system

represented when such time constants appear in various parts of the
system, Thus 1“~ stands for the motor time constant, (The motor
time constant is the time required for the motor to reach 63.3 per cent,
of its final speed after the application of a step input voltage.) In the
case of the proportional servomechanism, l-. is defined as liO/j and has
the dimension of I/time, and T is defined as J/f and has the dimension
of time. 1 one way of indicating the origin of these parameters is to
start with the feedback transfer function as given by 13q. (21) and divide
the numerator and denominator by j. Substitution of ko and T as
defined above will now permit elimination of the three original physical
parameters.

k,
O.(s)_ k, f k.

E(s)‘– Jj=;JS, +S=TS2+ S“
--
f

(44)

If this transfer function is used in determination of types of error response,
the response equations will, of course, be given in terms of ku and T
instead of k~, .J and j, or U- and ~. The parameters to be preferred in a
given problem will naturally depend on the nature of the application.
Thus if one is interested in the magnitude of the velocity lag error it is
convenient to use the velocity error constant ku as a parameter, since
E. = N/ku, where E. is the velocity lag error and N is the slope of the
input ramp function. z

I The symbol 2’ for time constant should not be confused with l“.(t), tlsed for torque
output of controller.

2For derivation of this equation see Sec. 99.
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Nondimensional Response Curves.—The solution of a system equation
in terms of relational parameters which can readily be converted into
nondimensional parameters leads directly to the construction of non-
dimensional graphs of the various possible forms of response. This
approach has been developed in this country by Draper and his students
in the analysis of instruments and extended to the analysis of servo-
mechanisms by Brown and his students and others. The procedure
is of great value in that the same set of response curves may be used to
represent systems that, although equivalent in organization and hence
in the form of the system equations, may differ widely in the values of
the physical parameters. For a given type of system, one may refer to
the appropriate set of curves and determine the form of the response and
its duration and magnitude in terms of nondimensional variables. The
nondimensional magnitudes and durations may then be converted into
dimensional terms, and the actual characteristics of the response deter-
mined. The curves may also be used in the inverse problem of deter-
mining the design parameters required for a system to meet given
performance specifications. For a detailed account of this approach, the
papers by Draper, Browm, and their co-workers may be consulted. 1

The construction and use of nondimensional response curves may be
illustrated here for the proportional servo system discussed above. The
equations for the error response to a step function are given by Eqs.
(40) through (43), ~vith E the dependent variable, t the independent
variable, and ~ and an the parameters. If both sides of the equations
are divided by Oi, the magnitude of the input step function, and unt is
taken as the independent variable, then the equations will be nondimen-
sional. By way of illustration, Eq. (45) show; the result
these operations on Eq. (41).

of carrying out

(45)

L(;. S. Draper and (;. V. Schliestctt, “ General Principles of Instrument Analysis, ”
lnsfrumPnis, lZ,137-142 (1939); C. S. Draper and G, P. Bentley, 1’Design Factors
( ‘controlling the l)ynamlc Pmformance of Instruments, ” Z’?ans. ASME, 62, No. 5,
421-432, July 194!): G. S. Bro\vn, op. cit., pp. 1–47, References to the German
litoratlme dc:ding ~vith the use of dimmsionlcss ratios may be found in E. S. Smith,
:1ukmtatic Control Ea.gineering, 31cCraw-Hill, 1943, pp. 343~. Material on the
theoretica] background in the field of dimensional and nondimensional analysis may
Im found in P, W. Bridgman, Dimensional .4nalysis, Yale University Press, New
Haven, 1931, Recent expository accounts that may also prove useful are those of
H. %hon, Engineering lfdwrwdics, Chap. 3, “ Dimensional Analysis, ” Van &Tostrand,
New York, 1944; and E. R. Van Driest, “On Dimensional Analysis and the Presenta-
tion of Data in Fluid-flow Problems, ” Convention ASME, Paper 45, Nov. 26, 1945,
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The independent variable unt is dimensionless, for umhas the dimen-
sions of l/see and tthe dimensions of sec. E(t)/oi is dimensionless, since it
is the ratio of two quantities with the same dimensions. Equation (45)
may now be plotted by the procedure used for plotting any equation.

E (t)
~

1.0

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0

-0.1

-0.2

-0.3

-0,4

-0.5

-0.6
0 1.0 2.0 3.0 4.0 5.0 6.0

FIG. 9.6,—Dimensionless transient error curves of a servomechanism with a Type 1
controller when subjected to a suddenly applied input angle 8, (Courtesuof G. S. Brown,
Transient Bduwior and Design of Servomechanisms,Massachusetts Institute of Technolo~~,
1941 and 1943.)

For any particular value of the remaining parameter ~, u.t is given each
of a series of numerical values, O, 1, 2 etc., and the corresponding values
of E(t)/L9~calculated. The procedure is then repeated for another value
of ( in the allowable range, and so on. The resulting plots of Eqs. (41)
to (43) for different values of ~ are given in Fig. 9.6.

Equation (40) represents a limiting case of Eq. (41), which occurs
!vlwn ~ = O, and is an oscillation of constant amplitllde or zero derremmt.
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The way that such nondimensional curves may be used to determine
the response of a system whose physical parameters are known may be
illustrated by the following simple example. Suppose in a proportional
servomechanism that J = 2 slug-f t2, j = 12 lb-ft/radian-per- sec and
k~ = 50 lb-ft/radian and that the magnitude of the input step function
is 10°. Suppose one wishes to plot the error response curve as a function
of time and to determine the interval that will elapse before the error
is less than 0.4°. The first step is to determine the magnitude of the
relational parameters.

~=__ 12 = 0.6;
2 dJko 2-

“.=; ?

50 s
.— .

2
radians per sec.

Turning to Fig. 9.6, it is apparent that the form of the response curve is
given by the curve for ~ = 0.6. To read durations in seconds, we need
to find t from u& as indicated by Eq. (46).

(46)

Thus the nondimensional abscissa values of Fig. 9.6 need only be divided
by 5 to give us the time coordinate in seconds. Similarly, the ordinate
values can be multiplied by 6; = 10° to give the error in degrees. From
this scale, the time corresponding to an error of 0.4° or less can be read
off. Alternatively, the error specification can be formulated in nondi-
mensional terms as a required error of less than E/Oi = 0.4°/100 or 4 per
cent. The nondimensional curve shows that the corresponding value of
d is 5.5. In time units this will correspond to 5.5/5, or 1.1 sec.

In the above example, the relevant nondimensional curves (Fig. 9.6)’
were those showing the error response resulting from an input step func-
tion. Figure 9.72 shows the family of nondimensional response curves
resulting from an input Tamp function. In this curve the ordinate is
given in terms of E(t) /Es where Es, signifies the steady-state error, which
will here be a velocity lag. The abscissa is again given in terms of the
dimensionless product, ufit. Dimensionless curves for more complex
systems, such as the Type 2 (derivative controller) and Type 3 (integral
controller) may be found in Brown’s report.

Treatment of More Complex Problems.—In the sections above, an
outline has been given of the formal procedures involved in solving the
differential equation of a servo system. An extremely simple system
operating under the influence of a simple set of external agencies was

1From Brown,op. @“t.,p. 44.
* Itnd., p. 13.



250 SERVO THEORY: TRANSIENT ANAL YSIS [SEC. 9.8

chosen for purposes of illustration. It will be of interest now to determine
how the basic scheme outlined is modified as the external conditions
and the system become somewhat more complex. Possible changes in
the external agencies consist in (1) variation in the form of the input
forcing function and (2) application of accessory disturbances at other
points of the system. Possible changes in the system itself consist in
(I) changes in the nature of the controller or corrective network and

(2) an increase in the number of energy-storage units in the output
member or other parts of the system. It will be found that the same

FIG. 9.7.—Dimensionless transient error curves for a servomechanism with a Type 1 con-
troller when subjected to a suddenly applied input velocity. (Cow+esuof G. AS.Brown.)

formal procedure already described for determination of system response
is applicable to these more complex problems. Complicating factors
are incorporated in the treatment by properly representing the given
condition in the differential or operational equations initially set up.
After one has solved for the function of interest, such as E(s), it will be
found that the expression on the right-hand side of the equation will
merely be somewhat more elaborate than in our previous example and
may contain additional functions representing external disturbances
whose form must be known. But one may proceed as before to recast

the equation in a way to facilitate evaluation of the inverse Laplace

transformation and finally carry out the tl ansformation. Let us now

consider more specifically how the changes just mentioned will be repre-

sented in the equations.

Procedures for dealing with diflerent types oj input function can be
disposed of quite easily. A convenient starting point for the discussion
is the error transfer function given in general form by Eq. (47) and for
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the proportional servo system by Eq. (22a). Since KG(s) is invariably
a rational function, it may be written as P(s) /Q(s). Then I

~(s) _ 1 1 Q(s)
Oi(s) 1 + KG~) = , + P(s) = P(s) + Q(s)’

(47)

~
(’. ,$
il

and {!
Q(s)

‘(s) = f’(s) + Q(s)
e,(s). (481 ;

t,

In our previous example 0,(s) \ras equal to 1/s, which was substituted f’o~
0,(s). Whatever form 0,(,s) takes, it may bc substituted at this point fol~ i

Oi(s), and any factors in its denominator that are identical ~vith factors ofl )
Q(s) may })e cancelkxl out, The resultant expression is “then trcatwf ill, ~
the manner already described until the inverse transform of E(s) has. ,
been obtained. Where initial conditions other than zero must be inserted,

1“

1~e,

To(s)

i

u L !.:
~1~,9.8.—Block diagram of a servo system involving an output disturbance 7’o(s)i~ ~.–fi

the procedure previously discussed (page 239) is applicable regardless of
the nature of the input function.

By an accessory disturbance is meant any forcing function applied to
the system at points other than at the input that may tend to introduce
a servo error or interfere with its elimination. Thus in Fig, 9.8, a torque
Z’O(L)acting on the output member will tend to alter 90and hence produce
an error. Such disturbances may be handled by incorporating them
in the original differential or operational equation set up to represent
the system. The final error function will then contain 2’0(s) or an equiva-
lent symbol in addition to 0;(s). Hence, a preliminary to the manip-
ulation of E(s) and evaluation of its inverse transform will be the
substitution of a specific function for 2’0(s) as well as for 0.(s).

By way of illustration, let us derive a general expression for the error
in a servo system acted on by a disturbing torque in addition to 8~(t).
The block diagram is given by Fig. 9.8, with the various functions written
as functions of s.

The transfer function of the controller member is represented by
C(s) and of the output or controlled member by H(s). For obtaining
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00(s) in terms of Ii’(s), the equations of interest are those characterizing
units between E(s) and 00(s).

T.(s) = C(s)h’(s)
e“(s) = H(s) TO(s)) (49)

where To(s) is theLaplace transform of T“ (t) and T.(t) represents the
total torque applied to the output member. Since ?’”(t) will equal the
sum of the controller torque T.(t) and the disturbing torquel Z’o(t),

7’.(s) = T.(s) + To(s).

Therefore,
O.(s) = H(S)[TC(S) + To(s)]

= H(s)[C(S)E(S) + To(s)],

I

(50)
0“(s) = C(S)H(S) E(s) + H(s) T.(s).

This equation gives the output response in terms of the error function
E(s) and the torque disturbance To(s), in addition to system transfer
functions. To obtain an equation comparable to l?q. (23) of our previous
example we want to solve for E(s) and to eliminate 6.(s). This may be
clone by substituting Oi(s) – E(s) for 00(s). The validity of the substitu-
tion follows from Eq. (51), which may be assumed for the error detector.

E(t) = O,(t) – O.(t);
therefore

I

(51)
00(S) = 0,(S) – E(S).

Upon making the substitution in Eq. (50) and solving for E(s), we obtain

E(s) =
1 + Ck(s) ‘i(s) -, + cl(s)H(.J ‘(S) T”(s)

(52)

. ~ + &H(8) [0,(s) – H(s) TJs)].

This equation, written in terms of operators, is designated by Brown
and Hallz as the basic equation for a closed-cycle system such as shown
in Fig. 9.8. The equation shows the error as a function of the transfer
functions of the different units and the excitation functions e~(s) and
2’0(s). If the system transfer functions C(s) and H(s) are known and
in addition the form of the excitation functions Oi(s) and To(s), then our
equation will contain only known parameters in addition to terms in s.

1 Some authors take the sign preceding 2’.(s) as negative and thus obtain a cor-
responding reversal of sign in the final equation.

‘ ~ Brown and Hall, op. ant.,p. 3. The symbols used here closely follow those of
Brown and Hall. The chief difference lies in the fact that these authors treat p as an
operator and thus write equations in which transfer functiom appear as functions of p
and excitation functions as functions of 1.
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It may therefore be recast in partial fraction form, and the inverse
Laplace transformation applied. The first term of Eq. (52) shows in
operational form the part of the error response due to the input function
tl~(s), and the second term the part due to the accessory disturbance
2’0(s). If 2’0(s) is assumed to be zero, the second term vanishes and we
are left with the basic error equation of a servo system not subject to
accessory disturbances.

Finally, in order that we may see more clearly the relation of Eq. (52)
to that previously obtained for a proportional servo system, Eq. (23), let
us substitute for C(s) and H(s) the transfer functions used in our pre-
vious example. There, C(s) = Iroand H(s) = l/(.Js2 + ~s). Therefore,

E(s) =
1

et(s) –
1 To(s)

ko k. Js’ + jS
l+ Js’+j8 l+ Js’+j-s

If, as before,

JS2 + fs

‘Js’+j%+k,
8,(S) –

JS2 +;S + k, ‘“(s)”

Oi(t) is a step function, then

(Js + j)
E(s) = Js, + fs + k, –

Jsz +;S + ko ‘O(s)”

(53)

(54)

Comparison of Eq. (53) with Eq. (23) shows them to be identical except
for the second term in Eq. (53), due to the disturbing torque 2’0(s). When
a known function is substituted for 2’0(s), determination of E(t) can pro-
ceed as described.

So much for the effect of more complex excitation conditions on our
problem. Let us now consider the chief ways in which the system itself
may increase in complexity. Two types of possible variation have been
mentioned: variations in the type of controller and variations in the
type and number of energy storage units. It should be apparent that
changes of either type will be reflected in the nature of the transfer func-
tions of various units of the system and hence in the over-all transfer
function.

Let us consider first the more common variations that may occur in
the controller. In the sections dealing with correction of servo-system
performance in Chap. 11, development of particular types of controller
will be reviewed. Here it will suffice to consider the nature of the transfer
functions of two important controller types, the integral and derivative
error controllers, and to indicate how their incorporation in a system
modifies the error equation. Finally, at the end of this section, the
nature and effect of energy storage elements and procedures for solution
of the higher-order equations that occur will be reviewed. In Sec. 11.8,
we shall find that the integral type oj controller has been developed as a
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means for compensating for the steady-state errors of a servo system.
The transfer function of such a controller is given by Eq. (55).

[1

n _k,s+n‘C(s) =ko+; =ko l+=s – s ~
c(s) = ~ (55)

where k~ and n are constants that indicate the amount of proportional
and integral control, respectively. To determine the effect of an integral
controller on the error equation of the system, let us start with the basic
error equation, as given by Eq. (52). For purposes of simplification,
let it be assumed that the disturbing torque 2’0(s) = O and that

as in our earlier illustrations. Then

JS2 + jS
~(5’) = Js, + jS + C(s) 0,(s).

Substituting for C(s) as given by Eq. (55), there results

E(s) =
JS2 + fs

kos + n O’(s)
Js2+js+—

s

(Js + j)S2——
JS3 + jsz + kos + n

e,(s).

(56)

(57)

The incorporation of an integral controller in the system raises thr
degree of the characteristic equation by 1. The error transfer function
is now of the third order rather than of the second order, as in the case
of a proportional or Type 1 servo system.

Another important type of controller is the derivative error controller,

to be considered in more detail in Sec. 11.4. It is important as a device
either for increasing the stability of a system or for reduction of its
transient error. The transfer function of an ideal derivative controller,
involving proportional, first derivative, and second derivative control is
given by

c’(s) = ~ = k, + k,s + kzsz. (58)

Its effect on the error equation of a system is indicated by substituting
this function for C(s) in l?q. (56).

JS2 + ,fS
-y 0,(s)‘(s) = J# +jS + (k, + k,s + k’s )

JS2 + ,fs——
(J + k,)sz + (j + 1,,)s + 1:,,

e,(s), (59)
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The incorporation of this type of controller does not alter the degree 01
the characteristic equation at all but merely changes the value of the
coefficients. Solution of the error equation may therefore be carried out
by the same procedures as already described.

Let us consider now the effect of components that are commonly
referred to as energy-storage units, or units responsible for response lags
in the system. The effect of such units is to add factors of the form
1/ (As + B) or I/s(As + B) to the feedback transfer function.

An example of an energy storage unit is the field control circuit of a d-c motor,
in which inductance and resistance in series may sometimes be encountered. Let
us suppose that the instantaneous motor torque 1is proportional to the instantane-
ous field current, the proportionality constant being represented by km. The
equations of the motor can then be written

T.(t) = k~if(t),

di,(t)
e(t) = L ~ + Ri,(t),

)
(60)

where e(t) is the applied voltage, i,(t) the field current, and T.(t) the resultant
torque. Written as transfer functions, Eq. (60) becomes

~/(~) _ 1
e(s)- Ls + R“

so

T<(s) = k

I, (s) ““

T.(s) km

e(s) = Ls + R“

(61)

(62)

Another ewwnple is provided by the smoothing network of Fig. 9.9a, Its
differential equation is

Ri(t) + ~
/

i(t) dt = e,(t),

so

(R+k)Z(s) =e,(s),

,vhere ei(t) is the applied voltage md i(t) the current.

I(s) . ___ . &l.

e,(s)
R+~s

1It should be borne in mind that the instantaneous torque referred to here can be
measured directly at motor output only when the motor velocity has been brought to
zero by an opposing torque. At motor speeds greater than zero the measured torque
will decrease as speed increases. This decrease in torque, as shown in the familiar
torque-speed curves, can, however, be regarded as due to a counter torque associated
with viscous friction. For discussion of this problem, see Sec. 13.2.
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But

co(t) = ~
/

i dt,

therefore

[SEC.9.8

eO(.s) 1
I(s) = Es”

Then,

e.(s) _ e.(s) 1(.s) Cs 1 1—— ..—
e;(s) – 1(s) e,(s) RCS + 1 C’s = RCS +—1”

(63)

The transfer functions of physical networks incorporated as part of derivative
or integral controllers are likely
storage elements in addition to

R

e,(f) i(f)> c
0

((, )

to contain factors indicative of such energy
the function that one desires to synthesize.

3
PC’

R2
e,(t) R, %(t)

(b)

FIG. 9,9.—(a) “Smoothing,” or low-pass network; (b) “ phase-lead” network.

Thus, one common type of network used as part of a derivative controller
(intended to provide proportional and first derivative terms) is that shown in
Fig. 99b. Its transfer function is given by

e2(s) R, 1 + R,CN
e,(s) = R, R,C, -;

R’+%+ RL+R2.

It is thus of the form

e2(s) l+TN
= k, ~+—TX,

cl(s)

(64)

(65)

where k~, T,, T* are constants.
The transfer function for an ideal derivative controller is, however, of the form

C(s) = ko(l + Ts).

The factor 1/(1 + T,s) in Eq. (65) thus represents the extent to which a passive
network fails to meet the requirements of an ideal derivative controller.

Finally, it will be recalled that the mechanical load of a servo system involving
inertia and viscous friction has a transfer function of this same form and is written

l%(s) 1
z(sj = S(JS + j)

I

r

I

As these examples indicate, factors of the type in question may occur
at various points throughout the servo system. The effect, when several
such factors are present, will be to increase the degree of the character-



SEC.9+1 .WlLii7’[ON 01” 7’1114 1)11’l:b;l{EN 7’IA1, 1$<>1‘A TIOAr 25’7

.
istlc equation of the feedback and error tmnsfer functions. An example
is provided by the system represented in the block diagram of Fig. 9.10.
The transfer functions and conversion consttints for the various units are
given in the diagram. The feedback tmnsfer function is obtained readily
through multiplication of the component transfer functions.

KG(s) = ‘E =q:j;+jf~:’+R)” (66)

Hence, the error transfer function is given by

E(s) 1 S(JS +j)(Ls + R)
m) = ‘---1 + KG(S) = S(JS + j)@ + R) + k,k.krn”

(67)

To proceed with the formal procedure outlined earlier for solution of the
error equation, the expressions in numerator and denominator would be
multiplied out to give polynomials. The term @i(s) would be transferred
to the right side, and some standard input function such as 1/s or 1/s?

Error Motor
detector Potentiometer Ampllfler C—’—) Load

e,(s)
ku

~

JS2+JS

1

Error Error Ampl!fmr Field Motor
in radbans in volts voltage . current torque

HIQ.9.10.—Block diagram of system containing two energy-stomgc elements.

substituted for it. The characteristic equation, which would now be of

degree three, would be solved for its roots, and so on. The point of

special interest here is that the characteristic equation would be of degree

three. lf more energy storage units \vere present, the order would be

still higher. As is well known, solution of algebraic equations of degree

three and higher is somewhat more difficult, the degree of difficulty
tending to increase disproportionally with the degree of the equation.
It is the necessity of solving for the roots of such higher-degree algebraic
equations that makes it laborious to carry to completion the transient
solution of the error equation of higher-order functions. The solution
is carried through in exactly the same way already outlined for the
second-order transfer function. To solve the higher-degree equation
for its roots, a number of methods are available such as Graeffe’s root-
squarmg method, Uaraan’s me Lllod, and synthetic division used in
conjunction with graphical methods. The reader can find these metkds
and others described in standard algebraic and engineering texts. 1

I Representative references are: E. Smith, Automatic Control Engineering, McGraw-
Hillj New York, 1944, pp. 24&252; R. S. Burington, Handbook of Mathematical Tables
and Formulas, Handbook Publishers, Sarrdusky, Ohio, 1941; M. Merriman and R. S.
Woudward, Higher Mathematics, Wiley, New York, 18S6: R. 1?. Doherty and E. (;.
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Where one finds it necessary only occasionally to solve higher-degree
equations, it will probably be found easiest to rely on a comparatively
simple method such as synthetic division rather than to go to the labor
of learning the more complex methods.

At best, however, such solutions are laborious, and it is found that
the transient solutions even when obtained ,are not so useful for design
purposes as might be expected on the basis of treatment of servo systems
with second-order transfer functions. Attempts have consequently
been made, on the one hand, to develop methods that avoid or reduce
the labor involved in solution of higher-degree algebraic equations and
that will, on the other hand, fit in more directly with problems of design.
Some of the methods concerned primarily with the first problem are
considered in the following section. Methods intended to bypass the
difficulties associated with the transient solution as well as to facilitate
design are represented by the frequency approach to be considered in
the next chapter.

9.9. Short-cut Methods and Part Solutions of System Equation.—
The previous section has described procedures for determining the com-
plete response of a servo system to applied excitation functions. Thk
response may be formulated in terms of either the output or the error as a
function of time, but either form can be readily converted into the other.
The nature of the response will be given by an analytic expression that will
include both transient and steady-state terms. The transient terms are
those which approach zero as tapproaches infinity, and the steady-state
terms those which remain constant as tapproaches infinity. From the
analytic representation of the complete response or from the correspond-
ing graphs, one can answer any questions that may be raised concerning
special features of the response.

Problems arise, however, in which it is not necessary to have complete
details concerning all features of the response. One may, for example,
need to know only whether or not a particular type of time function, such
as an oscillatory phenomenon, is present or whether the transients are
substantially over in a certain time interval. The question arises,

Keller, Mathematics of Modem Engineering, Vol. I, Wiley, New York, 1936; L. E.
Dickson, First Course in Theory oj Equations, Wiley, New York, 1922; J. B. Scar-
borough, Numerical Mathematical Analyses, The Johns Hopkins Press, Baltimore,
1930; E. T. Whittaker and G. Robinson, The Culculws of Observation.s, Blackie, Glas-
gow, 1929, pp. 10G118; and T. von Karman and M. A. Biot, Mathematiml Methods
in Engineering, McGraw-Hill, New York, 1940. Papers bearing particularly on the
determination of complex roots are those of S. Liu, ‘( Method of Successive Approxima-
tions for Evaluating the Real and Complex Roots of Higher Order Polynomials, ”
Jour. Math. and Physics, 20, No. 3, August 1941; and H. S. Sharp, “Comparison of
Methods for Evaluating the Complex Roots of Quartic Equations,” Jwm. Math.
and Physics, 20, No. 3, August 1941.
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therefore, whether or not such limited items of information can be obtained
by less laborious procedures than those described, i.e., can we obtain
special types of information without bothering to obtain the rest. In
the present section are collected a number of methods that have such
limited objectives. In certain problems they may be capable of giving
us all the information that we require; in others they may help by giving
us a relatively quick estimate of certain features of the response as a
preliminary to the carrying through of the complete solution. The
following topics will be considered: (1) determination of steady-state
response, (2) inferences from roots of the characteristic equation, (3)
inferences from coefficients of the characteristic equation, and (4) graph-
ical methods and higher-degree equations.

Determination of Steady-state Error s.—Since the steady-state errors
represent important performance properties, it is often of interest to be
able to determine their magnitude without the necessity of obtaining
the complete solution. This result may be achieved through application
of one of the special theorems of T,aplace transform theory, the final
value theorem. It states that

lim F(t) = lim sF(s).
t+ m s-o

It is applicable when the function F(s) has no poles on the ju axis or in
the right half plane. 1

In applying this theorem to determination of steady-state errors,
one starts with the error equation of a given system and substitutes th(,
appropriate function for da(s) such as K/s if the displacement error is to
be determined, N/sz if the velocity error, and so on. (Here K and N
are constants that represent the magnitude of a step function and the
slope of a ramp function respectively. ) At this point, one merely multi-
plies E(s) by s and evaluates the limit of sE(s) as s -+ O. The procedure
is illustrated below for the error equation of a proportional servo system.
Tt is assumed that the wtocity error is to he determined; hence @i (s) is
taken as N/s2.

JS2 + jS

‘(s) = JS2 + jS + k,,
e, (s)

(.Js + j)N

= S(JS2 + j-s + k;)”
(Js + j)N

lim E(t) = lim —
t+ca S+o (.1s’ + js + k“)

,Js2 + jS N——
JS2 + js + k, z-

=;N

(68)

(69)

(70)

1Gardner and Barnes, Transients in l,inmr Systems, Vo!. 1, Wiley, New York,
1942, p, 265.
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the so-called “ velocity error constant. ” If, the displacement steady-

sta~e error is wanted, K/s is substituted for 01(s) and it is found that

-,. (J.s + f)K
M(s) = ..’: ‘.”’. , .,

(Js’ + Js + A-”)

and

lim E(t) =
i,+ m

proportional servo system with an inertia-Hence, in the case of the .

viscous friction load, the steady-state displacement error is zero, and

the velocity lag error is N/k,, or the slope of the input velocity function
divided by the velocity error constant.

It is of interest to compare the procedure involved in application of
the final val~le theorem and that involved in evaluation of the steady-
state term when one obtains the complete solution. Let us review the

steps carried out in finding the complete solution of Eq. (69).

(Js + j)N
~+

B c

‘(s) = S(JS2 + jS + k“) = S —+—
S+S2 s + S3’

(71)

where A, B, and C represent constants that are still to be determineti
and –s, and – SSare the roots of the quadratic factor in the charactev
istic function. It ]~ill be recalled that a term such as A IS, corresponcfin~
to a first-order pole at the origin, has the constant .4 as its inverse transf-
orm. If the remaining terms do not have poles on the jo axis or in the
right half plane, then A will be the value of the steady-state error.

Poles on the j~ axis would indicate a sinusoid of constant amplit~lde;

poles in the right half-plane, a time function (either oscillatory or cxpt)-

nential) of progressively increasing magnitude. First-orch’r poles in thr

left half plane, however, signify decreasing exponent i:ds or dtimpcti

oscillations, which will tend to zero as t -s m. Conscqllcntly, if the real

part of roots – SZ and —sS are negative, this latter sitllat,i(]n holds, tind

the second and third terms in Eq. (71) can be neglected, since they gi~-c
rise in the time solution to transient terms, The stead.v-stjatr error is
thus given by A. If .4 is evalliated by the procedure des(,rilwd in Sec.
98, it is found that

[
A=s

(,/s + j)N

1s(Js2 + js + k[]) ,,-0
(72)

k~

We thus find, by comparison of Eq. (72) ~vith Eq, (70), that the prcxml~lr~,
prescribed for evaluating the constant ,4 in a partial fr:action expansion
is identical with that called for b,v thr final Yal\Ir theorf, m, T{rnrc
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application of the theorem is equivalent to carrying out the inverse
transformation of the error equation and discarding all terms in the partial
fraction expansion other than those with a first-order pole at s = O.

Inferences ~rom Roots of Characteristic Equalion.—In obtaining the
complete solution of the error equation, one essential step, as a pre-
liminary to the partial fraction expansion, was determination of the
roots of the characteristic equation. These roots were then represented
in the d&ominators of the various partial fraction terms [see Eq. (31)]
and subsequently determined the form of the time functions that appear
upon carrying out the inverse transformation. It is thus evident that
the nature of the roots will determine the form of the various terms in
the time solution. Hence, if one is interested only in the form of the
time solution it is not necessary to carry out all the steps that would be
required for the complete solution.

The specific correlations that hold between the character of the roots
and the time functions are probably most clearly exhibited by diagrams
such as those of Table 9. lb, which shows the relation of the poles of the
function and the corresponding time function. Specification of the
location of a pole is equivalent to plotting a root of the characteristic
equation in the complex plane. Wherever a complex root occurs, there
is also a conjugate root, and hence poles not on the real axis occur in
conjugate pairs,

The chief relations that hold between the position of the poles and
the form of the time functions may be summarized as follows:

1. Consider first how the time function changes as the poles move
from the right to left side of the complex plane. Poles in the right
half plane indicate an unstable system, signifying time functions
that grow progressively in magnitude; poles on the imaginary axis
signify steady-state functions, a constant if the pole is at the
origin and a sinusoid of constant amplitude if the poles are on both
sides of the real axis; poles in the left half-plane signify transient
terms, decreasing exponentially with time. If the poles are
paired, lying above and below the real axis, the time function is a
sinusoid with an exponential envelope. If the pole lies on the real
axis, the time function is simply an exponential (the carrier sinusoid
may perhaps be regarded here as of zero frequency). The dis-
tance of the pole from the imaginary axis corresponds to the rate
of decrease or increase of the time function, i.e., to the slope of the
exponential—the greater the distance the greater the slope. In
the special case in which the poles lie on the imaginary axis, the
real part of the root is zero, and consequently the slope of the
exponential curve or envelope is zero.
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2. Consider second how the time function changes as a pair of poles,
corresponding to conjugate complex roots, moves closer and closer
to the real axis. The imaginary part of the root, represented
graphically by the distance of the poles from the real axis, is equal
to the angular frequency of the sinusoid. Therefore, as this
distance decreases, the frequency of the oscillation decreases
progressively to zero.

The relations just summarized all relate to first-order poles, corre-
sponding to any gi~-en root occurring singly. Similar relations, corrc-

.~ponding to higher-order POleS,may be readily derived by inspection Of
a suitable table of transform pairs. It \vill be found helpful to visualize

or construct a graphical plot of the poles while verbally formulating thr

relationships.

Inferences jrom the Co f’j)icicnts oj the characteristic ~quatio?L.—If thf>

characteristic equation is of the third or fourth degree or greater, deter-
mination of the roots is laborious as already pointed out. Hence efforts
have been made to find clues to the nature of the time response at a still
earlier stage in the process of solution. With respect to the stability of
the system (unstable systems being represented by time functions of
increasing magnit~lde), Routh found SIIC1lan index in the relations bet}veen
the signs and magnitudes of the coefficients of the characteristic equation.
one necessary condition for stability is that, all the terms in the equation
be of like sign, Even if this condition is met, houwver, the system may
still be unstable. To determine the supplementary conditions required

for stability, a determinant must be set up based on the relative mag-

nitudes and signs of the coefficients. A clear description of the method.

with examples, may be found in Gardner and Barnes. llouth’s criterion

rests ultimately on the same basis as that of using the roots of the

characteristic equation, since the character of the roots depends on the rela-

tions existing between the coefficients of the original equation. Rela-
tions of this sort will be familiar to the reader acquainted Ivith the theory

of equations.

Graphical Methods and Higher-degree Equations .—Frequent reference
has been made above to the difficulty involved in solving system equa-
tions with higher-degree characteristic equations. This circumstance
has led to attempts to develop easier methods for determining the nature
of the transient response. A way out has been sought through the usc
of graphical procedures based on the use of relational parameters anti
nondimensional response curves. Tv-o different though related typw
of approach may be distinguished: (1) the development, of special charts
I“or finding the roots of specifit’ ~’quations of higher degrmij an(] (2) :1
general procedure of factoring an algebraic mlllation t~f :lny (lcgrcf, gr(~:it,~,
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than the second into a series of factors of first or second degree. Both
approaches represent extensions of the nondimensional methods described
in Sec. 9.8, originally developed by Draper, Brownj and their students.

The first approach has been followed by Weiss, Liu, and Evans’
through the provision of special charts for determining the roots of
third- and fourth-degree equations. Weiss’ charts, for finding the roots
of the cubic equation, are based on the writing of the cubic in the form

ps + 2r&p* + U;p + Al& = o, (73)

with p representing the variable and the other terms specially defined
relational parameters. Llu and Evans also developed cubic charts, but
on the basis of the cubic written in terms of a different set of parameters.
They represent the cubic as the product of a linear and quadratic factor,
as in Eq. (74), and define their parameters u.* and {g as the undamped
natural period and the damping ratio, respectively, of tk.e quadratic
factor.2 The factor ~ is selected so that – .&o.g represents the single
real root of the cubic.

(p + &L%*)(p2 + 2(4%.4P + d,) = O. (74)

The merit of this choice of relational parameters lies in the fact that the
nondimensional response curves already developed for the quadratic
(see Sec. 98) can now be used in determining the characteristics of the
oscillatory component of the cubic, t The parameters ~, and u. of Weiss’
equation do not, on the contrary, represent a damping ratio and undamped
natural frequency but are defined simply in terms of the coefficients of
the original cubic equation. In Brown’s opinion, Liu’s charts have

1H, K. Weiss, “ Constant Speed Control Theory,” Jour. Aero, Sci,, 6, No, 4,
February 1939; Y, J. Liu, Servomechanisms: Charts for Verifyr!ng Their Stabdity and for
Finding the Roots of Their Third and Fourth Degree C’,$aracteristic Equations, privately
printed by Department of Electrical Engineering, Massachusetts Institute of
Technology, 1941 ; L. W. Evans, Solution of the Cubic Equation and the Cubic Charts,
privately printed by Department of Electrical Engineering, Massachr.setts Institute
of Technology, 1941. A stability chart for the cubic, based on Liu’s chart, may also
be found in E. S, Smith, op. cit., p. 242.

2 For comments on these two procedures for developing cubic charts, see G. S.
Brown, Transient Behavior and Design of &rW071LeCha?tiS?r1S,privately printed by
M.1.T., Department of Mectrical Engineering, 1941 and 1943, pp. 30-f7.;and G, S.
Brown, and A. C. Hall, Dymmic Behauior and Design of Servomechanisms, preprint
ASME meetings, November 1945, p. 18.

JThe possibility of dealing with the cubic in this way follows from the simple
inference that a cubic must contain at least one real root. Since a third-degree equa-
tion must have three roots, and since complex roots always occur in conjugate pairs,
one of the three roots must of necessity be real. It is the one represented in the linear
factor (p + .@n,). The other two roots may be either real or complex depending on
the value of -!W The question of which they are is left open by incorporating these
two roots as the roots of a quadratic.
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proved somewhat more useful in servo-system analvsis than have the
charts of Weiss.

Liu’s charts for obtaining the roots of the fourth-degree equation are
based on the procedure of factoring the fourth-degree polynomial into
two quadratic factors, each of which may have two roots }~hirh can be
real or complex. This method of factoring is shown in Eq. (7.5), taken
from Liu.

(x’ + Z$-Iti,,x + (0:,)(x’ + 2(,U,,X + u;,) = 0, (75)

where A = the independent variable,

(l = the damping ratio of component (or factor) I,
~z = the damping ratio of component (or factor) 2,

u,, = the natural frequency of component 1,
u,, = the natural frequency of component 2.

The treatment of the quartic thus follows along the same lines as that
developed for the cubic. Since there are four roots, they may be regarded
as grouped in pairs as the roots of two quadratics. The parameters (,
a damping ratio, and u,, a natural frequency, have the same significance
as indicated in the discussion of the second-degree characteristic equation.

The second approach mentioned above represents an extension of
Liu’s method of factoring third- and fourth-degree equations. A poly-
nomial of any order is represented as the product of a series of quadratics
if the polynomial is of even order. There is an additional linear factor
if the order is odd. The reason for this is exactly the same as that given
for the presence of a linear factor in the case of a cubic equation. In
analytical form, the factoring of a higher-degree equation in this way
is shown by Eq, (75), based on Brown and Hall. 1

~“ + bp”–1 + Cpn–z+ . . .

= (P2 + ‘xd%ap + 02) (p’ + %bunbp + d,) (p + a). (75)

As explained by Brown and Hall:2

Each quadratic factor contributes to a mode of oscillation in the solution
bating damping ratios ~., f,, ~., and undamped natural frequency cu.., d.,, un,,
and so on. ~hen by the principle of linear superposition the servomechanism
response is the sum of the responsesattributed to the specific modes a, b, c, etc.
Thus for each component of tbe error response the duration of the transient is
given qualitatively by reference to the types of solution given , . . for simple
quadratics, and the magnitude can often be approximated from the observation
that the higher the magnitude of the root the smaller the coefficient of the time
solution involving that root.

1For further discussion of this method of treating higher degree characteristic
equations, see Brown and Hall, op. cit., p. 22.

z Ibid., p. 22.
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9.10. Summary .-l’he present chapter has introduced the general sub-
ject of the theoretical study of servomechanisms. The three basic ques-
tions in servo theory are: (1) how does the system perform; (2) how does
its performance compare with specifications; and (3) if it fails to meet
specifications, how can it be modhied so that it will do so. Preliminary
concepts and methods discussed have included: transformation and
operational methods, particularly the Laplace transform methods; trans-
fer functions; generalized block diagrams; and standard forms of input
functions. The setting up and the solving of system equations have been
treated, together with short cut methods of value both in obtaining
complete solutions rapidly and in obtaining partial solutions which answer
specific questions (e.g., stability). The emphasis of the present chapter
has been on transient solutions.

The next two chapters will consider the steady-state frequency analy-
:is approach, evaluation and correction of system performance, and a
number of special problems such as nonlinearity and change of gain.



CHAPTER 10

SERVO THEORY: FREQUENCY ANALYSIS

BY G. L. KREEZER

10.1. Introduction.-A second approach to the analysis and design
of servo systems is based on the steady-state response of the system to
sinusoidal inputs. This method of analysis has two chief merits com-
pared with the transient method: (1) It is less laborious to apply when
the system becomes relatively complicated and the degree of the char-
acteristic equation exceeds two or three, and (2) it lends itself more
directly to the development of design procedures for improving the sys-
tem. The method depends essentially on the construction and inter-
pretation of graphs representing the steady-state response of the system
to sinusoidal inputs covering an appropriate frequency range. This
method will consequently be referred to as the frequency approach.

The steady-state response to a sinusoidal input of any particular
frequency will be a sinusoid of the same frequency but generally differing
in amplitude and phase. Hence the response at a given frequency can
be completely defined by giving its amplitude and phase relative to

that of the input signal. These relations can be concisely represented

symbolically. 1

If .9Jt) = A~ cos (tit + @J = Re(A@$’e@) and

then the relation of oo(t) to %(t) at any particular frequency u can be

completely specified by means of the ratio P(ju) of the rotating vectors

used to represent them. The symbol “ Re” designates the real part of
the complex number or function.

(1)

The value of this ratio, which may be designated as the transfer ratio,
is thus a complex number with A./Ai constituting the modulus or abso-
lute value and (oO – @ the phase angle. Like any complex number, it
can be regarded as represented by a vector drawn from the origin of the

1The method of representation follows closely that of Hall. The terminology
here cliffers from Hall, however, in that the term “servo system transfer function” is
not limited to the feedback transfer function,

266
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complex planv. ~Uternatively, i~ call h; slwcificd I)y giving its real and
imaginary parts. ‘1’hc modulus A ./.4i gives the ratio of output to input
amplitude, and (o,, – d,) gives the magnitude of phase difference between
output and input. A negative sign will indicate that .9. lags behind 0,,
and a positive sign that it leads. Now if u is allowed to take on a range
of different values, we obtain a specific amplitude ratio and a specific
phase difference for each value of u. The set of values of the amplitude
ratio corresponding to different values of u may bc designated as the
anzplitwiel or gain junction, and the set of values for the phase as the
phase junction. The amplitude and phase functions together constitute
the jrequency response of the system. These two frequency-response
functions can be plotted as graphs in a number of different ways which
will be described below.

Any such graphical representation may be regarded as a means. for
representing the characteristics of the system, and the ensuing inter-
pretation of the graphs a procedure for determining performance or
response characteristics. The steps involved in thus determining system
performance by the frequency approach consist in (1) determination of
irequency-response data for the system, (2) plotting the data by one or
more of the available methods, and (3) interpretation of the graphs to
give performance characteristics of the system. Each of these steps will
be considered in turn in the following sections. A final section will
summarize the kind of operations that may be performed on the various
types of frequency diagram.

In the section on preliminary concepts, three different kinds of transfer
function have been defined: the feedback transfer function @O(S)/E(S),
the output transfer function oo(s)/19i(s), and the error transfer function
E(s) /6;(s), As already pointed out, the last two functions are uniquely
determined if the feedback transfer function is known. Although the
different ways of plotting frequency-response curves might formally be
used for any one of the three types of transfer function, the frequency
approach relates principally to the feedback transfer function. Unless
otherwise specified, the sections to follow will relate to it. Some use is
also made of the output-transfer function as a basis for the development of
certain principles of interpretation. The error transfer function, which
plays so prominent a role in the transient analysis, is not used at all in
Lhefrequency method.

10.2. Determination of Frequency-response Data.-Since the applica-
tion of the frequency approach is based on the use of graphs of the
frequency response of the system, the first need is to obtain the data

I This use of the term amplitude, in accordance with conventional a-c terminology,
should not be confused with the occsaional use of amplitude in mathematics to desig-
nate the argument or phase angle of a complex number.
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corresponding to the amplitude and phase functions, ,i number 0! alter-
native methods are available. In case the feedback transfer function O(
the system is known analytically, the amplitude and p}~asr f’l]ncti{)ns ran
be computed from the transfer function. A second computatitmal pro-
cedure has been described by Bode (SCCt)rlo~~), ~vhich permits either ttw
phase or amplitude function to be comput,ed frurn t}w otllcr functi(m.
Finally, if the physical system is available, the nccrssary (Iata m:~y IN
obtained empirically.

Computation from the Transjer Function. —From the definition given
of the transfer function, it follows that for a known tr:msfcr f’~lnctifm
and any given input functionr the value of the output rrsp(msc may 1XL
computed. Thus we may assume the input to be a sinusoidal \vave and
represent it by the appropriate operational expression (as given, for
example, by transform pairs b or c of Tab]e 9.11), compute the stetidy-
state part of the output response, and thus determine the amplitllde and
phase relations of output to input. It turns out that the same result can
be obtained more easily by starting with the transfer function of the
system KG(s), substituting jw for .s to give the frequency transfer
function KG(ju), and finally substituting an appropriate range of specific
values for the angular frequency u, to obtain the amplitude and phase
functions. At any particular value of w, the transfer function will be a
complex number that can be specified in terms of either its modulus and
phase angle or its real and imaginary parts. The set of values of ampli-
tude and phase thus determined provides the necessary data for plotting
amplitude and phase functions.

The relation of this procedure to the concepts of complex function
theory is of interest. The function KG(s) is a function of the complex
variable s. The nature of the function can be examined by means of
corresponding plots on two complex planes, on the complex s-plane to
show a given set of values of s and on the complex KG(s) -plane to show
the corresponding values of KG(s). If it is assumed that .s takes on the
series of values extending from —j cc to +j ~, this set of points is repre-
sented in the s plane by the jo, or imaginary axis. The KG(jw) function
defines the corresponding set of values in the KG(s) plane. When
plotted, the resultant curve constitutes the conformal map of the jU
line on the KG(s) plane. As will be apparent later, this conformal plot
is identical with the transfer locus, which plays an important part in the
analysis of feedback systems by means of the frequency approach.

Phase Function and Amplitude Function Computed jrom Each O.!her.—

Bode, in his discussion of design procedures for feedback amplifiers,
has emphasized the fact that in a minimal phase system the amplitude
and phase functions are not independent. When one is specified, the
other is thereby determined. Mathematical investigations bearing on
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this relationship had been made by a number of previous workers, though
in different contexts.’ Bode has also worked out procedures to facilitate
computation of the one function when the other is given or when only
parts of each function are given for clifferent parts of the frequency range.
These methods are of special value in cases in which a physical system
has been set up but the feedback transfer function is not known ana-
lytically. In such cases the amplitude function may usually be deter-
mined quite readily by direct measurement, but empirical measurement
of the phase response is often difficult. Bode’s methods make it possible
to dispense with physical measurement of the phase response and to
compute it from the amplitude function. For a description of these
methods, Bode should be consulted.z The reciprocal dependence of the
two functions has also been utilized by Bode to develop criteria of basic
import ante in the design of feedback amplifiers. s These same criteria
are also relevant in the design of servo systems, since servo systems
are exact analogues of feedback amplifiers,

Empirical Determination of Frequency-response Data.—It is also pos-

sible to obtain the data corresponding to amplitude- and phase-frequency
functions by means of direct physical measurement. If a sinusoidal
oscillation of constant amplitude is introduced at the input of the servo
system, then within a relatively short interval, steady-state conditions
may be assumed to be operative and all points of the system will show
sinusoidal oscillations of the same frequency but possibly differing in
amplitude and phase from each other. If the amplitude and phase of
this oscillation for the error E(t) and the output O.(t)are measured by
appropriate experimental methods, 4 the amplitude ratio and phase
difference can be computed, the amplitude and phase of the error being
taken as reference. If the input signal is made to vary in frequency
from zero through an appropriate frequency range, the amplitude and
phase relations can be determined as a function of frequency.

If it is experimentally possible to measure the output response and
error response directly, then it does not matter in theory whether the
feedback loop is open or closed. For although the properties of the
oscillation at a given point will differ for these two conditions, the pro-
cedure of measurement assures our obtaining the ratio of the vectors
representing fle(t) and E(t). This ratio must always be the same for a

] See, e.g., Y. W. Lee, “Synthesis of Electric Networks by Fourier Transformation
of Laguerre’s Functions,” Jour. Math. and Ph@ca, 11, S3-1 13, June 1932.

~H. W. Bode, Network Analyaia and Feedback Ampli&r Dem”gn, Van Nostrand,
New York, 1945, pp. 303-359; see also Sec. 10.3 of this volume.

3 H. W. Bode, op. ~“t., pp. 451+SS; “Relations between Attenuation and Phsse in
Feedback Amplifier Design,” Bell Sy.sfem Tech. Jour., 19, 421-454, July 1940; U.S.
Patent 2123178, July 12, 1938.

~See Chap. 13.



given l’rcqucncy, silit’c it rl(pt,n~l~{)IIIY 011IIlt, lmr:lll](,ti,rs 0[ tll(: lMr( ,)1”
the system lying between the “ error point” and tII(’ ‘( output point’”
(see Fig. 9.3). One must be sure, holveve:, that the cmor, defined m
Oi(t) – flo(t), is actually being measured, for in many systems this quw-
tity may not be accessible to physical measurement but must IN infenwl
from measurements made at some adjacent point of th~ system. In such
instances, if the amplitude and phase of the error function rannot br
computed by a mathematical relation, it may ho ncccssary to makv
measurements with the feedback loop open at a convenient point. Then
the vector ratio of the a-c signal at the cnd of the loop to the signal fe(l
in at the beginning of the loop ~~ill correspond to the desired ratio
60(jo)/E(&) at the given value of ~ (except for a possible rc~,crsal of
sign), 1 If the signal is act~lally fed in at the 0, point ancf measllred at
the 190point, then the 80/8i ratio trill be identical \vith the Ooif] ratio,
since with loop open or broken, the error and inp~lt sinllsoids are the
same. For in this instance,

E(t) = e,(f) – O.(() = e,(t) – o. (2)

In some systems, ho\vever, opening the loop may make measurements
difficult due to system instability occasioned by removal of the corrective
influence of the negative feedback link. Ikperimcntal techniqlles an(l
precautions necessary for actually mwwlring :implitll(lc an(l phaw
relationships are considered in Chap. 13.

10.3. Graphical Plots of the Frequency Response.—The utilization of
the frequency method of analysis hinges on the fact that important per-
formance properties of the system can be determined from graphs of the
frequency functions. In the present section different ways of plotting
these functions are described. The interpretation of the graphs in
terms of performance properties will follo~v in the next section. .is a
preliminary to the methods described below, it is assumed that the valur
of the complex number representing the transfer ratio of outp~lt to inp{lt
has been obtained for an appropriate range of values of u.

Transfer-locus Plot in the Complex P!arlC’.—For any given value of u,
a point may be plotted in the complex plane for each pair of values
specifying the value of the complex number representing 19~(ju)/A’(jti).
The real and imaginary parts may be used to find the point or the modulus
and phase angle, as polar coordinates. The line connecting all of these
points, for various values of O, is designated as the tr-ansjer- locus (follo\ving
Hall’s terminology) or the Nyguist diagram. At representative points
along the locus, the value of u may be specified to indicate the corre-

1In making such measurements, it is, of course, necessary that impedance rela-
tions not be allowed to change when the loop is broken and an a-c source and measur-
ing instruments inserted at the place where the loop is hrokrn. See Chap. 13.
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spondencc of different rc~ions of the locus with the frequency scale. The
vector draum from the origin to any point on the locus represents the
transfer ratio of output to input at
that freqllency. An example of thk
type of graph is shown in Fig. 101.
Reference to Sec. 10.2 trill show that
the transfer locus is identical with the
ronformal mapping on the complex
fI.(s)/E(s) plane of the line s = jw.

Decibel vs. Log Frequency Dia-

f~ra?ns. I—If the frequency-response
data corresponding to a set of values
of w is given in terms of the modulus
\o,,(jw)l/l E(jo)\ and the phase lag ~,
then the relation of these quantities
to frequency may be shown by plot-
ting two separate curves in rectangu-

C -270”
‘g c
. .
: “

KGljuJ) plane

-1s0”=1+,0 Real 0“
axts

FIG. 10.1.—Graphical determination of
system and error transfer functions.

lar~oordinates, the modulus, or g~in, in decibels against logarithm of the
frequency and the phase against loganthrr, of the frequency. In some
cases it is satisfactory to plot the two curves on separate grids; in other

I

FIG. 102.-Nyquist’s stability cliterion as applied in decihcls vs. log frequency method of
plotting feedback transfer function.

cases, when the relationship between the two is of paramount interest,
as in the application of the NTyquist criterion, then it is more useful to

1.1 reference to the liternturc dealing with frequenc~--response curves or decibel
VS. log frequency diagrams rrmy be confusing at times, since a considerable variety of
terms l}MY be used to refer to the curve showing the dependence of the absolute value
of transfer ratio on frequency, This is due to the variety of terms that can be applied
to this nmgnitadr. .lrnong the terms that have been used are amplitude response,
gain, attenuation, and decibel. .41though these terms all refer to the same transfer
ratio, they may mprcsent ]t in different units or with different signs.
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plot them on the same grid. In such cases, for reasons that will be
apparent in Sec. 10.4, it is helpful to let the z-axis represent both the
O-db level and a phase lag of 180°. An example of such a plot is given
in Fig, 10.2. In this figure, the two separate scales for gain and phase
are indicated along the y-axis.

It is of interest to note that this type of graph really represents a
plot of the logarithm of the transfer ratio against the logarithm of u,
in the form of two separate curves. For if

(3)

\vhere R(u) represents the modulus, expressed as a function of u, and
d(u) specifies the phase angle as a function of O, then, taking the natural
logarithm of each side,

(4)

We thus have a new complex function in which the in R(u) is the real
part and j~(co) is the imaginary part. Each part may be plotted sepa-
rately against the logarithm of O. It has been customary to plot R in
decibels (which amounts to a plot of 20 loglo R), and u as logl, u. Plot-
ting R and w in these units rather than in terms of the natural logarithms
given by Eq. (4) amounts merely to a change in the size of the scale
units used in the graph and does not alter the logarithmic relationships
between the variables.

Decibel vs. Log Frequency Diagrams: Approximate Curves.—In place
of the exact decibel log u curves, approximate curves can be used that
represent the data with sufficient accuracy and have certain special
advantages. 1 These advantages include elimination of laborious com-
putation, the provision of valuable indices of system accuracy, and the
direct graphical representation of the time constants of the dynamic
units of the system.

For purposes of illustration, let us again use the transfer function of
the proportional servo system, with a load member involving inertia
and viscous friction, as given by Eq. (5). It is convenient here to sub-

1 Descriptions of or references to this approximation method of plotting decibel
log o diagrams have been given by E. B. Ferrell, “ The Ser\.o Problem as a Transmis-
sion Problem,” Proc. IRE, 33, 763-767, November 194.5; L, A. hlcColl, Fundamental
Theory oj Servomechanisms, Van Nostrand, New York, 1945, pp. 4548; A-. B. Nichols,
see following reference; D. P. Campbell, “A Discussion of the Db-log Frequency
Methods of Analysis and Synthesis of Automatic Control System Behavior, ” based on
lecture by N. B. Nichols, Massachusetts Institute of Technology, Dec. 21, 1945;
H. Lauer, R. Lesnick, and L. E. Matson, Servomechanism Fundamenfuls, Chap. 9,
McGraw-Hill, New York, 1947. See also Vol. 25, Radiation J.ahoratory Series.
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stitute predimensional parameters k, and 2’ for the physical parameters
to give the transfer function in the form of Eq. (6) [see Eq. (44), sec. 9.8].

Substituting & for s to give the frequency transfer function, we obtain

(7)

In deterrnhing the form of the gain curve of this function, we need con-
sider only the frequency-depen-
dent portion

G(jw) = m%:+1) ‘-To - j)”
(8)

The constant gain factor k. can
have the effect only of changing

the position of the whole curve

relative to the O-db axis but cannot

change its shape. Adjustment of

the position of the curve corre-
sponding to the magnitude of k“

can therefore be made later, after
the plot of G(ju) has been obtained.

An approximate plot of G(ju)
in terms of the decibel log u
scheme can now be made very
simply. 1 The steps involved in

(d
FIG. 10.3.—Gain in decibels vs. log

frequency plot of KG(jw), This may be
taken as a plot of G(ju) if the gaia constant
k or k. is unity (O db), in which case uo = 1
radian per second.

plo~t~ng the gain &rve, lG(@) ldbare:2 (1) plot the point corresponding
to a gain of 3 db plus lG(jo) \dbat u = 1/ T;3 (2) to the left of this Point,
draw a straight line with a slope of – 6 db per octave; (3) to the right

of the point, draw another straight line with a slope of — 12 db per octave.

1In making such plots either log-log paper or semilog paper may be used depend-
ing on whether gain is plotted in units of decibels or in terms of absolute ratio. It is
often helpful to use log-log paper and show the gain scale in terms of both the absolute
ratio lG(@) I and decibels. Then one may read off the gain or plot it in either type of
unit.

2 The procedure for plotting the phase curve is given at the end of this section,
following complete discussion of the gain curve.

aNote somewhat easier procedure for plotting low-frequency w,ymptote proposed
later in this section,
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This curve constitutes our approximation to the gain fllncticm of Eq. (8).
It will be referred to as an asymptotic decibel log u plot, since the straight
lines are asymptotes to the exact curve. Figure 10.3 can be regarded as
showing the results of this procedure if the constants K and ko shown in
the figure are understood to equal 1.

What is the justification for the above procedure? In approximating
the true curve in this way, four assumptions are involved: (1) that the

FIG. 10.4.—Computation of modulus
and phase angle of G@).

straight line of —6 db per octave slope
can be used to represent the gain curve
for values of u << 1/T, (2) that the line
of —12 db slope can be used to represent
the curve for a >> 1/T, (3) that their
intersection will occur at u = 1/2’, and
(4) that the errors of approximation are
sufficiently small at all points to be con-
sidered negligible. The maximum
value of this error will be 3 db, and it
will occur at u = l/T.

Justification for these assumptions
can be obtained quite readily from a

consideration of Eq. (8). From this equation, let us-find the value of the
modulus lG(ju) Iand the argument or phase function o(ju). By means of
the conventional procedure for finding the value of the modulus and phase
angle of a complex number, we find (see Fig. 10.4)

@(ju) = – 180° + tan-’ &

—— – 180° + (90° – tan–l
– –90° – tan-’ Tw.—

Writing Eq. (9) in terms of decibels, we obtain

(9)

To)

(lo)

—— –20 log u – 20 log v“~. (11)

we may now obtain approximate expressions for the gain lG(jo) Idb in
the two regions in which we are interested.

1, The decibel gain curve as u approaches zero: When ti << I,/T,
TO <<1, and T2U2 <<1. Therefore

~=1,
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and Eq. (11) becomes
lG(@) l,, = – 20 log CO. (12)

ThiS equation represents \G(@) Idb as a linear function of log u; hence
a plot of it against log ~ will be a straight line, What will be the slope
of this straight line in relation to u? Let us designate as ua some value
of ~ in the region of the curve for which Eq. (12) is valid and compute
from Eq. (12) the value of [G(ju) Idb at co = uC, Ztia, 4coC,and so on. The
results are shown in Table 10.1.

TABLE 10.1
Cd lG(jiJ)/d,

–20 log u.
2: –2010g u. – 6db
4wa –20 log u. – 12 db

For each octave increase in U, the gain line falls by 6 db. This result
confirms the assumption made concerning the low-frequency end of the
curve.

2. The decibel gain curve for u>> 1/T: When u >> 1/!!’, Z’u >>1, and
T%’ >> 1. Therefore,

~l”u’ + 1 = ~1%’ = 1’..

Hence, if Ta is substituted for w’”1 in Eq. (9),

lG(iJ)l = ~~)~

and
[G(jw) ld, = –20 log u – 20 log Tco. (13)

lG(ju) Idb is here, too, a linear function of log a, since each of the two
terms on the right-hand side are linear functions of log co. Therefore
the decibel curve for u >> 1/2’ will also be a straight line. To find its
slope relative to u, let @b represent a VtdUe of u >> 1/T, and compute
the decibel gain for Ub, Ztib, and so on, by substitution for u in Eq. (13).
The results are given in Table 10”2.

TABLE 102
lG(j@)]dh,-_!!___

w ( –20 log w – 20 log T@J
2W ( –20 log u’ – 20 log TQ,) – 40 log 2

= ( –20 log u, – 20 log T(w) – 12db
4W,, ( –20 ]OKu,, – 20 log Tw,,) – 24 db

Thus for every oct~vt; incrc:wc in u, tlw gain cwrlr Ialls hy 12 db.
A somewhat simpler IJIIMXXIUIW thau tlmt gi\tm :Lbovc n~ay be pro-

posed for plotting \G(@) Id, in the interval O < a < l/T, on the basis of
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the value of w at which the gain line intersects the O-db axis. The equa-
tion of this line, as given by Eq. (12) is

IWW) Idb = – 20 log W. (12)

At the point of intersection with the O-db axis,

lWW) k = 0,
0 = –Zo log to,

log w = o,

Therefore
U=l.

Hence, this line may be plotted by drawing a straight line of – 6 db per
octave slope through the point on the O-db axis corresponding to u = 1.
Then, the point on this line whose abscissa is w = 1/2’ is used as the
initial point of the line drawn in the next interval, with a slope of – 12 db
per octave, given by Eq. (13). These two lines constitute our plot of the
asymptotic gain characteristic for Eq. (8).

3. Where will the two straight lines intersect? The fact that the
two lines will intersect at w = 1/2’ is shown most easily by substituting
~ = l/T in the equation for each line, Eqs. (12) and (13). In both
cases,

lG(iw) l,, = – 20 log ;.

Hence the lines must intersect at w = l/T,
4. What will be the errors of approximation involved in the use of

the asymptotic curves in place of the true curve? Equations for the
errors in the low and high regions of the w scale are readily computed.
For low u, let us subtract the value of gain given by the exact equation
(11) from that given by the approximate equation (12). A positive sign
for the error will indicate that the approximate curve lies above the
exact curve at that point. The symbol c stands for the error of the
approximation.

Cbw. = –20 log /-. (14)

Similarly for u > 1/T, we use Eqs. (11) and (13). Then

tt.uhu = –20 log Tw + 20 log V“~l. (15)

Table 10.3 shows the value of the error computed for various values of O,
The table shows that the error is greatest at the point of intersection of
the asymptotes, at o = I/T, but even here it is relatively small, equal
to only 3 db. As u varies by octave steps f~om the point of intersection,
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the errors become quite negligible. Figure 10.3 shows the relation of
the exact and approximate curves, drawn on the basis of these data.

The simple procedure just described for making an approximate plot
of the feedback transfer function given by Eq. (6) may now be extended
to transfer functions of any oTder and for cases where factors are present
in numerator as well as denominator. The steps involved are as follows:

1. The feedback transfer function, if given in terms of physical param-
eters, is rewritten in terms of the relational parameters k“ and time
constants Tl, Tz, . . . , Tk, . . . , Tn. The various factors are

TABLE 103.-ERRoR (c) m lG(@) Idb

0.3db

l.odb

3.Odb

... ,,.

. . . . . .

3.Odb

l.Odb

0.3db

arranged in sequence to correspond to progressively decreasing time
const~nts, as ‘T,, T,, . . . , T;, . . . , T-. The form of the
resultant transfer function, for the general case, is given by Eq. (16). 1
The symbol T~ is used to represent any time constant, whether it
appears in numerator or denominator, and T- the smallest time
constant.

e.(s)
— = KG(s)
E(s)

kv(T2s + 1)(T4s + 1) c “ “
‘s(TN+ 1)(T3s+ 1) “ “ . (TM+ 1) . “ - (Tns+ 1)

. (16)

The equation as written does not imply a like number of factors in
numerator and denominator. Factors containing s may, in fact,
be entirely absent from the numerator, as in cases where the
system does not contain phase advance components.

2. Through substitution of @ for s, the frequency feedback transfer
function is obtained, as in Eq. (17).

1The factors in this equation are here represented in the fOrm (Tti + 1) instead Of

()
1

‘+n since the form given first leads readily to the approximations for various

!uctors derived later in this section.
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3.

In this equation, only the frequency dependent part of the function,
G(ju), is given, for reasons indicated earlier. Hence k. is not

shown on the right side of the equation.
The approximate expression for the gain transfer function lG(jw) I
can now be written as shown in Column 2 of Table 104. The
symbol j~(j,o) \is used to represent the approximate gain function.
Table 10.4 shows that l~(ju) I differs for different intervals on the
co axis. The location of these intervals is determined by the
location, on the u axis, of the reciprocals of the various time con-

TABLE104.-APPROXIMATEG.41~FUNCTIOMFORHICHEB-OR~ERTRANSFER
Fu,NcTIoNs

(joTz + l)(juT, + 1)
G@”) = ~w@T, + l)(juT, +—ij’.-~~u~+--+ 1) (jm7. + 1)

la(lW)I
Ifi(,ti)ldb

Slope of

Approx. gain function l~kldb
1

– 20 log m – 6 dh[uctave
:
11

I
–2o log a — 20 log MT,

; m, I
– 12 dh/oct&vt’

: +, (. T,) 1- 20 Iogw – 2010g wT, + 2010gu T, —6 dh/.ctavc

* J- (.2’,) -& –2010Rw – 2010g uT, + 2010EuT, – 12 dh/rxtave
: UT,

● — 20 log .#T,

* a equals nurnher of factorn in numerator, and b equalfinumber of factorn in rlcn.mi”ntor of IK.-(Wj.I

4.

stants. In each succeeding interval an additional factor is present
in the function. The process of approximation consists in sub-
stituting co for the j~ term, u Tk for each factor of the form
(juTk + 1) where uT, >1, and substituting 1 for each factor
where o Tk < 1. T~ here signifies any time constant. The same
type of substitution is made for factors in numerator or denomi-
nator. The justification for this procedure will be given below.
The appra:imate gain function is written in decibel form as shown
in Column 3 of Table 10.4. The procedure consists simply in
taking 20 log,, 1~(ju) 1. Thus, for any given interval
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The sign is plus for terms in the-numerator of la (ju) ] and minus
for terms in the denominator of lG(jco)1.

5. @’(jti) ld~ can now be plotted by an extension of the procedure
already described for the proportional system. The straight line
for the interval O < u < 1/T, is plotted in exactly the same way
as before, by drawing a straight line of slope —6 db/octave through
the point (1,0) and locating on the line the point corresponding to
u = l/Tl. The next linear section of the curve starts from this
point and runs to w = l/TZ, and so on for each succeeding interval.
The slope of the curve in each interval depends on the number of
terms present in the approximate gain function l~(ja) I in that
interval. The line has a slope of 6 db octave for each term (of the
form a or (uT) present in the approximate gain function. The sign
for the S1OPCcontributed I)y each term corresponds to the sign
of the logarithmic term. Thus for Eq. (19), the slope of the
curve in the interval l/Ts < w < = will be ( – 6 – 6 + 6 – 6)
db/octave, or – 12 db/octave, as indicated by Eq. (20),

(J(jw) = .- (juT2 + 1)

~u(juT, + l)(juTs + 1)’
(19)

@(jw)l,. = – 20 log u – 20 log oT, + 20 log uT, – 20 log u7’,;

6. Finally, the whole gain curve is displaced upward by an interval
equal to ku, in decibels. 1

Some of the steps given above require further elaboration or proof.
Let us consider them in the order listed.

The initial step of writing the feedback transfer function in the form
shown in Eq. (16) (\vith the time-constant set of parameters) has already
been considered for a system with one time-constant factor (the propor-
tional servo system of Sec. 9.8 [Eq. (9.44)]. Let us see how the procedure
is carried out in the more general case. For illustrative purposes, it is
sufficient to consider a system with one additional time delay factor such
as that represented by Eq. (21) below, previously designated as Eq. 9.66
(Sec. 9.8). The additional delay factor here is provided by the induct-
ance-resistance field control circuit of a d-c motor. The transfer func-
tion for the system in terms of physical parameters is

(21)

LA review of the various steps outlined will indicate that once the procedure has
been understood, it can be carried out merely from inspection of Eq, (16) or (17),
since these equations contain all the information needed for making the plot, taken in
conjunction witb the rules jl~st enumerated.
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where kP, ka, and km represent sensitivity or conversion factors of poten-
tiometer, amplifier, and motor respectively. To throw the equation
into the form of Eq. (16), the isolated constant in each parenthesis is
factored out, and all constants collected in the numerator. Thus

Now if the term k, is substituted for the combination of constant terms
in the numerator, TL for J/f, and T~ for L/R, the equation will be in the
required form, as shown in Eq. (23).

KG(s) =
k.

S(TLS + l)(!f’ms + 1)” (23)

As defined here, k. merely signifies the aggregation of constants repre-
senting the gain when the transfer function has been manipulated to
put it in the form of Eq. (22). What this aggregation includes will
depend, of course, on the number and nature of the energy storage
components. But it can be shown that k., if obtained in this way, will
have the dimensions of l/see and that it can be regarded as the velocity
error constant of the total system (see Sec. 10.4). It cannot be defined
in terms of a specific group of physical parameters that is the same for
all systems but depends on a group of physical parameters distributed
throughout the entire system, in the manner illustrated by the present
example.

We may now consider the basis for the procedure proposed in Step 3
for approzimuting temns in the gain junction lG(j.o) [. Equation (17) can
be rewritten as a product of a series of separate factors.

Therefore

1. . .
ju!l’. + 1

. (24)

In passing from Eq. (24) to Eq. (25) we have merely determined the
absolute value of a complex function G(ju) by multiplying the absolute
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values of a series of component complex functions. Thus, at any value
of w, G(jco) as well as all the separate factors on the right-hand side are
complex numbers. Hence, the absolute value of G will equal the product
of the absolute values of all the components. It may be helpful here to
think in terms of the familiar conception of a complex number
vector, with the absolute value being ~ual to ita length. Then

lG(jo)l = ~&2+ ~ #(uTz)2 + 1 “ o s 1
<(d’,)’ + 1

. . .
<(UT:)’ + 1“

asa

(26)

Now, if for any term of the form ~(uZ’~)2 + 1, w << l/T~, then uT, <<1,

(uTJ2 <<1, and ti(ul’’~)’ + 1 = 1. Thus 1 can be used to approximate
the term ~(tiTJ2 + 1. This approximation is even closer for all terms
of this form still later in the series of terms in Eq. (26), since the terms
were arranged in order of decreasing time constants. That is,

T&>Tb+l>Tt+Z”--,
therefore

uTk > uT.k+l > @Tk+z “ “ “ ,
or

uTk+z < u?’k+l < #Tk << ~. (27)

NOW, if at the same time it is assumed that ~ >> l/ Tk_], then UT,-.., >>1,
(uT,_,)’ >>1, and

ti(UTM)2 + 1 = V- = wT,-,.

This same type of approximation will hold for all earlier terms of this
form in the series, since

Hence Eq.

. . . T’.a > l“k_z > Tk_l
. . . UTk-8 > uTk-z > wTk_l >> 1.

(26) can be written approximately as

for ~/Tk-, << u << l/Th.
This same approximation may be assumed for the interval

1 1
Tk-, ‘u<~k’

as well as for the interval l/Tk–l << w << l/Tk though it cannot be
expected to be as good at the extremes of the interval. The magnitude
of the errors involved in the approximation is considered below. The
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f~w (IN! :Il)])l”ilxilllatif)l]s forresult reprcscntwl I),y I!kl. (28) is l, IN:IMslh

lG(ju) \ given in Column 2 of Table 104.

A graphical, and perhaps simpler, basis for passing from the terms of

Eq. (25) to those of Eq. (28) is provided if we think of each of the terms
of the form (j~~k + 1) as a vector. For then the length of the vector

can be regarded as approximated by the length of its longer component

if the two components differ markedly in length, as illustrated in Fig.

10.5, On this basis we may skip the algebraic procedure of deriving

ll+j@l’@M,
forUJTk>>l

ll+@Tkl=l
forwTk<<1

FIO. 10,5.—Vector diagrams illustrating approximation of a vector by ita longer component.

the approximation and pass directly from the terms represented in
Eq. (25) to those in Eq. (28). For where

@Tk >> 1, ljuTk + l! = COT,;
and where

wTk << 1, l~@Tk + li = 1.

Let us now determine whether or not we can provide a measure of the
error-s of approximation involved in representing a transfer function of
any number of factors by means of an asymptotic plot. This is probably
done most simply by determining the error involved at any frequency
u., due to any given factor in the transfer function. For in constructing
the asymptotic plot there has been an approximation made for every
factor in the gain function. Hence the total error of approximation will
equal the sum of the errors due to each factor present. We shall find
that the magnitude of the error due to a given factor, of the form
1/ (juTk + 1) or (juT~ + 1), will depend on the ratio of the frequent y U.
to the reciprocal of the time constant of the term considered; i.e., the error
will depend on ua/(1/T~) or d’k. The sign of the error will depend on
whether (jwTk + 1) appears in the numerator or denominator of the

transfer function. The error e in decibels is computed by the obvious

procedure of determining the difference between the approximate expres-
sion for the absolute value of the factor and its exact value, with each
being given in decibels. That is, at a given frequency tia, the error cor-
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responding to a term 1/ (j~~k + 1) will be

(29)

A positive error will indicate that the approximate or asymptotic curve
lies above the exact curve; a negative error, that it lies below. The
procedure for determining the actual magnitiide oferrors consists merely
in substituting appropriate expressions for the two terms in Eq. (29a)

and then calculating% for different values of oTA. Two types of cases

must beconsidemds eparately: (1) those inwhichl/Tk < u=and(2) those
in which l/Tk > ua.

1. Let us consider first the cases in which 1/ TA < LO,i.e., 1 < ~~’k.
In such cases,

~~T~ +-1 .~wt= & +—1’

and

therefore

cd. = 20 log +Tj – 20 log —
1

<(0?’,)’ + 1
(30)

. –20 log coTk + 20 log d(d’~)’ + 1. (31)

We can now compute the c corresponding to different values of ~T; or

ol’~. The results are given in Table 10.5.1 They were obtained by
substitution of the specified value of COT~in I@. (31) and use of a table
of common logarithms.

2. We may consider now the second type of case, that in which
l/T~ > a, i.e., 1 > uTk. In such cases,

1 1

~@TA + 1 e.~t = v’(uIT~)’ + 1
as before, and

14..... =1;
therefore

qb=zologl–~log
~(~TI)2 + 1

(32)

= O + 20 log ~(wT,)Z + 1. (33)

I ,~he table p~eviOu~ly given (Table 10.3) for the simple case of a trausfer fUnCtiO1l

containing a singletimeconstrmt factor cnn be considereda special case of the present

table, as will be apparent froma comparison of the entries in the two tables.
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The results obtained for various values of uTk are shown in the right
half of Table 105. It will be noted that the table shows a logarithmic
symmetry in that the error (except for an altogether negligible difference
in two items) is the same for any given value of @Tk and its reciprocal.

TABLE1O.5.—EREOROF APPROXIMATION● DUE TO .4NYTERM l/(jJT~ + 1) IN
TRANSFER FUNCTIONS G(ju)*

u
-y=a?’kzl += uTk 5 1

wTb
1
2
3
4
5

I

t, db wTt
+3.00
+1.00 :
+0.46 i
+0.26 i
+017 *

e, db
+3.00
+1.00
+0.45
+0. 25
+0.17

● when the factor in (i@l’& + 1) instead of l/(ju?’i + 1), the sign given for the error c ia revemed.
A pmitive error indicatea that the approximate curve lien above exact curve.

The results of Table 10.5 hold for factors of the form l/(juT, + 1).
By running through the various steps with (jwZ’b+ 1) substituted for
its reciprocal, it will be observed that the same results will be obtained,
but with a change of sign. This reversal of sign will occur in going
from Eq. (30) to (31) and from (32) to (33). Hence for cases with
(j~Z’~+1) appearing in the numerator instead of denominator, the
entries of Table 10.5 can still be used if the sign is reversed.

In applying the results given in Table 10,5 to a given transfer func-
tion, one need only determine the values of u Tk for each time constant
T~ appearing in the transfer function, obtain the corresponding error of
approximation from the table, and add up all these errors to give the
total error. It is apparent from the table that as @Tk becomes greater
than 2 or less than ~, owing to the increasing interval between u and
1/ T~, the error due to a given term becomes negligible. The ratio of u
to any given 1/ Tk can often be obtained most readily from inspection
of an asymptotic plot on which the various 1/T values have been indL
cated along the co-axis as a preparation for drawing in the asymptotic
gain curve.

One further point that may require comment is the statement in
Step 5 concerning the slope of thedecibel gain curve. It was stated that
each term in the approximate gain function [~(jti) \contributes 6 db per
octave to the slope of the decibel curve in that interval (see Table 10.4).
This result may, perhaps, be inferred from Table 104 and the procedure
used in determining the slope of the lines in the gain function of the
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proportional servo. It may be desirable, however, to demonstrate this
relationship explicitly for the general case. Let the approximate gain
function be given by Eq. (34). We may then determine the gain in
decibels at two points W. and 21.oS,an octave apart. The differences in
gain at these two points is 6 db for each term of the form u or uZ’ in the
gain function ~(jo), the sign being positive for terms in the numerator
and negative for terms in the denominator. Consequently, the slope of
the line joining the points will be 6 db per octave for each term, with the
same rule for the sign as just mentioned.

@(j@)l=:&T2” “ “&k” . ., (34)

l~(jw)ldb = –2010gu – 2olog@T, +2010g @T, . . . –2010guz’, .0. ;

at u = ~c:

\c(j&l)ldb= –20 log tic – 20 log d’, + 20 log 0.2’2 –

. . . –mlogd’k+... ;
at w = !&:

p(ju)l., = – 20 log ?@O– 20 log 2ua!r, + 20 log 20.2’, –
. . . – 20 log 2weT~ . . .

=–2010g ~a-!2010guaTl +20 logUaTZ...–~log@aTk...
–2010g2- 2010g2+2010g 2-20 log2.

Difference in gain at WCand 2uC:

Difference = @(j@2a) Idb – lG(@a) Id.

—— –2010g2- 2010g2+2010g 2-20 log2
=–6db–6db+6db–6db.

There is thus a &db difference for each term, the sign being positive for
factors in the numerator and negative for factors in the denominator.
It will be noted in Table 10.4 that as we proceed to each succeeding
interval, one additional term is added to the gain function, and hence the
slope in the new interval changes by 6 db per octave, plus or minus,
relative to the slope of the previous interval.

The discussion up to this point has dealt wholly with the procedures
for obtaining an approximate plot of the gain junction. It is necessary
to indicak a procedure for plotting the plumefunction. as well. The data
for the phase function might be obtained, of course, by the straight-
forward substitution of different values of w in the transfer function as
described in Sec. 10.2. But if the transfer function contains many factons
in numerator or denominator or is of high order, the procedure is laborious.
The techniques utilized above of writing the transfer function in terms
of relational parameters Tl, T2, . , etc., and of regarding separate
factom as vectors turn out here too to be useful. Equation (35) gives
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the general expression for the feedback transfer function used previously.
Only the frequency dependent part is considered, since the phase of
any constant gain factor will be zero. The component factors are \vritten
separately to indicate that each is to bethought of as a separate function.
Each is a complex function and maybe represented at any given u as a
vector.

The phase of G(jti) can be readily obtained from that of the component
factors if we apply the rule that the phase of the product of a series of
vectors (or complex numbers) is equal to the sum of the phase angles of
the separate factors. To obtain the phase angle of the factors containing
complex functions in the denominator, we may apply the rule that the
phase angle of the quotient of two complex numbers is the phase angle
of the numerator term minus the phase angle of the denominator. (h
we may regard numerator and denominator as written in exponential
form and simply take the dhlerence of the exponents. The phase angle
of any term such as (jUTk + 1) will be tan–l tiTk and of ju will be 7r/2.
Hence the expression for the phase angle o(jo) of (l(ju) can be written
by inspection of Eq. (35) as given by Eq. (36).

djw) = – ~ – b-’ QTI + tan-’ WTZ – tan–’ w7’3 – . . “

– tan–l uT~ – . . . . (36)

Every term in Eq. (35) of the form (J’uTk + 1) contributes an angle
equal to tan–’ uTh to the phase angle. The sign of this contribution is
positive if the term occurs in the numerator and negative if it occurs in
the denominator. Equation (36) holds for the entire range of values
of u. However, the contribution of any term in Eq. (36) to the Lotal
phase angle, for a given value of CO,will depend on the size of the time
constant of that term relative to the larger time constants occurring
earlier in the series.

To compute the phase angle 1#1for any value of W, it is necessary only
to know the relative magnitudes of the time constants Tl, TZ, . . . , and
to substitute the given value of w in Eq. (36). To illustrate, suppose
that the function G(ju) contained only the first four factors shown in
Eq. (35). Then the phase angle is given by

Suppose

+(~u) = – ~ – tan-’ wTI + tan-’ WTZ – tan-l UTS. (37)

it is specified that Tt = ~ T, and Ti = +T,. Then

@(j@) = – ~ – tan-’ UZ’I + tan-] ~ – tan-l fl~’.
UT,

(38)
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‘l’able 10,6 shmvs the value of the angles corresponding to the successive
terms in Eq. (38), as determined from a table of natural tangents.

‘r.+BLE 106.-COMPUTATION OF PHASE ANGLE.

I I

I I

o 0 – 90° —— – 90°

-90” – 11° + 6° – 2° = –97°

1
I

*
2T, 1

–90” – 27° + 14” – 6° = –109°

1
E

1 –90° – 45° +27° – 11° = –119°

2
E

2 –90° – 64° + 45° – 22” = –131°

3
T,

3 –90° + 72” + 56° – 31° = –137”

5
,,1, 5

–90° – 79° + 78° – 45° = –146°

etc.

Reference has already been made (Sec. 10.2) to the formulas and
charts developed by Bode for determining the imaginary component
from the real component of a network function and conversely. These
proced~lres are relevant here, since the natural logarithm of a transfer

function, when expressed in exponential form, gives the logarithmic gain

function as the real part and the phase function as the imaginary part
:~s sho\~n by F,q. (~). If the gain function is transformed to a loss or

:Ittenuation function, then it will be in the form reqllirecl for Bode’s

formulas. It sho\Ild be noted that the charts are especially designed to

permit, determination of the imaginary component from the real com-

ponent irhen the real component is approximated by a series of straight
lines, as is the case in the construction of the asymptotic gain curves
discussed above. Bode’s book should be consulted for a description of
the charts and their use. 1

In order to complete the method given above for rapid plotting of
frequency gain functions, reference should be made to a procedure for
dealing with quadratic jactors. Thus a quadratic factor will occur in
the denominator of a feedback transfer function if an elastance as well
as inertial and dissipative types of component are involved in a given
energy storage unit. This quadratic factor may, of course, then contain

I H. Hode, .Yetwork Analysis and Feedback A mpltjiw Design, ~-an >-ostrand,
New l-ork, 194,5, chap. 15, “ Graphical Computation of Relations between Real and
Im~ginary Components of Xetwork Functions, pp. 337-359.
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complex roots, a situation that it was not necessary to take into account
in dealing with the linear factors so far considered. A mechanical
example of a physical unit giving rise to a quadratic factor is the load
member of a servo system containing inertia, viscous friction, and
mechanical elastance. An electrical analogue is a single mesh containing
inductance, resistance, and capacitance in series, as shown in Fig. 10.6.

This electrical example will be used here

1
for purposes of illustration, since the

q(.) c ,.(s} dimensional status of combinations of the
* familiar electrical parameters will be more

Fm. 10.6.—Electrical circuit giving immediately obvious.
rise to quadratic factor.

To indicate a method for dealing with

such quadratic factors, let us determine the frequency-transfer function of
this electrical unit and then determine what procedures can be used in
makhg a rapid plot of its decibel gain curve. The transfer function of
the network is readily shown to be

P(s) = *; =
1

LCsg + RCS + 1“
(39)

It is convenient to rewrite thk equation in terms of the relational param-
eters !f’g, and {, where

T, = ~L~ with the dimensions of aec,
and

~ = ~ ‘_, with no dimensions.
2 ~L/C

(40)

This symbol ~ is exactly equivalent to that defined in Sec. 9.8. The
only difference is that it is here expreesed in terms of electncaJ param-
eters rather than mechanical ones.

From Eq. (40) we obtain
LC = T;,
RC = 2Tq~.

Substitution in Eq. (39) gives
1

~(s) = TZ# + 2{T& + 1s

The frequency transfer function is even by
,

(41)

(42)

Let us now determine the information required for a rapid plot of the
decibel gain curve of this transfer function.
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For u << I/T., i.e., as w -0,

\P(j”)\ = ~

and
lP(jw) Id,,= o. (43)

For u>> 1/2’., or u7’, >> 1,

where the symbol l~(ju) Idl, has the meaning’( approximate gain function. ”
The slope of this high u portion of the decibel @in curve can be shown

to have a slope of – 12 db pm octave by the same procedure used pre-
viously (comparing lf~(jo) I,it,for Waand 2Ua).

Let us now determine the value of u at ~vhich the low- [Eq. (43)] and
high-frequency [Eq. (44)] asymptotes intersect.

O = –20 log U2T:;
~zT: = 1.

therefore
1(J =-.

T,

In case the gain curve has a peak, it will occur at about this value of
w The height of the gain curve above the O-db level of the low-fre-
quency asymptote is found by substituting 1/T. for u in Eq. (42). It
is thus found that

P(j~) = &, (45)

lP(jcJ)l = +; (46)

Ip(ju)l., = –20 log 2{. (47)

This equation is of interest, since it gives us a direct relation between the
value of ( and the approximate height of the peak in the frequency gain
curve. Inspection of the equation shows that for values of ~ less than
~, the decibel gain level is positive, indicating the presence of a peak.
For ~ equal to i, the gain is O db; and for r greater than i, the gain level
is negative, indicating a tapering off of the gain curve as it approaches
the high-frequency asymptote and the absence of a peak.

On the basis of the relations just reviewed, the procedure for plotting
the decibel gain function corresponding to a quadratic in the denominator
of a transfer function can be summarized as follows: (1) The point cor-
responding to u = 1/ Tg is determined on the frequency axis. (2) The
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gain level at this point, or of the resonant peak if oneexists, is given by
Eq. (47). (3) The low-frequency asymptote is given by the O-db axis;

I

the high-frequency asymptote by a line drawn through w = I/T. with
a slope of – 12 db per octave. (4) The transition betw~en the asymptotes
and the gain at w = I/TQ can be sketched in by hand; or if a more exact
determination of the decibel gain in the neighborhood of u = 1/T, is
desired, it may be obtained by computing the values of l~(jti) l,, corre.

spending to different values of u substituted in Eq. (42), or from appro-

priate charts. (See Vol. 25 of this series.)

For a quadr~tic factor appearing in the numerator of a transfer func-

tion instead of in the denominator, these same rules apply except for

a reversal of ‘the sign of the decibel gain level, This ~~ill be evident from

a review of the development givrn al)ovcl l)~lt \vith the qlladratir factor

shifted to the numerator.

A final question may be rtiised concerning the plotting procedure
. .

appropriate ~vhen :~ddltlOnal factors appear in the transfer function, as
in Eq. (48),

(4s)

where T, > Tt > Tq,

The answer to this question becomes clear if ]~e regard P(s) factored into
parts as given by Eq. (49),

F’(s) = P,(S) P2(S) =
(T,s + 1) 1

s(Tps + 1) T;sZ + 2~TaS–+i’
(49)

where Pi(s) stands for the factors involving T,, Tz, . . , T1_, and P2(s)
stands for the quadratic factor. It \villbe evident that l~,(jti) 1.,,can be
plotted by the procedures considered earlier and l~,(ju) ld~by the method
just considered. Consequently, l~(jo) Id, \rill be given by the sum of
these t~vo gain curves. Hence, if a decibel plot has been made for P,(s),

the quadratic factor is incorporated in this plot by locating on the high
a asymptote of the Pi(s) function the point corresponding to u = 1/ Tq.

To the right of thk point a line is drawn at a slope of – 12 db/octave
relative to the asymptote just to the left of this point, and the decibel
gain will correspond to that due to both the quadratic and PI(s) curves.
The result of this procedure is illustrated in Fig. 10.7 for the transfer
function of Eq. (49).

In the example just considered, the factors present in Pl(.s) are all of
the linear type. But the same principle of adding decibel gain curves
will, of course, hold even when PI(s) contains quadratic factors in addition

to the linear factors.
Decibel vs. Phase-margin Diagram .—The data represented in the

decibel vs. log frequency diagram may be plotted in a type of graph
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known as the phase-margin diagram.’ The method of plotting consists
essentially in plotting decibel gain against phase angle o in rectangular
coordinates and then relabeling the abscissa to give the phase angle in
terms of phase mar-gin rather than phase angle, The phase margin @.Win
such a diagram is defined as 180° minus the phase lag, Since the phase

P(.i(u)

\

~ -6 db perOctave

/- 12db per Octave

-6 db per Octave

I

I

I I I

I I I
1 _l_

+ ~ Tq
U*

l:l[; . lo.7. -.\sym~>t0tic q:~i{l ruvve for tyamfer funrt,ion:

r(s) =
(7’?s + 1) —>

8(~,S + l)(~,,2S2+ 2T~(s + 1)

with actual gain curve in viciuity of u = 1 IT,,

lag equa]s the negative of the phase angle,

0.,, = 180° – (–o) = 180° + @,

The above characterization of the phase-margin diagram is illustrated
in Fig. 108. We may think of the decibel gain and phase coordinates for
various values of u (e. g., uC, C06,o,, etc. ) as plotted in relation to the

coordinate axes drawn in solid lines. Then at a phase angle of – 180°

a new vertical axis is drawn (showm as a broken line) and used as the

reference for phase-margin measurements. It is obvious from inspection

of the scales along the abscissa that the phase margin will equal 180° plus

the phase angle. In plotting frequency-response data in such a diagram,

i A. Sobczyk, RL Report No. 811, 1946; and D. P. (;a,mphrll, Nichols Ierturc,
10C,cit. See also Vol. 25, Radiation I,ahoratory Serirs,
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it will, of course, not be necessary to make use of the phase reference

axis, since the phase margin can easily be obtained from the phase angle

by adding 180°. It is of interest to note the likeness of the phase-

margin diagram to the transfer locus in that both involve essentially a

plot of gain against phase. The two differ in that the one is in rectangular

coordinates whereas the other is in polar coordinates and in the use of

the decibel scale for representing gain in the phase-margin diagram.

I
I
I

.dxmfati

A, i

F1o. 10S.-Phase-margin diagram,

10.4. The Interpretation of Frequency Diagrams.—The previous
section summarizes different ways in which the frequency-response curves
can be plotted. In the present section will be considered the ways in
which these graphs may be interpreted to yield predictions of the per-
formance of the system for various excitation conditions. Such esti-
mates are not limited to input signals of periodic character. The specific
question that this section will attempt to answer is this—from any given
type of graph, what predictions can be made concerning the performance
of the system represented? The discussion will be concerned principally
with the feedback transfer function KG(jo).

Th Output Transjer Function.—In order to develop criteria for
interpretation of the transfer locus, it is helpful to consider first the
output transfer function and its relation to the transient response of the
system. From the correlations thus established, it will be possible to
proceed to the transfer locus, which represents the feedback transfer
function, and establish techniques for relating it to the transient response.
The amplitude and phase curves of @.,(j~)/Oi(j~) may simply be plotted
as two separate curves as shown in Fig. 10.9. The logarithmic plot
need not be used.

A preliminary consideration of the response curves of an ideal system
(one in which the output follows the input immediately) indicates the
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bearing of the frequent y-response curves on the transient response. In
an ideal system, the amplitude function will be equal to 1 and the phase
response equal to O for the entire frequency range from O to @.1 A

system with such response curves would give perfect following, as is
evident from Fourier integral concepts. Thus, any nonperiodic input
dkturbance can be represented by a specific continuous frequency
spectrum extending from – cc to + cc. If each of the component fre-
quencies is transmitted by the servo system without change in amplitude or
phaae (as implied by a constant amplitude response of 1), then each of the
input frequencies will reappear at the output in its original magnitude
and phase. The recombination
of these component frequencies by
means of a Fourier synthesis will,
therefore, reproduce the original
input disturbance.

No physical system is, of
course, capable of showing this
ideal response. The same con-.
cepts are, however, applicable.
The arbitrary input signal, ex-
pressed as a function of time, can
again be represented by a Fourier
spectrum. The frequency-
response curves of the total system
will indicate the extent to which

‘“’B
FIG. 109.-Amplitude and phase re-

sponse curves of output transfer function
eo(jl.l)/o, (jlJ).

each frequency component in the signal is transmitted by the system, i.e.,
the change that it undergoes in amplitude and phase. More precisely, the
frequency-amplitude curve representing the input signal multiplied by the
amplitude transfer curve of the system will give the Fourier spectrum of
the output signal. The phase function of the output might be obtained
similarly by adding the phase function of the system to the phase function
representing the input time signal. The output signal expressed as a time
function, or transient response, may again be obtained by the Fourier

synthesis of the component frequencies. These considerations indicate

that it is reasonable to expect a correlation between the properties of the
transient-response and the frequency-response curves for the total system.

By way of a practical though approximate index of the transient
response, Hall has reported the following correlation, breed on a com-
parison of frequency-response curves and transient response for the same
systems. The presence of peaks in the amplitude response is generally
associated with the occurrence of complex roots of the characteristic

1In a minimum phase system, the specification of a constant amplitude of 1 would
be sufficient to indicate a constant phaae of 0.
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equation. The height of the peak, relative to the flat, low-frequency
part of the curve, is an index of the real part of the root, tending to
increase as the magnitude of the real part decreases. The angular
frequency at which the peak occurs is an index of the imaginary part of
the root, tending to increase as the magnitude of the imaginary part
increases. Hence the frequency of the peak will be an index of the fre-
quency of the oscillatory component of the transient response, and the
height an index of its damping.’ In numerical terms, Hall states that
if the height of the peak (relative to the response at u = O) is limited
to 1*, then the damping ratio ~ will lie between 0.5 and 0.8, and the
angular frequency of the peak will equal the frequency of oscillation to
within about 20 per cent. A damping ratio of about 0.8 has been pro-
posed as a useful practical standard in the design of many systems, for
it provides for a quick transient response with relatively little overshoot. z
Limitation of the resonant peak to l+ thus provides a criterion’ that can
be used in adjusting the parameters of the system.

A possible qualitative basis for this type of correlation may exist in the rela-
tions derived in Sec. 103 between the damping ratio ~ and the form of the gain
curve of a transfer function consisting of a quadratic factor. Let us take as an
example a proportional servo system. Its feedback transfer function is

The output transfer function is found from this tn be

fwJ = KG(s) k,

&(s) 1 + KG(s) = ~~’ + jS + k,

1—
–J j

~s2+Fs+l
“ o

(50)

This equation can be written in terms of the relational parameters ~ and 7’, con-
sidered previously by setting

and

{=JKJ (nondimensional)

T, = @r (with dimensions of see).
a

I It may be helpful to refer back at this point to Sec. 9.8 on the relation of the
transient response to the real and imaginary parts of the complex roots of a quadratic
characteristic equation.

z H. Harris, “ The .lnalysis and ])mign of Servomechanisms, ” NDRC Report,
1942, p. 11, poillls out, llo~vevc.r, that although this criterion is particularly useful
in the desigu of regulators, :idditirm:l] factors must !~e ccmsiderc.d i]] the cnse of
servomechanisms.
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These parameters are exactly cquiwdcnt to those considered previously, the
only difference being that here they are defined in terms of mechanical rather than
electrical physical parameters.1 Equation (50) written in terms of the new
parameters becomes

O.(s) 1

6,(s) = T&’ + 2~T~ + 1“

It will be noted that this equation is identical with that given previously
[Eq. (41)] in discussingthe nature of the gain function plot of a quadratic factor.
Hence the conclusions derived then apply here, and the value of the gain function
at u = 1/ ‘i”~,the approximate location of the peak in the 8.(M)/@,(@) function,
will be given by

We thus find an inverse relationship between the damping ratio ~ and the height
of the peak that suggests the possibility of utilizing the height of the peak as an
index of the damping and stability of the system.

Transfer Locus. —Although graphs of the output transfer function
are useful for estimating the performance of a system, they are not so
convenient as a basis for design as are the transfer loci. Certain of the
measures of performance given for the Oo(.ju)j6i(ju) curves are therefore
used in developing criteria that may be applied to the d&)/E(@)
loci. In the design and adjustment of servo systems the goal of the
designer is to obtain a system that will be stable and will meet certain
specifications of accuracy. The following material on the interpretation

of transfer loci will therefore be considered in relation to these two

topics.

Stability .—rl’he criterion of servo-system stability utilized in the fre-

quency approach is based on Xyquist’s theoretical anaiysis of regenera-
tion in feedback amplifiers. * A servo system ~.ay be considered as
dynamically analogous to a negative feedback amplifier.’ The criterion
of stability developed for the latter may, therefore, be carried over and
applied to servo systems.

To apply this criterion it is necessary to determine whether or not the
transfer locus of KG(ju), corresponding to values of u from – m to
+ m, encircles the critical point – 1 + jO. 3 If the locus encircles the

1H. N“yquist, ‘‘ Itegeneration ‘~heory,” Bell Sgsten, Tech. Jo?,r., 11, 12>147,
January 1932.

2See A. C. Hall, Analysis and Synthesis of Lirwar Servomechanisms, Technology
Press, Mmsachusetts Institute of Technology, 1943, pp. 34j,

3Nyquist’s criterion originally formulated (op. cit ) for feedback amplifiers was
given in terms of the relation of the polar plot of the feedbe ck function @ to the point
+1 +jO. Since in terms of the symbols used here p = KG(ju) and ~ = --1, the servo
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critical point, the system represented is unstable; otherwise it is stable. ,
Figure 10.10 shows examples of loci of the two types. A and B are
stable loci; C and D, unstable loci. The loci in the figure have been
drawn only for positive values of w. The part of any locus corresponding
to negative values of u will be the mirror image in the real axis of the
part drawn, since the value of the vector KG(j~,J, for any specific fre-

quency w., will be the conjugate
.g
m of the vector KG( - .jwJ. The
? locus corresponding to negativeg KG( jti)
‘g plane values of w may therefore be
g sketched in readily.

- ‘n’”mecto decide whether or not the critical
point is enclosed. For such cases, the
following supplementary rule pro-

~ ‘osed:”yq:stis” f:p” ‘ss”:

that a straight line is drawn between
the cntlcal point – 1+~0 to any pcnnt
on the locus of the function KG(iu).

‘)
Fx~. 10.10.—Examples of transfer loci

representing stable (A and B) and unstable
(C and D) servo systems.

,“

As the frequency varies from + w to
– co, let the end of the line on the
locus trace out the locus, while the
end of the line at the critical point
remains fixed. If the final angle (net
angle) of swing of the straight line is
zero as the frequency varies from
+ co to – m, then the system is
stable; if it is different from zero, the

system is unstable.1 The unstable systems of Fig. 1010 maybe used as examples
in trying out this method. In applying the rule, a pencil laid over the graph may
be used to represent the straight line.

Special difficulties of interpretation may arise in the case of loci that
extend to co along the negative real axis such as that of B of Fig. 10.10.
In applying the Nyquist criterion to loci of this type, the part of the
locus approaching – co should be regarded as connected by a circle of

feedback transfer function would be represented as – KG(ju) and its relation to the
point +1 +jO determined. The stability criterion can, however, be just as well
formulated in tsrms of the relation of +KG(jti) to the – 1 +jO point, which is equiva-
lent to the relation of –L@ to the -!-1 +jO point. The tendency has been for the
Nyquist criterion to be used in this form. See, for example, Hall, op. cit., p. 36;
and H. W. Bode, Bell System Tech. Jour., 19, 421454, July 1940. For a discussion of
Nyquist’s criterion in relation to complex function theory, see H. W. Bode, Network

Analysis and Feedback Ampli.fwr Design, Van Nostrand, New York, 1945, pp. 137-169.
I Taken, with slight modification, from Hall, op. cit., pp. 358.
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infinite radius as shown in Fig. 10.11. The appropriateness of this
procedure becomes clear when it is noted that vectors corresponding to

1-
KG(jw ) plane

/*- --- “-oJ-%.

-t
---- ‘tu-o -H”

(a) (b)

FIO. 10.11.—Use of infinite circle in application of Nyquist’s criterion for stability.

positive frequencies (solid line) are approaching a phase angle of – 180°
as a ~ O, whereas vectors corre-
sponding to negative frequencies
are approaching a phase angle of
+ 180° as u -0. ‘1’hese phase
angles are therefore to be regarded
as 360° apart. 1

Loci such as E of Fig. 1012
have given rise to a distinction
between “absolute” stability and
‘(conditional” stability. 2 Curve
E, represents a “ conditionally”
stable system. As drawn here the
locus does not enclose the critical
point. The corresponding system
is therefore stable. If, however,
the gain of the system is increased,

to give Curve Ez as its locus, or the
gain is decreased, to give Curve E3
as its locus, then the system is no
longer stable. The term” Nyquist

A:s
Stable system

E2

Gain increased
Unstable system

--+4-
Gain dacreesad I
Unstable system

Fx~. 10.12.—Effect of variation in gain
on transfer locus of system with conditional
or ‘‘ Nyquist stability.”

stability” has also been used as a synonym for ‘‘ conditional” stability.

1See Hall, op. cit., p. 40; Brown and Hall, op. cit., p. 28; and McCO1l, Sewo-
mechanisma, \ran Nostrand, New York, 1945, pp. 28ff.

1See H, W. Bode, Bell System Tech. Jour., 19, 421454, July 1940; and Netwk
.4naly52’aand Feedback A mplifwr Deeign, pp. 162–164.
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Nyquist stability is not, in general, satisfactory in a servo system, since
changes in any of the factors that influence the over-all gain (such as loss
of tube gain with age or increase of tube gain from zero as poiver is first
applied to the amplifier) 1 may result in an unstable system.

In the adjustment of a servo system in order to provide stability,
it is evident that a system which barely passed the test of stability (e.g.,
curve S of Fig. 10.13) might not be satisfactory. Slight uncontrollable
changes in the parameters of the system, such as occur in aging, might

KG( jo )
u

Critical point

plane

FJ~. 1013,-Diagram illustratlr,g the
need for safety margins in the adjustment
of stability,

produce sufficient change in the

locus of the system to move it over

to the other side of the critical

stability point (curve [ - of Fig.

10.9). In the adjustment of such

systems, it has, thvreforej been

found desirable to provide margins

oj sajety. Bode’ has discussed the
theoretical considerations involved
in the selection of such margins in
the design of feedback amplifiers
and introduces the concepts of phase
and gain margins. 3 Ferre114in dis-
cussing the application of Bode’s
treatment to servo systems states
that a Dhase marain of bet~veen 40°

and 60° and a gain margin of 10 to 20 db constitute good design practice.
These criteria mean that at the frequency at which the gain has fallen to O
db, the phase margin should be not less than 40° to 60° (i.e., the phase lag
should not exceed 120° to 140°); when the phase lag has reached 180°,
the gain in decibels should have fallen to between – 10 and – 20 db.
Hence in the interpretation of loci, one must determine not only \vhether
or not the system represented is stable but also whether or not adequate
or standard margins of safety have been provided.

It should be noted that the principles given above relative to system

1This type of situation may lead to damage to the system due to excessive oscilla-
tions that may occur for low-gain values of the amplifier before the system becomec
stable at the higher-gain values associated with steady-state temperature of the tube
cathodes.

‘ H. W, Bode, “Relations between Attenuation and Phase m Feedback Amplifier
Design,” Bell Systim Tech. Jour., 19, 43&436, July 1940.

3The term phase margin has already been introduced, it will be recalled, in &c.
10.3, in the description given of a method for plotting decibel-phaae-margin diagrams.

4Ferrell, “The Servo Problem aa a Transmimion Problem,” Proc. IRE, 33,763-767,
November 1945.
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al)ply equally \vell h) r~gulatorri,’ tbal, is to soy, to systems

to maintain some property cot~starlt on the basis of afeedback
regulator can be regarded as a servo system in which the input

&(t) is constant. A block diagram of a d-c voltage regulator

from this point of view isgiven in Fig. 1014. Comparison of

this diagram with one used to represent a servo system (e.g., Fig. 98)
shows that there are no essential differences in the structure of the two
systems. Thedifferences consist rather inthenature of thedist~lrbances
that tend to produce variations in the output quantity e.(t). In the
voltage regulator, the origin of such variations isin the d-c voltage source
applied to the regulator tube and in the parameters of the load circuit

Comparison amplifier

and error detector

I

D-c voltage source

rather than in the input forcing function c,(t). Since the l~tter is pur-

posely kept constant, the output response co(t) tends to return to this

same value following disturbances in the voltage source or in the load.

Accuracy. -As shown above, the transfer locus provides a simple and
precise basis for inferences concerning the stability of a system. It is
much less satisfactory as a basis for estimates of accuracy. These
limitations arenot, ho\vever, inherent inthe frequency approach. As we
shall see, a shift to the decibel log frequency methods of representation
permits certain conventional estimates of servo error to be made with
considerable precision. Before going onto consider these procedures, let
us review the chief relations that have been established between transfer
loci and measures of servo error. Hall’ has pointed out an interesting
series of relations between conditions of zero steady-state error and the
shape of the locus as the angular frequency o approaches zero. These

correlations are represented in Fig. 10”15.
In sgstems with zero displacement error, the locus approaches co along

the negative imaginary axis as u approaches zero. This relationship is

shown in Fig. 10.15a. The specification of a zero displacement error
means that the steady-state value of the error will be zero if the input

I &e 8ec. 8.3 for a defiition of regulators.
2Hall, op. ant.,pp. 38-41.
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Oi(t) consists of a jized displacement, such as occllrs in the case of a step-
function input.

In systems with zero velocity error, the locus oj the ti-ansjer function

approaches cc along the negative real axis as u approaches zcTo. This rela-

tion is shown in Fig. 10.15/). The

4

specification of zero VClo(,ity error
means that the steady-state error

KG(j~ ) plane
will be zero if the input 19~(t)con-
sists of a fixed velocity, such as

-l+jO occurs for a step-velocity input.

o In systems with .zwroacceleration
error, the locus approaches w along

A the positive imaginary axis as u

.g approaches zero. This is shown in

(b)
I

(c) I
FIG. 10.15.—Transfer locus diagrams repre-

senting systems with zero steady-state errors.
(a) zero displacement error; (b) zero velocity
error; and (c) zero acceleration error.

Fig. 1015c. Specification of zero
acceleration error means that the
steady-state error will be zero for
a fixed input acceleration.

It is evident that as the order

of the zero steady-state error
increases, the axis along which the
locus approaches ~ (when a ~ O)
shifts progressively in a clockwise
direction. We might, on this
basis, readily lay down the require-
ments for zero steady-state errors
of still higher order. But systems
are seldom required to meet such
higher-order specifications, since
the input functions that occur
commonly do not tend to show
constancy in the higher-order de-
rivatives of the displacement.
Inputs approximating constant
velocities (the first derivative of
the displacement) are probably
most common.

The correlations just given are useful in comparing a proposed servo-
system with performance specifications. By noting whether or not the
low-frequency end of a given locus approaches @ along the correct
axis, one may determine the nature of corrections needed in the system
to provide a locus of the required type.

What is the reason for these correlations? To understand them, two
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facts must be considered: (1) the properties that specification of a given
steady-state error as zero imposes on the transfer function KG(s) and
(2) the nature of the behavior of the corresponding Kfl(ju) function as
U+o.

The first relationship is made concrete by considering a specific system,
such as the proportional servo of previous illustra~ions. Its error func-
tion is

JS2 + fs
‘(s) = JS2 + j_S+ k.

— 0,(s). (51a)

Suppose the system is required to have a zero displacement error. This
implies that when 6,(L) is a step function, there must he no constant terms
in the solution E(t). Substituting 1/s for Oi(s),

JS2 + js 1
E(s) = -----—

.fs’ + jS + k, ~“
(51/))

If there were no factor s in the numerator to cancel the s introduced into
the denominator by 6,(s), then, upon application of the inverse Laplacc
transformation, there would be a constant term in the equation for E(t),
corresponding to the factor s in the denominator of E(s). This follows
from transform pair (a) of Table 9 la, and (e) of Table 9. lb. The
constant term would constitute the steady-state error, since it would be
unchanged as t - ~. Hence, specification of a zero steady-state error
requires absence of s as a separate factor in the denominator of E(s).

But since an s is introduced into the denominator by Oi(s), a factor s
must be present in the numerator of the transfer function E(s)/@,(s) to
cancel it. This requirement is met in the case of Eq. (51 b) of our example,
since ans factor is available in the numerator to cancel that of the denomi-
nator. But we know that the numerator of the error transfer function
E(s)/o, (s) is identical with the denominator of the feedback-transfer
function KG(s), as will be evident from inspection of Eqs. (9.22) and (9.47)
showing derivation of E(.s)/19,(s) from KG(s). Therefore to cancel a first-
order pole introduced by O,(s) into E(s), there must be a first-order pole in
KG(s); to cancel a second-order pole, there must be a second-order pole
in KG(s); and so on.

Hence, specification of zero displacement error means that KG(s) is
of the form

(s+aJ(s+a2)(s+ a3) . ~ “
‘G’(s) = S(5’ + bl)(s + b,)(s + b3) “ “ “

Specification of zero velocity error implies KG(s) is of form

~G,(5) = ~ + al)(s + a2)(.s + a,) . .
s (8 + bl)(s + bz)(s + b,) . .–.’

(52a)

(52b)

and so on
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We arc uow ready Lo uonsicier the nature of the trausfer loci corre-
spending to Eqs. (52a) and (52b). The frequency-transfer function corre-
sponding to Eq. (52a) will be

(ju + al)(jd + a2)(jd + aJ . . .
(52c)

‘G1(J@) = ju(jm + b,) (j@ -t- b2)(ju + b,) . ~~-

What happens to the various factors as ti approaches zero? Each
of the factors of the form (ja + a) and (ju + b) are complex numbers.
The terms represented by al, az, aa, . . . , and bl, bz, bs, . , may be
real or complex. As w -+ O, ju becomes negligible relative to the other
part of the factor; therefore the & term inside each parenthesis can be
neglected, and each factor can be approximated by its root alone.

Therefore

lim KG,(ja) = “a’a’ . “ “._. (53a)
u+(I ju(blb,bs) . . .

The products alazasal .’. . and blbzbabh . . will be real, since if
any of the single roots is complex, it will be paired with a conjugate
root and the product of the two will be real. The right-hand side of
Eq. (53a) will therefore be an imaginary number that approaches – j =
as w approaches zero. Hence the function KGI (ju) will approach infinity
along the —j axis as w approaches zero.

A similar line of reasoning indicates that if a zero velocity error is
prescribed, then Oi(s) is represented by N/sz, and KG2(s) must contain an
s! term in its denominator, as shown by Eq. (52b). The corresponding

frequency-transfer function is

KG,(jw) ——

.

_(ju + al)(jw + a2) . . . (jw + G)

j%’(ju + b,)(ju + b,) . . . (jw + bit)

(ju + al)(ju + a,) . . . (ju + an)

—Uz(ja + bl)(j~ + bz) . . . (ja + b.);

(53b)

This is a real number which will lie on the negative real axis and will

approach — @ as u approaches zero. Hence the function KG,(jti) will
approach ~ along the negative real axis as u approaches zero.

We might proceed by a similar line of reasoning to sketch the behavior,
in the’ low-frequency region, of the transfer loci corresponding to zero
steady-state errors of still higher orders. The examples given above,
however, should be sufficient. It may be of interest, before leaving this
topic, to note the characteristics of the transfer function KG@) which
determine the behavior of the locus at its high-frequency end. As Hall
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points out,’ the behavior of the locus in this region depends on the order

of the transfer function. The order of the transfer function may be
defined, on the basis of the following equation, as the difference (q – p).

(54)

This equation shows the form taken by the frequency-transfer function
representing any given system, [Eq. (52c)] for large values of u. As
W~ cc , the transfer locus will approach zero from a direction determined
by the order (q – p). Thus, ii iq – p) = 2, Eq. (54) becomes

i.e., G(ju)].+ ~ + – I/u’. For large values of u, the transfer
approaches zero along the negative real axis.

If (q – p) is assumed to equal 3, Eq. (54) becomes

locus

For large values of u, G(.jti) approaches O along the + imaginary axis.
If (q – p) is assumed to equal 4, Eq. (54) becomes

For large values of ~, G(jti) approaches O along the + real axis. The
shape of the locus at the high-frequency end may thus be readily deter-
mined from the order of the transfer function.

As Hall points out, the interpretation thus indicated for different
regions of the locus permits the locus of a given system to be sketched
rapidly wit h a minimum of computation. The shape of the locus at the
high-frequency end is indicated by the order of the transfer function,
which is determined by the number of energy-storage devices in the sys-
tem. The shape at the low-frequency end is indicated by the specifica-
tions regarding the required zero steady-state error. Finally, the required
relation of the locus to the critical point ( – 1 + jO) is indicated by
Nyquist’s stability criterion.

In its ability to provide estimates of the tran.sicnt error, the frequency
approach, as represented by curves of the output transfer function or by
transfer locus plots, is again not quite satisfactory. The decibel-log a
plots here, too, turn out to be somewhat more useful. Some general
correlations have, however, been reported. It will be recalled from

I Hall, Op, ~’t., pp. 41fl.
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Sec. 98 that the magnitude of real roots of the characteristic equation of

the error function, if negative, determines the rate of decay of exponential

components of the error response and that the magnitude of the real

part of complex roots, if negative, determines the rate of decay of any

oscillatory component. In both cases, thegreater theabsolute magnitude

(of the real root, orthe real part of a complex root) themore rapid is

the decay, that is, the shorter is the transient. Halll reports, from his

comparison of transient and frequency-response curves, that the height

of the peak of the amplitude curve of the output transfer function
can be used as an index of the size of real roots and the real parts of
complex roots. He states that inorder fortheseto be large, “thepeaks
in the amplitude response function must be limited in magnitude and
occur at large frequencies. ”

The specification concerning the peaks in the amplitude function
can becarriedover to the transfer locus. A simple geometrical procedure
to be described in Sec. 10.5 permits one to determine, on the locus, the
frequency at which such a peak in the amplitude response [of fl.(j~)/O,(ju)l
will occur, The reported association between high frequency of the peak

I A. Stable system
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FIG. 10.16.—Decibe1 vs. log frequency
plots illustrating relations of gain and phase
curves in stable and unstable systems.

and short duration of the transient,
although not particularly useful in
making possible quantitative esti-
mates of the duration of the tran-
sient, will be found of value in the
design of corrective devices that
are intended to bring about an
increase in frequency of the peak
through a counter-clockwise rota-
tion of the transfer locus.

Decibel-log Frequency Diagrams.
The data represented in the feed-
back transfer function can be plot-
ted as a log-log plot in the way
already described, instead of as a
polar plot of gain against phase.
This type of plot, although bae.ed
on the same data, represents it in
a different manner and is more
useful for some purposes. As was

to be expected, we find some of the same criteria discussed in the section
above reformulated in terms of the new curves. The interpretation of
these curves is considered here, too, in relation to the topics of stizbilit~
and accuracy.

1HaU, op. cit. p. 17.
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Stability .—Figure 10.16 shows decibel-log u plots of stable and
unstable systems such as are represented in the polar plots of Fig. 10.10:
The upper curves (A) correspond to a stable system; and the lower curves
(B) to an unstable system. Nyquist’s criterion is again used but formu-
lated now in terms of the new method of representation.

It will be sufficient to formulate the criterion for an absolutely stable
system, such as those represented by Curves A and B of Fig. 10”10.1
In terms of Nyquist’s criterion, the essential requirement for the system
to be stable2 is that the gain be less than one by the time, with increasing
frequency, the phase lag reaches 180°. In our db-log u diagram of
Fig. 10.16 the gain and phase curves are plotted relative to the same axis.
The horizontal axis, for the gain curve, indicates O db. Regions below
the axis indicate gains less than
one. For the phase curve, the
horizontal axis represents a phase
lag of 180°, and regions below the
axis, phase lags greater than 180°.
If the gain and phase curves cross
the axis at the same point (as in
Fig. 10.17), it would mean that at
the frequency at which the phase
lag reached 180°, the gain was
exactly one. This condition would
correspond to a transfer locus
crossing the negative real axis at
the critical stability point – 1 + jO.

-al

-130

FI13. 10.17.—Decihel vs. log frequency
diagram of a system just at the boundary
line between stability and instabdity. Gain
and phase margins are nero.

The system would therefore be unstable. In order for the system to be
stable, the gain must be less than one at this value of the phase. Con-
sequently, Nyquist’s criterion may be formulated as follows. In an

absolutely stable system, the gain curve must cross the O-db axis at a lower

frequency than that at which the phase curve crosses the – 180° phase axis.
In the diagram, the phase crossover point must lie to the right of the
gain crossover point, as in Fig. 10.16a.

Stubdity Margins.—The rule just stated may now be reformulated
to provide the margins of safety considered in connection with transfer
!oci. Ferrell, it will be recalled, proposed as good design practice a
phase margin of 40° to 60° at the gain crossover point and a gain murgin

of 10 to Xl db at the phase crossover point. The detiltions given of gain
and phase margins are illustrated in Fig. 10.2.

LThe reader, if he so desires, should have no difficulty in formulating a similar rule
sufficiently gsneral to include conditionally stable systems, through inspection of
Fig. 10.12 and equivalent curves drawn for a decibel-log u plot.

1See, for example, H. W. Bode, BsU System Tsch. Jour., 19, 432, .July 1940.
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. lccurucy.—~eurt> ]l’ ]Ias pointed out th:LLth(, asymptotic decibel-log w
gain curve may be used to provide measures of system accuracy. His
method is important, since it makes Up for what was previously a defi-
ciency in the frequency approach. Ferrell’s derivation of the method is
given only for the proportional servo system, characterized by a second-
order transfer function. In the present discussion, a brief summary of

Ferrell’s account \vill be given first, retaining the symbols used by him to

represent measures of servo-system error. The relation of his parameters

to the time-constant set (k., T’, ~.) described in Sec. 9.8 will be pointed

out, and finally a proof will be given of the applicability of Ferrell’s

method to determination of the steady-state velocity error of systems

with higher-order transfer functions.

Ferrell’s method may be understood by reference to the asymptotic

plot of Fig, 103, which gives the curve for the loop gain I.Iof a proportional

servo system. The equation given for p, the loop gain of the system

[equivalent to our feedback transfer function KG(s)], is’

snlh
‘= S+pR+pzJ’

(55)

where S~ =

pm =

s=
R=

J=
p=

conversion constant of a potentiometer that converts inpllt
mechanical displacement to volts,
motor conversion constant, in torque units per volt,
elastance or stiffness of the motor load,
resistance of the load, regarded as including both the motor’s
internal resistance and the viscous friction of the load.
inertia of the load,
differential operator d/dt.

The equation given for the error AO is

Atl = ~. (56)
P

Here o is regarded as representing either the input 01 or the output 02,
an approximation considered justifiable by Ferrell when the loop gain ~
is assumed to be very large. On this basis, this equation can be regarded
aa merely equivalent to the definition of the loop gain, stating (after
interchanging P and AO) that the loop gain equals the output divided by
the error.

1E. B, Ferrell, “ The Servo Problem as a Transmission Problem,” Bell Telephone
Laboratories Report No. MM45-lSO-6, Jan. 27, 1945; also P/oc. IRE, 93, 763-767,
November 1945.

2This equation corresponds to l?qi (9.21), Sec. 9.3. The only dlfierencc in the
syBtems represented iE that Ferrell regards the output or load member as inc]udmg
elastance, represented by the parameter S, in addition to inertia and dissipnt,ive
parameters.
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If, now, it is assumed that the load elastance S = O and the terms
moand U1are substituted in Eq. (55), then it can be rewritten

where

and

Uoulp=
P(P + w)’

Sm/.Lm
(q= ——,

R

If this value of A is substituted in Eq. (56), we obtain

Ze + pole*O = P(P + W) ~=P

–Pe/ P2e_L— e’ +
@o wow, Uo & ‘“

(57)

(58)

Equation (58) states that the error AO may be regarded as made up of

two parts, a velocity error ( l/Qo) 0’, which is proportional to the velocity
d’ (of input or output), and an acceleration error (1/cooul) 0.”, which is
proportional to the acceleration O“ (of input or output). The propor-
tionality factor for the velocity error is l/CW and for the acceleration error
is l/uwl. Hence, if 8’ and t?” are regarded as determinable from the
input function, then these two components of the error could be computed
if the values of COOand UI or w.01 \vere known. Turning now to the
decibel gain curve (Fig. 10.3), Ferrell states that the values of the “ inter-
cept points” ~0, LII and V’OOCOIcan be determined as follows: The inter-
section of the straight line representing the low-frequency part of the
curve with the zero db axis is uo; the intersection of the second segment,
the “higher-frequency line “ is ~WOl; and the value of u at ~vhich the
two lines intersect, the “corner-frequency “j is u,. Thus if an asymptotic
gain plot is available, the proportionality factors in Eq. (58) can be
computed,

The smaller these proportionality constants the smaller will be the
total error. Hence, large values of CO,and WIUOwill correspond to small
values of the error. Consequently, the jurther toward th? high-frequency

md of the curve that thrsp intercept points occur the .wnallrr will be the

,WTVOen-or. This important correlation is the one proposed by Ferrell
for use as an index of error of the system.

It is of interest now to determine how the intercept points ti~, u,
:~nd~co~ul may be defined in terms of the relational parameters k,,, T,

:IIId w,, illtrtdueecl in %. 9,8 in ()~lrdiscussion of the transient, responst,
of a servo system. The two sets of parameters nl:iy Iw related I)v con..
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sidering how the members of each set are defined in terms of physical
or dimensional parameters, The dimensional parameters fl~pn, R, and

J used by Ferrell are equivalent to k~,j, and J, respectively, the symbols
used in Sec. 9.8. Ferrell’s intercept parameters may therefore be trans-
lated into the previously introduced relational parameters as follows:

(59)

Ferrell’s parameters aresho\vn in the first t~vo columnsof Eq. (59), and

ours in the ]ast Tlvo.~ To complete theseto frelationsb etweenthet}yo

sets of parameters, it is of interest to compute the vallle of the damping

ratio ( in terms of the intercept parameters.

A performance property of considerable importance in many instru-
ment servo systems is the steady-state velocity error. In Sec. 99, a
method \vas described for comp~lting it by means of the final value
thecrem, a p~ocedure that may be considered a short-cut variant of the
transient approach. 1,~t (Is no]v consider holv it might be determined
by the application of Ferrell’s intercept method. Consider first Ferrell’s
formulation, in Eq. (58), of the error equation for a second-order system.
If, as is necessary in computing the steady-state velocity error, the
input function is assllmed to have a constant slope, say N, then at values
of t > 0, d20/dt2 equals zero, and Eq. (58) becomes

Thus the steady-state velocity error can be found simply by determining
the value of k,, on the decibel-log codiagram and dividing it into the slope
N of the input function. Even ~~herc the decibel-log a gain cl[rve has

been plotted from empirical data rather than a knmvn feedback transfer
function, it is possible to determine graphically the asymptote to the
low-frequency end of the curve and thus determine its intersection with
the O-db axis, which will equal wo or k..

1In Fig. 10.3 it m:~v1)(,noted that the intcrccpt points are Ialx.lcd in terms of both
types of parameter, the drsignatiorr in terms of Fcrrcll’s symbols bring given above the
point and in terms of thr k., T, L,, sot of paranwtcrs hclow the point.
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The simplicity of the method suggests that it may prove an extremely
useful procedure. It is therefore natural to inquire whether or not it
can be used in the case of higher-order Iransjer functions as well as for the
second-order system discussed by Ferrell.

Let the feedback transfer function of the system be given by Eq. (60)
written in terms of the time-constant set of relational parameters. The
order of the trans er function will equal the number of factors contain-
ing a .in the denominator minus the number in numerator. Only one
factor is shown in the numerator in order to keep the expression as simple
as possible, but this does not alter the logic involved.

on the basis of the same line of reasoning followed in Sec. 10.3. At the
low-frequency end of the decibel curve, that is, for

u << l/T1 < l/Tz “ < l/T. and w << I/T=,

20(@ ~ ~ ~,
E(jco) “ @ (61)

since all terms of the form IjuT~ + 1I will approximately equal 1.
Therefore

~o(ju)

E( j(J) .},
= 20 log k. – 20 log O. (62)

Thus the first segment of the asymptotic gain curve is the same regardless
of the number of factors of the form (ju T. + 1) in either numerator or
denominator, since these all reduce to 1. Hence its intercept with the
O-db axis will be independer.t of the number of such factors in numerator
or denominator. The vall,e of this intercept is easily shown to equal kV,
by setting the left-hand side of Eq. (62) equal to O.

0=2010gkv-2010gu
20 log u = 20 log k.

u = k“.

It is necessary now to show only that l/k, is always the velocity error
constant of the system, i.e., that k“ is the constant which, when divided
into the slope of the velocity input function, gives the steady-state
velocity error. This may be done by computing the steady-state velocity
error E, in the usual way, from 00(s)/E(s). This transfer function is



e“(s)= ___.----–KG(s) = ~
k.(Tas + 1)

S(!l’,s + 1)(2’2s + 1) ‘TT:–+T”
((i3)

Applying Eq. (12) (Sec. 9.5) and substituting N/s’ for @,(s),

1

‘(s) = I + KG(s) ‘*(S)

1 N——
A-.(T.S + 1) 7’

1 + s~TTl;> 1)(TM + 1) (~.S + 13

S(Z’,S + 1)(2’?s + 1) (2’,,s + 1).V
~(s) = [S(TIS + 1)(1’,s +- lj ‘(T,,s + 1) + ku(raS + l)j,i~’

Applying the I.aplace transformation final value theorem (assuming

thtit the spcrifiration is met concerning absence of poles (m the jti axis

or in the right-half plane),

!S.S(T,.S+ 1) (7’,,s + I)<v
~;(~). =;:% [,,(~,,, +-1)-.”. “. “(7-,{s + 1)-+-k, (z’.s + 1)]s’

since all terms of the form ( ~’Lis+ 1) apJn’oiLchone.
Thus ~ve see that for the type of system represented above k. is the

velocity error constant regardless of the number of factors of the form
(2’,s + 1) contained in numerator or denominator.’ By simil:w re:~-
soning if the first factor in the denominator of hkl. (60) is (jo) 2 r:~thcr
than (j~), then k. = co’ and E(t) = (0).Y/k,. In this Cas(?j the ~elocity
error constant is zero regardless of the ~-alue of }uti.

Decibel Phase-margin Diagram.—The phase-margin diagram is

notable for the simple form that N-yquist’s criterion assumes when it is
reformulated for use with this type of diagram. Figure t018 sho~w a
family of curves representing a proportional servo system plotted for
different values of the damping ratio (. The system is that defined by
the transfer function of Eq. (21) (Sec. 97). In terms of Nyquist’s
criterion, any given curve indicates an unstable system if, as u increases,
the curve crosses the zero phase-margin axis (Y-axis) before it crosses the
O-db axis (z-axis). Any given curve is regarded as proceeding from
above downward, i.e., from low to high values of w If the curve crosses
the O-db axis before reaching the zero-phase-margin axis, its phase

1This statement should not be taken to mean that the value of k,,n ill be the samr
regardless of the number and kind of energy-storage components or phase-advance
components in the physical system. It means only that once ku has been correctly
determined for the over-all system in the way described in Sec. 103, then it can be
regarded as the velocity erwrr constant of the system.
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margin at O db can immediately be read from the graph. Or if it
is an unstable system, its phase-margin deficiency is equally directly
perceptible.

In the provision of indices of accuracy, the phase-margin diagram is
of no particular value. For this purpose the decibel-logo diagrams

described above should be used.
10+. Operations infrequency

Diagrams.—In the present section
are collected the chief operations
that may be performed on the
various types of frequency dia-
gram. These operations are uti-
lized in the design of corrective
devices for compensating for
system deficiencies. Some of
them also find a use as graphical
substitutes for computation.

Operations on Transjer Loci:

Graphical Computation of the Out-
put and Error Transfer Functions.
The operations represented “n Eqs.
(912), and (914), giving output
and error transfer functions in
terms of KG(ju), may be carried
out graphically. 1 The only re-
quirement is a plot of the transfer
locus KG(jti). Consider first the
procedure used to find the output
transfer fun c t i o n @O(jO)/fi(.ju).
Figure 10.1 shows a representative
transfer locus. with a vector drawn

FIG, 10.lS.—Phase-margin diagrams for a
proportional servo system, Different curves
differ in value of the damping ratio f. As ~
decreases, the phase margin decreases for a
given gain.

to the point C, corresponding to the frequency u,. Now

eo(ju) KG(ju)
@t(j;> = 1 + KG(ja)”

The vector representing KG(ju) is OC, since by definition, all points on
the locus represent the function KG(jco). If we add the vector 1 (repre-
sented by AO) to KG(ju), we obtain

1 + KG(jco) = AO + OC = AC.

1See H. Harris, “ The Analysis and Design of Ser\-omechanisms,” A_DRC Report,
1942, pp. 5lff.; and A. C. Hall, Analysis and S@hes?s of Lznear Servomechanisms,
Technology Press, Massachusetts Institute of Technology, 1943, pp. 3W33,for further
details.
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Therefore, IKG1/ll+ KG] = 10C1/lACl; consequently, lKG\/ll+XG\,

1+

Oo(jco)\rhich is equal to
Oi(ju)

may be found by dividing the length of OC by

the length of AC.
The phase of Oo(ju)/Oi(ju) = phase angle of KG(ju) minus phase angle

of (1 + KG) = a — @ = 6. The sign of 6 will be negative. Thus the
phase of i90(ju)/0, (jti) is given in magnitude by the angle between the
vectors representing KG(ju) and 1 + KG(ju) and is negative in sign.

The same procedure, carried through for a range of values of O, per-

mits the frequency-response data for the amplitude and phase curves of

@O(ju)/O, (jw) to be obtained. These curves may be sketched in approxi-

mately simply by inspection of the transfer locus, or they can be deter-

mined more precisely by use of a protractor for measuring angles and

dividers and ruler for measuring vector lengths.
A similar procedure can be used for graphical

error b-an.sjer junction EGO,, as shown by
angular frequency UC,

~(~~) = 1
O,(ju) 1 + KG(ju) ‘

E(ju) . A— . #c.
&(ju) \l+KG1

computation of the
Fig. 10.1. At any

The phase of E(ju)/O,(&) = O – @ = – ~. This procedure carried
through for the range of value of u gives the necessary data for plotting
the function E(ju) /0 (ju).

A second method for graphical determination of the output transfer
function 190(ju)/O,(ju) from the transfer locus depends on the plotting of
transfer locus curves for which 00(ju)/6, (jw) is a constant. On a transfer
locus plot, these curves are circles whose radius and position are a function
of the constant, to be designated as R. Figure 10.19, taken from Harrisl
shows the family of circles corresponding to different values of R. A
similar family of curves exists for the phase angle o.z If the family of
curves of constant R are superimposed on the transfer locus A of a
particular system, then the amplitude function of Oo(ju)/t9,(ju) for that
system can be determined from the points where locus A intersects the
curves of constant R. For any given intersection, the value of u is
given by the o of that point on the locus A. The corresponding value
of the amplitude ratio tlO(j%)/fli(jti) is given by the R of that particular
circle. The same procedure is used in finding the coordinates of the
intersections with all other circles. One thus assembles a series of pairs

‘ Harris,op. cd., p. .51u. Harris uses the symbol (GH) in place of the symbol used
h(,re of KG for the feedback transfer function.

2 [bid., D Ma.
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of valuea representing O,@)/0, (jw) as a function of 0. The same pr~
cedure carried out with the curves of constant phase superimposed on
the locus A permits the phase-response curve for Oo(j~)/O,(@) to be
determined. 1

At this point, it is convenient to indicate a way in which the circles
of constant M may be used, in conjunction with the transfer locus, to
indicate the frequency at which a peak will occur in the OJjU)/19&)

XC(s) plana

Fla. l&19.-Transfer 10CUScorresponding to constant ]dotiu) /0; tiw)I ratios. (Buuedon
Harria, ‘aThe Anal~$is and Design of Serwnn.echaniarm,” NDRC Report, 1942, Fig. 25.)

amplitude curve and the height of this peak.z The transfer locus KG (ju)
is first plotted, and the family of circles of constant M superimposed
upon it. Then the point of tangency of the circle that is tangent to the
locus will indicate the frequency of either a maximum or minimum of the
amplitude curve. The magnitude of the amplitude relation at this point
will be given by the M characteristic of that circle or can be found by
dividing the length of the KG(jw) vector by that of the [1 + KG(ju)]

vector in the manner described some paragraphs earlier (i.e., in Fig.
10”1 OC is divided by AC). Whether thk point gives a maximum or a

1The derivation of the formulas used in plotting the curves of constant amplitude
may be found in Hall, op. cit., pp. 5Q$. Expositionsof this method are given by both
Harris, op. cit., pp. 51fl., and Hall, op. cit., pp. 50-54. Hall uses the symbol M for
t,heconstant-amplitude ratio in place of R. His formulas for the points used in plot-
ting the circles of constant amplitude are c = – M~/(Mz – 1), where c is the number
specifying location of the center of circle in the complex plane, and r = M/(M2 ~ 1),
where r is the radius of the circle. The formula for c shows that the center of the
circle will lie on the negative real axis when M > 1 and on the positive real axis
when M <1.

: A description of the method is given by Hall, op. cit., pp. 4%52.
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minimum can bc easily determined by linding the amplitude ratio for a
few points adjacent to the point of tangency, by either of the graphical
procedures already desrril)ed [i.e., by observing the M’s associated with
intersections of locus and circles at adjacent points or by graphical
division of KG and (1 +KG’) \’ectors at these points]. The frequency
and height of the peak is thus easily determined.

By inverting the method it can be used to determine the value of K,
in KG(jco), that \villcorrespond to some specified value of the peak in the
@~(j~)/&(@) amplitude curve. One plots the circle with an M value
corresponding to the height of the peak required (e.g., l+) and then
adjusts the value of the gain factor K until the locus corresponding to
this K is tangent to the circle. I

Operations on Transjer Loci: Scale Changes.—An operation of con-
siderable importance in many problems is the determination of optimal
values of the gain K in the transfer function KG(jw). Since K is a con.

stant and independent of frequency, the effect of changes in it may be
shown either by plotting KG(jw) for different values of K or by plotting
the locus of G’(jo) and regarding changes in the gain factor K as correspond-
ing to changes in the magnitude of the scale units of the real and imaginary
axes. Each of these points of view is used in different procedures for
determining the optimal value of K in servo-system adjustment.

Multiplication oj Loci. —Another operation that will be found to be
important in procedures for adjustment of servomechanisms is that of
locus multiplication. It corresponds to the analytic operation of multi-
plying two transfer functions and the physical operation of connecting
two networks in cascade. Figure 10.20 shows two loci, A and 1?, each
of which can be assumed to represent the transfer function of two units
connected in cascade. How may the locus of the over-all system .4 . B
be obtained from their individual loci? The appropriate procedure
follows directly from the fact that each locus represents a set of vectors
and that any vector (corresponding to a complex number) stands for
the transfer function of a given physical component at a particular fre-
quency. Multiplication of loci is therefore equivalent to multiplication,
at each of a number of angular frequencies, of the vectors (or complex

1Hall also gives two other methodsof findingthe optimum K, i.e., the value of K
correspondingto a specfied peak in the Oo(jw)/0; (J”u)amplitudecurve. One method
consists in drawingvarious loci correspondingto differentK values and finding for
each locus the magnitude of the amplitude peak by the graphical division method.
The K corresponding to the required peak is tinally determined by interpolation. The
other method, which he considers the simplest of tbe three, is based on the plotting of
the G(j~) locus instead of the KG(ju) locus. Tbe details are given by Hall, op. cd.,
pp. 52fl. It seems to the present writer that the simplest method now available for
adjusting K is that given in relation to the decibel-log u method of plotting later on
in this section.
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numbers) corresponding to that frequency on the two curves. Such
multiplication is carried out by arithmetic multiplication of the lengths
of the vectors to give the absolute value of the product and addition of
the angles of the two vectors. The nature of the resultant locus may be
sketched in approximately by inspection or determined more exactly
through the aid of ruler and dividers. Locus C in the figure represents
the product of loci A and B.

Division can be carried through by the inverse process. Division
of locus A by locus B will therefore be carried out, at any given frequency,
by dividing the length of vector A
by that of B to give the resultant
length of the quotient and by sub-
tracting the angle of vector B from
that of A to give the phase angle
of the quotient.

Operations on Decibel-log w and

Phase-margin Diagrams .—The
chief operations that may be per-
formed on transfer loci, described
above, find a parallel in operations
that may be performed upon
decibel-log u di a grams. The
starting point in both cases is, of
course, the nature of the operation
carriedout on the transfer function.

l;lu. 102O.-[’W rcctiuu of syxtcm with
vclocit.y log error (locus A) hy means of
integral controller (locus. B), The locus of
the corrected system C equals A times B.

Chmujes in the constant-gain jactor K in the feedback transfer function
KG(jo) are represented by changes in the vertical level of the decibel-
Iog o gain curve relative to the O-db axis. A given curve moves up as
the gain increases and down as it decreases, the amount of change cor-

responding to the change in gain in decibels.
Since the gain factor K is independent of frequency, changes in it

must alter the gain or amplitude function equally at all values of u.
Hence there can be no change in the shape of the gain curve, but only in
its level,

A convenient !vay of determining how changes in the constant-gain
i’actor K will influence performance properties of the system is provided

by plotting the gain curves and phase curves on separate pieces of paper.
Thus if the gain curve corresponding to a constant-gain factor of 1 (or
O db) is plotted on a transparent piece of paper, the phase curve and
coordinate scales on a second graph, and the first laid over the second,
then the height of the gain curve may be readily shifted to correspond to
ditferent values of K: AS the level of the gain curve changes with K, its
relation to tlw phase curve \vill change to provide meusures of system
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d,ability, as described in the previous section. The phase curve will
not change with K, however, since it depends only on the shape of the
gain curve and not on its level. The shifts in level of the gain curve may

also be used to determine the effects on system accuracy, as represented
by the intercepts of the gain curve with the O-db axis (m discussed in
Sec. 10.4). This method for determining the optimum gain K compatible
with system stability will probably be found easier than that involving
operations on the transfer locus intended to provide a specified peak in the
t?.(ju)/8i@I) amplitude curve.

Multiplication of two transfer fundinw can be carried out on the
decibel-log u diagrams by additwn of the gain curves corresponding to
the two functions to give the gain curve of the product and additionof
the phase curves to give the phase curve of the product. The correctness
of this procedure can be demonstrated by the familiar prooedure of
taking logarithms of the product. Thus,” let

where KaGa (j.o) = transfer function of unit a,
KbGt.@) = transfer function of unit b,

K@,(ju) = transfer function of the units a and b connected in
cascade.

The K symbols represent constants, and G(ju) symbols represent the
frequency-dependent parts of the transfer functioqs. Then

20 log lK@T(jQ)l = 20 log lKaG&)l + 20 log lKbGJju) 1.

This equation states that if the functions corresponding to the first
and second terms on the right-hand side are plotted separately, their
sum will be the function on the left. But the decibel gain curves consti-
tute the graphs of these functions; hence the gain curve of the product
can be found by adding the gain curves of the components.

The rule for adding phase curves can be derived by writing the various
transfer functions in exponential form and taking logarithms as before.
Thus, if the subscripts have the same meaning as above and each transfer
function is written in the form Ret, where R represents the amplitude
ratio, @ the phase angle, and R and 6 are each regarded as functions of
(ju), then

R Tei*T = R.ei~.Rbej*’.

Taking the natural logarithm of both sides,

lnRT+j@T=lnRa+j@c+lnRb+jdb
= h R. + In & + j(A + ‘&J).

Equating real and imaginary parts of both sides,

in R, = In R. + in fit,,
j+. = j(o. + @b);
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that is, O,(j%) = b~(~~) + fh(~~). This final equation is equivalent to
the statement that the separate phase curves of components a and b,

when added together, give the phase curve of the two units in cascade.
The operation for division of two transfer functions can be inferred

immediately from the procedure for multiplication. Since the log of the
quotient of two numbers is the log of the dividend minus the log of the
divisor, an equivalent rule will hold for the quotient of tivo transfer
functions. Hence, to obtain the amplitude function of the quotient, one
subtracts the gain curve of the divisor transfer function from that of the
d~vidend; to obtain the phase curve of the quotient, the phase curve of
divisor function is subtracted from that of dividend function. ‘l’hat is to
say, the rule for multiplication is used, but with the amplitude and phase
curves of divisor transfer function given a negative sign.

If we turn now to the phase-margin diagram, we find that the procedure
of representing changes in gain of the transfer function by changes in
height of the curve still holds. For the phase curve associated with a
given gain curve depends only on the shape of the gain curve and
not on its level or distance from the O-db axis. 1 I-Ience, correspond-
ing to a gain curve of a given shape, there will be a unique phase curve
and therefore a unique phase-margin diagram. Changing the gain factor
of the transfer function will alter merely the level of the gain curve and
not its shape. Hence there \rill be no change in ~he phase curve or the
shape of phase-margin diagram. Changes in gain will thus be repre-
se~ted only by a constant change in the decibel coordinate of the phase-
margin diagram for all values of u. That is to say, there \villbe a change
only in the height of the curve as a whole. Graphical multiplication
and division of transfer functions by means of phase-margin diagrams
may be carried out by procedures analogous to those used for multiplica-
tion and division of transfer loci. It is desirable, howet-er, to use the
phase-angle reference axis rather than the phase-margin reference axis.
Then, if the phase-margin curves representing the different transfer
functions are plotted, the phase-margin curve representing their product
can be obtained by adding the ordinates (gain in decibels) corresponding
to a particular value of u on the t}vo curves and, similarly, by adding the
abscissas representing phase angle. This procedure carried out for the
necessary range of values of u provides the data for the over-all phase-
margin cur~’e. The same information may be obtained more easily,
however, from the decibel-log a curves.

The operations required for graphical computation of the 190(@)/&(@)

1This conclusion follo~vs from the relatious established h: Bode between the gain
oad phase functions of minimum phase systems. See H. W. Bode, “Relations
between .4ttenuation and Phase in Feedback Amplifier Design, ” Bell System Tech.
JOW., 19, 421-454, July 1940,
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function from the feedback transfer function can also be carried out with
thephase-margin diagrams, Theprocedure indirectly analogous to that
involving families of circles corresponding to constant \O.(jO)/tIl(@)l
ratios and constant phase relation between do and 0,. The same data
[amplitude ratio and phase of oo(jti)/E(jw)] represented in plots of these
circles as transfer loci on a complex plane may be used in plots upon a
phase-margin diagram. The resultant curves are no longer circles, but,
they may serve the same function as before. Each curve in one set
corresponds to a constant ratio \Oo(@)l/l@,(j.Jl. Each curve in a second
setcorresponds toaconstant phase angle @equal toarc0o(jti) — arc o,(ju).
The intersections of these curves with the phase-margin curve represent-
ing any given system provide the data for determining the amplitude
and phase response curves for 80(@)/o,(jm).1

The other graphical method described in the early part of this section
for computing oo(jio)/o,(@) and E(jm)/@, (jti) functions from KG(ju) can-
not be applied to decibel frequency diagrams, since the method involves
addition of vectors and not solely multiplication or division. Logarithmic
plots do not provide any equivalent for addition other than previous
addition of the magnitudes themselves, since on a logarithmic diagram
addition of curves is used to represent multiplication of the original
functions.

1Charts for carrying out this method may be found in Vol. 25.
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SERVO THEORY : EVALUATION AND CORRECTION
OF SYSTEM PERFORMANCE AND SPECIAL PROBLEMS

13Y G. L. KREEZER AND I. i%. GRI.;F;NWOOD, ,JR,1

EVALUATION OF SYSTEM PERFORMANCE

Once the performance properties of a given system have been deter-

mined by such methods as are reviewed in the preceding chapters, there
arises the question of \vhether or not the performance meets specifications.
The present section is concerned \vith \vays available for th~ls cval~latin~
a system. The notion of evaluation implies comparison of a test, (~hject

with standarcls. Since no conventional set of standards of servo-sby,stcm
performance seems to have been set up, the standards adopted depending
rather on the nature of the specific problem, the discussion may be limited
to a brief sur~reyof the kinds of performance property tha + are important
and to an itemization of different ~vays of making the comparison of
performance \vith a standard. These procedures are fairly obvious anti
may be reviefved briefly. Three methods may be mentioned: evaluatiojl
of the system on the basis of response curves, evaluation on the basis ot
a set of specifications of required performance properties, and evalllat, ion
by way of a single figure of merit for the entire system.

11.1. Response Curves.—on the graphical plot of the error or output,
time functions, lines or curves may be dramm indicating the allowable
range \vithin which the response curves may lie, thus making readily
perceptil~le in just what region of the curve the standards of performance
are not met, It may be specified, for example, that the transient or
steady-state error for a given type of input should not exceed 1 per cent
of the input after a given interval of time. Horizontal lines drawn at
appropriate distances above and below the time axis of the error curve
will show at a glance if this requirement is met. Similar procedures may
be used to represent graphically other specifications of the required
response.

11.2. Specifications for a Set of Performance Properties.—The
required performance, instead of being represented

1Sec 11.12is by I. A. Greenwood.,Jr.; the rest of Chap,
319

on a graph, may be

11 is by G. 1,, Kreezer.
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formulated numerically in terms of the important properties of perform-
ance, classifiable under the heads of stability and accuracy.

StalMi(y.-A servo system is said to be unstable if it shows oscilla-
tions that do not finally clamp out. 1 This condition might be represented
either by constant amplit(lde oscillations or by oscillations of steadily
increasing amplitude. In any physical system the latter condition can-
not continue beyond a certain point. After the amplitude passes a cer-
tain magnitude, regions of nonlinearity or approach to cutoff points }vill
be reached in one or more of the system elements and the amplitude of the
oscillations will fail to increase further. This transition to a nonlinear
region ~vill not, ho~vever, be indicated by the mathematical solution of a
system assumed to be linear. Even though a system is found to be
stable, in the sense specified above, its performance may be unacceptable
if there are positively damped oscillations present that die out too
slowly. ? The specifications with respect to stability may be given in
terms of the allowable number of oscillations or “ overshoots” before
the oscillations fall below a given amplitude; in terms of the magnitude
of the real part of the complex root, which determines the rate of damp-
ing; in terms of the logarithmic decrement shown by successive cycles;
or in terms of the damping ratio ~ for certain types of system. From
the point of view of the frequency approach, stability requirements may
hc specified in terms of phase and gain margins.

.-lccuracy.-The allowable transient en-or may be specified in terms of
the inter~.al of time ~vithin \rhich the error must fall to a given absolute
magnitude or to a certain percentage of the input signal or in terms of the
required time constant. The latter specification is equivalent, in the case
of a simple exponential error curve, to the requirement that the error
fall to 36.8 per cent of its initial value in the time specified for the time
ronstant.

t“nder the head of .s/eady-state errors, those of most interest are the
displacement or static error and the velocity lag error. The standards in
these respects may be gi~-en simply as the maximum allowable magnitudes
of these two quantities.

11.3. Unitary Figures of Merit. -Some attempts have been made to
provide some unitary measure of the “goodness” of a servo system in
order to indicate its over-all value without restriction to a particular

] In mechanirs the designation of a system as unstable is limited to those \vhich
give rise to oscillations or phenomena of progressively increasing magnitude. Such
phenomenx, in R Ilnear system, correspond to a characteristic equation with roots that
lie in the right half plane, In physical ser~,o systems, it is customary to designate as
unstable systems exhibiting oscillations of constant amplit~lde, even though in a strict
mathematical sense they might be regarded as stable.

~This question of the rate at which oscillations damp out might possibly be con-
sidered more properly a problem of the transient error rather than of stability.
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Hazenl and Brownz have proposed ways
of obtaining such over-all ratings of the system. More elaborate mathe-
matical procedures have been discussed by Phillips3 and by Halli on the
basis of the minimum integral squared or mean squared error. In
terms of this criterion, the best system or adjustment of a system is
considered to be that which makes the following function of the error
curve a minimum:

/

.
I= ~ [II(t)]’ dt. (1)

CORRECTION OF SERVO-SYSTEM PERFORMANCE

On the basis of the principles covered to this point, one may deter-
mine the response of a given system to various types of inputs and
determine how this response compares with standards or specifications.
Suppose the computed performance is deficient in some respect. How
can the system be adjusted or corrected so as to eliminate these defi-
ciencies? The present section of the chapter will deal with this question
of servo-system correction. The problem can often be conveniently
fractionated. One may determine first the types of device that can be
used to eliminate a particular type of deficiency and then go on to deter-
mine the quantitative adjustments necessary in a given device so that the
system will meet specifications. We shall be concerned with both types
of problem. The transient method of analysis is often better adapted
to the first type of problem, helping to give one an insight into the appro-
priateness of a particular kind of corrective network; the frequency
method of analysis, on the other hand, is usually more effective in the
problem of specific design. We shall have occasion to make use of both
methods; no attempt will be made to carry both through complete] y
on all problems. Interest will center rather in illustrating the ways in
which each method can contribute to the general question of system
correction. The survey of system deficiencies will deal with the same

performance properties itemized in Sec. 11.2. Corrective procedures for
stabilization will be considered first, followed by procedures for improve-
ment of system accuracy.

‘ H. L. Hazen, “Theory of Servo-mechanisms,” Jour. Franklin Irwt., 218, 3, 322ff.,
September 1934.

ZG. S. Brown, Transient Beham”or and Design of Seruornechanisms, privatel y
printed, Massachusetts Institute of Technology, 1943 and 1945, p. 14.

3R. S. Phillips, “Servo Mechanism s,” RL Internal Report No. 81-6, May 1i,
1943, pp. 1–32.

~A. C. HaU, A nalywk and Syniheais of Lirwar Servornechanisrru,Technology Press,
Massachusetts Institute of Technology, 1943, pp. 1%27.
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STABILIZATION PROCEDURES

Mathematical analysis or empirical test may show the servo system

to be unstable or to possess an insufficient stability margin. How can

its stability be increased? Three methods have been found particularly

useful: (1) introduction of phase advancel or a derivative error cent roller;
(2) feedback of the derivative of the output signal, a method commonly

known as tachometer feedback; and (3) the use of oscillation dampers.

We wish to determine, in terms of the methods developed in the sections

on transient and frequent>- analysis, why these devices are effective and

how the correct parameters for a given device may be determined.

11.4. Derivative Error Controller (Phase Advance). Z’ransient

Analysis.—The simplest type of continuous controller is one in which the
transfer function is a constant, as in the proportional servo. This type
of system has been analyzed in Sec. 9.8. If the performance require-

ments are not too stringent, this simple system may prove satisfactory.

In certain applications, however, it shows defects that require the devel-

opment of a more complex type of controller.
The defects arise from the following two circumstances:

1. In the proportional controller the parameter that is effective in
preventing oscillation, if it is sufficiently large, is the viscous fric-
tion j. But this parameter also involves the dissipation of
energy in the system by heat. Unlike inertia or elastance param-
eters in the output load, it does not merely involve temporary
storage of energy which is subsequently returned to the system.
Consequently, if thk damping term must be large in order to
stabilize the system, on account of the other special properties
of the system (such as a large inertia J or a large gain factor kO),
then there will be a large power loss that will be of use only for
stabilizing the system. This loss is not serious, however, for small
instrument servos.

2. A second type of defect arises when one needs to utilize an j of
appreciable magnitude for damping the system and yet needs to
bring the velocity lag error under a given level. The magnitude

of the velocity lag error is proportional to j as shown by Eq. (3).

It is impossible, therefore, both to increase j for damping purposes

and to keep the velocity lag error from increasing. These rela-

tions are summarized by Eqs. (2) and (3). Equation (2) shows
that the damping ratio ~ increases directly with j, but Eq. (3)
shows that the velocity lag error O. does so also.

1The terms “phase advauce” and “ph~ lwd” ~ ~ in~mhangably.
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(2)

(3)

where N is slope of input ramp function.

These-called derivative err-orcontroller has been developed in order to
provide for a damping term in the characteristic equation of a servo
system that will not have the disadvantages just enumerated for the
viscous friction parameter j. Equation (4), the error equation of a

proportional system, shows the presence of a term js in the characteristic

function.
JS2 + jS

~(s) = j82+j~+~o 0,(s). (4)

The first twotermsof the characteristic function areduetothedenomi-
nator of H(s); the last to C(s). Without thef.s term in the characteristic
function, the system would be oscillatory.’ In this instance this term
is provided by the viscous friction present in the output load. If a term
of like nature could be provided by means of the C(s) member and the
(s term then reduced to zero by making the viscous friction j equal to
zero or negligible, we should have a means of stabilizing the system with-
out the defects enumerated above. This result is achieved by construct-
ing the controller member so it operates on the error in the manner
indicated by Eq. (5).

dE(t)
T.(t) = A-oZ?(t) + k, ~ “ (5)

The transfer function of the controller is readily obtained.’

T,(s)

E(s)
– = C(S) = k, + k,s. (6)

If in the denominator of Eq. (4) the new value of C(s) is substituted for
k~, and the js term originally provided by H(s) is reduced to zero, we
obtain

JS2
8,(S)E(s) = J82 + k,s + ko (7)

The characteristic equation, Eq. (8), now has a damping term k,s, which
does not depend on viscous friction; consequently, the defects introduced
by an js term will be eliminated.

JS2 + k,s + k~ = O. (8)

1See, for exam pie, the solution of the equation of a system in whichf is eclualtG
tieroin Sec. 9.8.

I The method has been given in Sec. 9.3,
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In addition to the introduction of a term corresponding to the first
derivative of the error, controllers have been proposed that introduce,
in addition, a term corresponding to the second derivative of the error.
It may have either a positive or negative sign. If the sign is positive,
this new term has the effect of increasing the inertia of the system; if it
is negative, of decreasing the effective inertia and hence of contributing
to system stability. For discussions of this type of controller from the
transient point of view, the reports of Minorsky,l Brown, z and Harris3
should be consulted.

The method described above may be used as a basis for formulating
a generaZ procedure for determining the form of the controller transfer
function required to correct a given system. The steps required may be
outlined as follows:

1.

2.

3

4.

Write the equation of the error fllnction E(s), with the controller
represented by C(s).

In the problem above, \rith f assumed to be zero and d,(t) a
step function,

(9)

Decide on the form of the error function or, more specifically, of
the characteristic equation necessary to produce a time solution
with the required properties.

In the present problem, the characteristic equation must have
the form given by Eq, (8), with a sufficiently large damping param-
eter kl.
Write the transfer function C(s) in a form that meets the require-
ments of Step 2.

In t}~is problem, it is necessary in Eq. (9) that C(s) = kO+ k,s,
as should be apparent from comparison of Eq. (8) with the char-
acteristic equation of Eq. (9).
Design a physical controller that will have the transfer function
spec;fied for ‘C(s).

In this problem, the required controller is provided approxi-
mately by the networks of Fig. 113,

It will be found that this same general procedure can be applied
to meet other special requirements.

1N. Minorsk y, ‘‘ Directional Stability of Automat ically Steered Bodies,” Jour. Am.
Sot. Naval Eng.j 34, No. 2, 280-309, May 1922,

2 Brown, op. cit., pp. 17–26.

? H. Harris, “ The Analysis and Design of Servomechanisms,” NDRC Report,
1942, pp. 1%22.
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Frequency Anulysis.-Let usconsider nowhow the problem of system
stabilization is attacked on the basis of the frequency approach, more
particularly through the use of the transfer locus method of representa-
tion. Curves A, B, and C of Fig. 11.1 represent the loci of a propor-
tional servo system with progressively decreasing values of gain K.

The Nyquist criterion immediately shows that the system represented
by Aisunstable since locus A encloses thecritical point (-1,0). What
corrective measures are possible? Inspection of the figure suggests two
alternative ”procedures. Thegain of the
system maybe reduced togive stable loci
such as B or C. Or the whole locus or A
the part of it in the neighborhood of the
critical point may be rotated in a counter-
clockwise direction so that the critical
point willno longer reenclosed and the
locus will show the proper phase and gain
margins.

System stabilization through a reduc-
tion in gain seems an attractive pro-
cedure, since it is relatively simple to
carry out physically and, except for
special types of system,l it should, if
carried far enough, always be effective in I~IG.111.-EfTect of reduction in
producing stabilization. For as gain is servoSY,tern,gain on transfer locus of unstable

reduced, the locus contracts until it finally
no longer encloses the critical point. z Unfortunately, gain reduction can-
not be relied on as a generally satisfactory procedure for stabilization,
since it will also reduce the accuracy of the system by increasing the
steady-state and transient errors. It may be used, therefore, only up to
the point permitted by specifications of required accuracy. An early
step required of the designer, therefore, is to compute the minimum gain
required to meet accuracy specifications. Let us suppose that after this
has been done, the gain requirement is such as to give rise to a locus of the
form of A in Fig. 11.1 and that stabilization by further reduction in gain
is therefore not feasible. We must therefore consider the second pro-
cedure proposed above.

1It cannot be depended on to produce stabilization in systems with loci of the type
found in conditionally stable systems and in cases in which the physical nature of the
components are such as to prevent gain reduction to he carried beyond a given point
without introduction of new disturbing factors.

z or alternatively, as suggested in Sec. 10.5, one may think of only the G(ju) part
of the feedback transfer function being plotted and the gain K represented by the
scale value. As K decreases, the critical point will move to the lef+,on thc negative
real axis and thus may be shifted to the left of the locus.
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To rotate all or parts of a locus, such as curve A in Fig. 11.2, in a
counterclockwise direction, it is apparent that the given locus must be
multiplied by one with leading phase angles, such as given by Curves B,
C, and D in Fig. 11.2. As indicated in Sec. 10.5, multiplication of two
loci at any specific frequency means multiplication of the corresponding
vectors, and this operation consists of addition of the phase angles and
multiplication of the lengths of the vectors. Hence, to reduce the abso-

b

FIG, 11.2.—(a) Difierellt type~ of phasc-
Ieadloci and their effect on the locus ,4 of a]~
unstable system; (b) transfer locus of a
derivative controller.

lute value of any of the negative
phase angles of Curve A, they
must be added to positive phase
angles, such as are provided by
loci B, C, and D. Multiplication of

the unstable locus A by phase-lead

loci B, C, and D leads to loci B’j C’,

and D’, respectively. Nyquist’s
criterion shows immediately that
the systems represented by the
latter three loci will be stable.

At this point it is of interest to
compare the results derived from
the transient and from the fre-
quency approach to the present
problem of system stabilization.
On the basis of the transient ap-
proach, it was concluded that an
unstable proportional ser~,osystem
could be stabilized b,y means of a

derivative error controller, Onc

with a transfer function of the

form given by Eq. (6); on the basis of the frequency approach, it
was concluded that the system could be stabilized by introducing in
cascade devices possessing loci with a suitable range of positive phase
angles as in loci B, C’, and D of Fig. 11.2a. Are these two proposals two
ways of saying the same thing, or do they point to different kinds of
corrective device ? An answer can be obtained by expressing both prin-
ciples in the same terms. Let us plot the transfer function of the deriva-
tive error controller as a transfer locus. Substituting ju for s in Eq. (6),
we obtain

‘~his transfer function
Fig. 11.2b. At w = O,

%3=’’(’+W (lo)

can be plotted by inspection to give locus b of
the transfer vector equals k“; at u = 1, it equals



k~ + j(k,/k,,); and so rm. \\e see that lomls b of the derivative error
controller is identical in l’orm with plliwe-lewf Ioclls B of Fig. 11.2a. The
two approaches thus lead to consistent results. The freqllency approach,
however, suggests the suitability of a \vider class of corrective devices
(such as those corresponding. to loci C and D of Fig. 11.2a) than has the
transient approach. J,ocus b, orresponding to an ideal derivative net-
work, can be considered a special case of the general class of loci showing
:Lrange of positive phase angles.

Can loci of this class be physically realized? It is commonly known
that an erect synthesis of a derivative nettvork is not possible. No passive
network can be made to yield an output proportional to the mathematical
derivative of the inpllt, for all types of input, Consequently, a network

E113.11

c,
\I ~

$- ,:;:f)er.=
(b]

Fmt “n,t Second.n,l

.3,—Circuit diagrallls of (a) basic and (h) compound lead controlled

cannot be built that will have a locus like that of B (Fig. 11.2a). Physical
networks can be constructed, ho}vever, that \\-illcorrespond to the other
loci represented, such as C and L). Such loci can be used to bring about
a counterclockwise rotation of the unstable 10CUS(as .4) in the region
m which we are primarily interested, the neighborhood of the critical
point. Networks capable of approximating a derivative network, in
the sense that they provide for positive phase advance, can thus be
realized and used as a basis for stabilization adjustments.

Circuit diagrams of physical networks that can be used for this
purpose are given in Fig. 11,3. The circuit of Fig. 11.3a, designated by
Hall as a basic lead controller, shows a passive network very commonly
used for obtaining the approximate derivative of a signal, in cascade
with an isolating amplifier. It corresponds to a locus of type D in Fig.
11.2a. Figure 11.3b shows a compound lead controller. Its transfer
function is represented by a locus of type C in Fig. 11.2a. This type of
controller is capable of providing a greater maximum phase advance
i,han the basic lead controller and auuroximates a second derivative error. .
controller. For a discussion of the factors to be taken into account
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in the selection of a particular type of lead controller and of methods for
adjusting its parameters to produce the necessary amount of phase
advance, the detailed report by Hall should be consulted.’

The stabilization principles discussed above in relation to the transfer
locus may be reformulated for use with the decibel-hg frequency plots and

decibel phase-margin diagrams. It will be sufficient here, in view of the
detailed treatment of the decibel method in the previous chapter, to
show how a typical phase-advance controller is represented on a decibel
plot and the effect of incorporating such a controller in a sample system.

Let us take the basic lead controller of Fig. 11.3 as our example.
It is readily shown by the method described in Sec. 9.3 that the transfer
function of the controller is given’ by Eq. (11).

RI
K@,(S) = :% = k. ~, + ~,

I + RzCzs
_ R,ka 1 + RzCzs—

R’+R’l+RG

where T, = R lRzCZ/(R 1 +

the attenuation constant.

_ ka 1 + a,TdS— — —>

(11)

(12)
ffd 1 + ~’ds

RJ, the network time constant, and

~d=Rl+R2
R, ‘

Equation (12) gives the transfer function
of the phase advance controller in a form suitable for plotting by the
decibel approximation method previously described. Considering only
the frequency dependent part, it is given as a frequency transfer function
by

G,(j@) =
jLiXY,T,+:.

jf,oTd + 1
(13)

The constant ka/ad will merely shift the gain curve upward by an amount
equal to the constant, in decibels. A brief examination of Eq. (13)
permits us to plot it by inspection. We note, first of all, that as

The low-frequency asymptote will therefore coincide with the O-db axis.
The comer points will be at u = ~/adTd and u = l/Td. Since ffd is
greater than 1, ffdTd > Td, thus indicating that the corner point corre-

1Hall, op. ml., pp. 89-127.
ZHall, op. d., pp. 95fl. SeealsuHarris,op. cit., pp. 39fl.



SEC. 11.5] DERIVATIVE (TACHOMETER) FEEDBACK 329

spending to l/adT.i occurs first, i.e., at the lower frequency. When
the low-frequency asymptote reaches this corner point, with increasing
frequency, it will slope up at 6 db per octave corresponding to the factor
in the numerator of Eq. (13)] until it reaches u = l/Td, at which point
it is added to a slope of —6 db per octave (corresponding to the denomi-
nator term), thus resulting in another horizontal line with a net slope of
O db per octave. This gain curve is plotted as Curve A in the lower
part of Fig. 11.4.

The upper gain curves of Fig. 11.4 show the effect of cascading the
phaae-lead controller with a proportional servo system. The broken line
starting at a = l/adTd shows how
the gain curve of the servo system
(B), represented by the solid line,
is altered by introduction of the
lead network. The effect is to
reduce the average rate at which
the gain level falls with increasing
frequency. This effect is impor-
tant, since, as Bodel has empha-
sized, the magnitude of the phase
lag is directly dependent on the
rate of attenuation, increasing as
the rate of attenuation increases.
The phase-lead controller, by
decreasing the average rate of
attenuation in the frequency range
in which gain level is greater than

Gain
in dA

‘...712 +6)dbdoctaveve

1

I

FIG. 11.4.—Effect of adding decibel g~in
curve (A) of derivative network to that of
proportional servo system (B).

zero, decreases the net phase lag and so permits the gain crossover to occur
before the phase lag has fallen to 180°. Consequently, a system that
might otherwise be unstable becomes stable. In general, the introduction
of a phase-lead network decreases the rate at which the phase curve
approaches the phase crossover point by decreasing the average attenua-
tion rate of the gain curve.

11s5. Derivative (Tachometer) Feedback.—In many systems it may
be inconvenient to insert a network at a point lying between the error
detector and the servomotor for the purpose of taking the derivative of
the error, or the nature of the physical signal at accessible points may be
such that a suitable differentiating device may not be constructed easily.
In such cases, it is often possible to achieve the same effect by a device
inserted at some other, more accessible point. Figure 11.5 is a block
diagram of a servo system characterized by what is commonly called

‘ H. W. Bode, “Relations between Attenuation and Phase in Feedback Amplifier
Design, Bell System Tech. Jour., 19, July 1940.
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ta&m..eter jssdback. The tachometer feeds back to the input of the
amplifier an electrical signal proportional to the rate of motion of the
output displacement. If the sign of the feedback signal is positive,
this signal will help to oppose the effect of any viscous friction present;
if negative, it will supplement or substitute for viscous friction and
thereby help to stabilize the system. How are these effects to be under-
stood in relation to our previous analysis of the factors determining
stability?

Consider first the error equation of a proportional servo system as
given by Eq. (14),

J.s2 + jS
‘(s) = JS2 + jk + kII

e,(s). (14)

As pointed out in Sec. 98, if a term of the form of js is absent from the
denominator, the system will show oscillations of constant amplitude.

k.

e,($)

Potentiometer

-1

i
-1 ‘“

~

FIG. 115.-Proportional servo system with tachometer feedback.

The damping out of these oscillations can come about either through the
presence of viscous friction j, which provides a term js in the charac-
teristic equation, or a network that takes the derivative of the error to
provide a term k 1s of the same form. Similarly, a device that follows
the output 190and feeds back a signal proportional to its derivative may
also be used for the introduction of a term of this form.

This result is readily demonstrated analytically. The relevant
transfer functions and the symbols for signals at various points are shown
on the block diagram. The diagram represents the same proportional
servo system considered previously, with the addition of a feedback
link from 00to the amplifier input. The over-all gain factor k, is regarded
as broken up into kP, the conversion factor of a potentiometer for con-
verting error angle into error voltage, and k~, the conversion factor of the
amplifier-motor combination. The dimensions of k, will be volts per
radian error and of ka, torque in pound-feet per volt error. It will be
noted that the feedback transfer function represents a device that takes
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the derivative of oo(t).

(15)

Thiaoperation isreadily performed by ad-c electrical generator which,

when mounted on the output shaft of the motor, will deliver ad-c voltage

proportional to the shaft angular velocity. A (–1) conversion factor

has been introduced after e, to symbolize the fact that the feedback link

is connected so that eF will be subtracted from eE rather than added to

it. Some means are provided to control the size of the proportionality

factor kd.

Let us now find the feedback transfer function L90(s)/E(s). The

necessary component equations are

1
— T.(s),%(s) = J# + f~ (16)

T.(s) = k~[e~(s) – eF(8)], (17)
e~(s) = k,ll(s), (18)
eF(s) = k@X90(S) (19)

Substituting e,(s) and e~(s) as given by Eqs, (18) and (19) into Eq.
(17), and substituting 2’.(s) as given by Eq. (17) into Eq. (16), we obtain

O.(s) = ~~s [kakpll(s) – kak,seo(s)].

Solving for O.(s) /E(s),

e.(s) _ kakp k,
E(s) JS2 + (j + k.kd)s = JS2 + (j + kak.i)s”

(20)

Comparison of this equation with the feedback transfer function given
by Eq. (9.21) shows that (j + k.kd) here plays exactly the same rOle as

~ does in the system without tachometer feedback. This fact indicates,

first of all, that the transient and frequency analyses given in Sees. 9.8

and 10.3 for a system with viscous friction will hold here too, with the

new term substituted for j. It indicates, second, that we might permit

the viscous friction j to equal zero and its role in stabilizing the system

to be taken over by kakd. Since ka, the gain of amplifier-motor combina-

tion can be assumed to be given, kd is the only parameter that would

need to be controlled. It can be selected so that the product kakd will

be equal numerically to whatever value of j is found necessary to suitably

damp the system, since j and kakd have exactly the same dimensions

(torque per radian-per-second).

The fact that the term (j + kokd) in Eq. (20) plays the same role as
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j alone in the equation of a proportional servo (one with viscous friction

in the load and no tachometer feedback) means that this term will also

take the place of j in the equation for the velocity lag error.
will consequently be given by

j -t kakd~
k,

instead of by (j/kO)~, as in Eq. (9.70). A simple method
the tachometer feedback from contributiruz to the velocitv

This error

(21)

to prevent

error is to

place a condenser in the feedback path between the tachometer and
amplifier. The condenser may, in physical terms, be regarded perhaps
as blocking the low-frequency signals that contribute to the steady-
state velocity error and passing without interference the higher-frequency
signals that help to stabilize the system. A more detailed discussion of
the role of tachometer feedback loops in stabilizing a servo system may
be found in Harris, 1 Williams, * and ,Jofeh.3 oscillation dampers, to be
discussed in a later section, are also of interest here, since it can be shown
that such dampers have exact analogues in different types of feedback
network.

11.6. Oscillation Dampers.—A third methocl of stabilization useful
in some systems makes it possible to change the relative amounts of
inertia and viscous friction present in the load member through the
medium of a special type of oscillation damper. This device, which
may be of the tuned or untuned type, consists of a shell providing some
additional inertia and an internal flywheel coupled to the shell by means
of the viscous friction of the oil in which the internal flywheel is immersed.
The shaft connected to the outer shell is coupled rigidly to the shaft of
the load member. The damper as described above is of the untuned
type. If, in addition, a spring is introduced to retard the movement of
the internal flywheel relative to the case, the damper is said to be of the
tuned variety. Although flywheel dampers have been widely used for
stabilizing mechanical systems, the use of such dampers for purposes of
servo-system stabilization is apparently due to the MIT Servomechanisms
Laboratory. An analysis from the transient point of view has been given
by Jofeh.4 The frequency approach may also be used. Both points
of view are considered below.

1H. Harris, “ The Analysis and Design of Servomechanisms,” NDRC Report,
1942, pp. 68-72.

1F. C. Williams, ‘‘ Automatic Following Mirror Systems, ” TRE Report No.
T-1505.

aL. Jofeh, “Shooting at Aircraft,” Report No. 100, A. C. Cossor, Ltd.
t L. Jofeh, “ Application of Oscillation Damper to servo-mechanisms,” RL

No. CJSS3914; OSRD ref. No. WA-271324, Report No. MR141, A. C. Ckwsor, Ltd..
August 1944.
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Untuned Damper: Transient Analysis. -Figure 116 shows the block
diagram of a proportional servomechanism equipped with an untuned
damper. The following four symbols have already been defined in the

Load With damper
.-- —.- —————-—-—---

Error detector

?

a.(s) E($!

,

Controller ,

&m’
1
.—-----------— ——- J

-1
FIG.116.-Block diagram of servo system with untuned viscous friction flywheel damper.

section on transient analysis, namely, O,(t), 19.(t), E(t), and lrO. The fol-

lowing additional symbols will also be used.

%(t) = position of the damper flywheel relative to bearings of out-

put shaft, i.e., measured from the same reference position

used in measuring 8.,
.IL = moment of inertia of the load without the damper attached,
.f. = viscous friction of the load without damper,
JS = moment of inertia of the damper shell,

IS = any additional viscous friction operating on initial load due
to attachment of damper (this can ordinarily be assumed to
equal zero),

J, = moment of inertia of internal flywheel of damper,
~Z = Viscous friction between outer shell of damper and inner

flywheel,
JI = J. + J,. By means of this equation we can lump the inertia

of original load and that added by damper shell.
j, = j. + ~~. Similarly we can lump the viscous friction existing

between output shaft and bearings of output shaft.
The following three equations describe the dynamics of the separate

units of the system, namely, the error detector, controller, and load with
damper, respectively.

E(t) = O,(t) – e,(t).
z’.(t) = ko’?l(t)

( )
T.(t) = J,~~ +f, d# +

d’o~

‘2 F“

(22)
(23)

(24)

Equations (22) and (23) are merely a repetition of the relations with which
we are familiar from our analysis of the proportional controller. Equa-
tion (24) represents the equilibrium of torques involved in the load
member. The equation states that the applied torque T.(t) equals the
opposing torques due to accelemtion and velocity of different parts of
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the load. This opposing torque is made up of two parts: that provided
by the part,of the load which is rigidly coupled to the output shaft and
that dependent on the internal structure of the damper. The first por-
tion is represented by Jl(dzO~/dt2) + jl(dO~/dt) just as in the cue of a
load without an attached damper, but with the parameters of the damper
shell lumped with those of the initial load. The second factor in the

()d’o(i
opposing torque may be represented by Jz — ~ the opposing torque

dt2

due to the acceleration of the internal flywheel. The viscous friction
existing between the flywheel and the outer shell may be regarded as
merely providing a coupling connection by means of which motion of
the outer shell is transmitted to the inner flywheel and does not enter
into the equation. The angular position of the inner mass will be less
than that of the shell, lagging behind it by an amount (80 – 0~), repre-
senting the forward slip of the shell relative to the flywheel. If we con-
sider the torques acting on the flywheel alone, we can write

~, d[t?,(t) – %(t)] d%~(t) .
dt = ‘2 dt’

(25)

This equation states that the torque applied to the inner flywheel is
provided by the viscous friction existing between output shaft or shell
and the flywheel and that it is opposed by the equal back torque asso-
ciated with acceleration of the flywheel. This equation will be useful in
permitting us to eliminate t%from our over-all servo equation.

On the basis of Eqs. (23) and (24) the transfer functions of the con-
troller and output members may be obtained and combined to give the
feedback transfer function. From it the error transjer junction can be
derived. The error function will provide the point of departure for the
transient analysis considered below, while the feedback function may be
used as the starting point of the frequency analysis. From Eq. (23) we
obtain

2’.(s) = ~.

E(s)
(26)

in torque units per radian error. This is the conversion factor of the
controller, which here consists of error potentiometer, amplifier, and
motor, in cascade. From Eq. (24), we obtain

~c(s) = (J,s2 + j,S)80(S) + J,52&(s). 127)

To eliminate L9d(s)from
Laplace transformation

Eq. (27) we make use of Eq. (25). Taking the
of this function and solving for Od(s), we obtain

j,
~d(s) = ~25 + j2— l%(s) (28)
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,Suhstit uting for fl~(s) in Eq. (27), we obtain

f2
~c(S) = (.11s2 + j,s) I%(s) + J2s’ ~, I%(S). (29)

.\fter some slmplificati(m we get

T.(s) =
J,J,S3 + (j1J2 + j2J1 + j2J2)s2 + j1j2s ~,,(s),

J2s + ~z
(30)

O.(s) ,J2S + f,

T,(s)
(31)

= s[J1J2s2 + (fI. /z+ j2.J1 + j2J2)s + fl.fzl”

llaltiplying lCqs. (26) and (31) there results

O.(s) = k0(J2s + jz) ___ ______
E(s)

(32)
s[JlJ2s~ + ($]~~ + f2J1 + j2J2)s + f1j21

This ecluation represents the feedback transfer function KG(s). By
:q~plying l’k~. (!). 12) and a little algebra, we obtain the error transfer
fllaction E(s) ‘ @,(s):

(33)k’(s) 1

9,(s) = ko(J2s + i?)
1 + .s~J ,.J,s2 + (jI,/ , + .fz.f 1 + j?.~?)s + fI.f21

,J,J,.s’ + (j,J, + j2J1 + j2J2).s2 + j1j2s—
– ,~,.~,S3 + (j,J2 + j,J, + j,JI)S2 + (jijz + k~z)s + jzko

. (34)

IIquations (32) and (34) can be }~ritten in terms of relational parameters
ljy means of the following relations, the first two of which w-illbe familiar
from our treatment of the proportional servo system in Sec. 9.8:’

1! = Zal,
J,

j, = J,2a,,

k“
ko = J,u;o,

7, = ‘;O;

& = Za,,
J,

j, = J,2a, = 2J,na,,

J,

Jy
= n, and J, = J,n.

(35)2

I The relational parameters defined in 8ec. 98 have the following relations to
~ and ~,~, M may be easily verified by inspection of the defining equations:

1’ = +;

w,, = U,o.

~The symbols used in defining this set of relationships are those of Jofeh. Sub-
sequently, however, in the representation of response relationships, the symbols
introduced in the discussion of quadratic factors will be used.
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If we make use of the relations given in the right-hand column, substitut-
ing them for fl, ~t, lro, and Jz in Eq. (32), all the original physical param-
eters are readily eliminated, giving the transfer function in terms of
relational parameters,

00(s) = @!os + 2~2@?o
E(s) 83 + Z[al + Q(73 + 1)1s2 + 4ff@2.s (36)

The error transfer function, in terms of the same parameters, can be
obtained by the usual procedure [i.e., application of Eq. (9.12)],

E(s) _ S3 + 2[Q1 + ~2(n + 1)]s2 + 4C-WYZS

(9,(s) “ (37)83 + Z[al + ~2(n + 1)]s2 + (’lcx@z + f.o!o)s + 2a2U10

Equations (36) and (37) provide a basis for selection of appropriate con-
stants for the damper in a given problem.

As Jofeh points out, two familiar types of problems may arise. One
is to determine the response of the system, given the parameters of the
system and the damper; the other is to determine the design parameters
of the damper, given the parameters of the system without damper and
specifications of required performance. The treatment of the first
problem is straightforward and may follow the method described in the
sections on the transient approach. It will be noted that the charac-
teristic equation of Eq. (37) is a cubic. It may therefore be factored in
the manner proposed by Liu and Evans [see Eq. (9.74)]. The character-
istic equation of Eq. (37) can thus be represented as

(s + .@.q)(sz + 2(@@ + U:q) = o. (38)

If the parameters of this equation are known in terms of the given param-
eters of the system, the response characteristics can be found. The
values of ~~and U.* and a set of nondimensional charts for the quadratic
will give the response characteristics corresponding to the quadratic
factor, and the real root .@mawill specify the characteristics of the expo-
nential component. It becomes necessary then to determine the values
of ~~, O-~, and fun ~ in terms of the physical or relational parameters of
the original system and damper. This may be accomplished by the
familiar procedure of matching coefficients of two equations regarded as
equivalent. Thus if the factors in Eq. (38) are multiplied out, we obtain

If the coefficients of this equation are set equal to the corresponding
coefficients of the characteristic function in Eq. (37), the following set of
equalities is obtained.
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ti..J2fq + /) = 2[CY,+ (1 + n)a,],

dg(l + Xd) = 4ala2 + U:o,

I

(40)

tw:g = 2a*@;o.

Alf the parameters on the right-hand side of these three equations will
be known from the data given concerning the system with damper; the
left-hand side contains a total of three unknowns, ~q, ~, and u.*. Since
there are three equations, the values of the three unknowns can be found
and hence the response characteristics of the system.

The second type of problem, that of determiningg design parameters
for the damper, can be solved in a similar manner. In this case, the
parameters of the original system and response s~cifications are given.
Let us suppose that data on the original system are given in terms of
physical parameters JI and fl but that gain ko is left unspecified. One
relational parameter 2a1 can be obtained from the ratio of jl to J1.
The specification of required response properties can be given in terms
of parameters ~g, com~, and funq, since, as pointed out, specific response
components correspond to these parameters. Referring now to the
three equations in (40), we note that there will be four known parameters,
the set just mentioned and three unknown parameters, namely, u 10,
a,, and n. Consequently, the three simultaneous equations may be
solved for these three unknowns. If we refer now to Eq. (35), it will
be noted that the parameters thus solved for will determine the physical
parameters of the damper and the constant-gain factor ko, for the
three relational parameters ~loj u2, and n are defined, by way of three
equations, in terms of four physical parameters, ko, Jl, Jz, and j z.
One of these, Jl, is one of the known properties of the original system.
Hence the values of the other three physical parameters ko, Jz, and f,
can be computed. The problem of determining the design parameters for
the damper is thus completed.

Tuned Damper: Transient Analysis. -An exactly parallel treatmmt
can be carried out for the tuned damper. The detailed steps may be
omitted and only the chief results given. The error-transfer function for
the tuned damper is found to be

E(s) =
0,(S).,

J1J2s4 + (J1j2 + Jzfl + J2j2)s8 + (fljz + ~~,)sz + fJ2j,s

J,JN’+ (J1f2+J2j1+J2j&8+ (f]jz+&Jl+koJJs2+ &’2.f1+koj2)s+k 01!lz’

(41)

where the only new parameter is the elastance of the damper spring
S2. This equation is converted to one written in terms of relational
parameters exactly as before. The only new relational parameter
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(42)

The characteristic equation is now a quartic instead of a cubic. It may
be factored into two quadratics in the manner proposed by Liu for fourth-
degree equations (see Sec. 9.9).

(s’ + 2f.@nas + WL) (s2 + 2{W.,S + 0%) = o. (43)

If the two quadratic factors’ are multiplied out and coefficients equated
to corresponding terms of the characteristic function (i.e., that in the
denominator) of Eq. (42), four simultaneous equations are obtained:

The left-hand side contains parameters that indicate, in conjunction
with nondimensional quadratic charts, the response properties of the
system, whale the right hand side contains the parameters cz1, m, L&,

c&, and n which are defined in terms of the physical properties of the
system and damper. One may thus use these equations in the same
manner as described for the case of untuned damper to solve either the
‘{response problem” or the “design problem. ” The only difference is
that four simultaneous equations will be involved here instead of three,
That is, given parameters m, CW,a?o, CLI1O,and n, parameters derived
from the physical parameters of the system, the set of four equations
may be solved to give the four response parameters ~a, ~b, L“=, timh
and thus the solution of the response problem. Or, given the param-
eter representing the load member of the original system, al, and given
the response parameters f~, <b, ti~~, and w.,, then the set of four equa-
tions can be solved for the four unknowns az, U!o, & and n which
represent the design parameters of the tuned damper and the gain con-
stant of the system. z

1The symbols of Brown and Hall are used here rather than the symbols used by
I,iu in Eq. (9.5).

z In the case of both the untuned and tuned dampers, the two types of problem
consideredmay often be simplifiedby assumingthat f, = O, sincef, will generally
be small, and this approximation will therefore usually yield results sufficiently
accurate.
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The transient analysis of the damper has been considered in some
detail, since it provides a good illustration of the method for treatment
of higher-order error equations proposed in Sec. 9,9 as ~vell as a satis-
factory basis for utilization of a useful device. The feedback transfer
functions of untuned and tuned dampers, given by Eqs. (36) and (45)
respectively, might also be treated by the methods of frequency analysis
as described in earlier sections, and the solution of response and design
problems obtained in this way

8“(s) _
E(s)

dosz + 2C126J;OS+ Q:04;0 -- ~ (45)
S4+ 2[a1 + (n + l)culst + (4ala2 + U;O)S2+ 2a1co;os

This latter approach becomes increasingly useful relative to the tran-
sient approach in case the servo system without damper contains addi-
tional energy storage or delay components. These would raise the
order of the transfer function and make the transient analysis increasingly
difficult. The treatment of these higher-order functions by the fre-
quency method has already been discussed in considerable detail (Sec.
103), and its application to the transfer functions of the untuned and
tuned dampers should offer no special difficulty.

Before closing this section, reference should be made to the analogy,
already mentioned, that has been found to exist between the oscillation
damper and special types of negative feedback network. Thus Harrisl
points out that a feedback network characterized by the transfer function

– h%’
&(s) = —

l+As (46)

is the control analogue of the type of damper designated above as an
untuned damper. Here R is the ratio of damper inertia to output
shaft inertia, and A is the ratio of damper inertia to viscous friction
coefficient bet ween the two inertias. In terms of the symbols used
earlier in this section,

and

R=&,
J,

A=&.
fz

Harris points out that this transfer function [Eq. (46)] is obtained elec-
trically by differentiating a velocity signal in the type of network that
also provides a time lag. Jofehz also stresses this .analogY, showing

1Harris,op. cit., p. 72.
?.Jofeh, op. cit.
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explicitly the equivalence of the equations representing the two types
of oscillation damper and two corresponding types of feedback network.
The error equation for the untuned damper is shown to be equivalent
to that of an electrical servo system in which a voltage proportional
to the derivative of the output is fed back to the input of the amplifier
through a condenser-resistance coupling. The error equation of the
tuned damper is shown to be equivalent to that of an electrical system
in which the tachometer voltage is applied to a circuit consisting of a
condenser in series with a resistance shunted by an inductance, the
voltage across the L-R combination being the input to the amplifier.
He suggests that the analogues may be of practical value by making it
easier to determine whether or not servo systems originally designed to
work with negative feedback may be modified readily to work with
oscillation dampers.

IMPROVEMENT OF ACCURACY

1107. Correction of Transient Error.—The duration of the transient

error may be given in terms of the tixne required for the error response

curve to fall to less than a specified absolute value or to less than a

specified percentage of its initial value. Or if the response is given in

terms of output, a comparable definition is readily formulated in terms

of the difference (or ratio) of the response at any instant and its final

steady-state value. It is obvious that the specification of maximum

allowable duration of the transient in such terms calls for a knowledge

of the form and magnitude of the transient response, to be obtained

either directly by way of transient analysis or experimental test or

indirectly from frequency-response properties that may be correlated

with the transient response. In case a comparison of the transient of

a given system with specifications has been made on the basis of any

one of these methods and its duration has been found excessive, its

reduction then becomes necessary.

The type of corrective network appropriate for the reduction of the

transient has been known for some time. It turns out to be the same

type of device that \vas found effective in system stabilization, namely,

one that takes the derivative of the error signal, i,c., one that intro-
duces phase advance into the system. The association betuwn deriva-
tive taking and reduction of transient time is fairly clear, since the
taking of the derivative can be regarded as a way of anticipating future
response and thus making possible more rapid error correction. The
association between stability and small transient error is also readily
made plausible by recalling that the system components that serve
to delay the response of a network and thus increase the duration of the
transient are thereby introducing time lags that predispose to insta-
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bility. The equivalent of long time lags in the time response is phase
lag in the frequency response, a phenomenon that, as we know, tends
to produce system instability. Considered from the point of view of

the Fourier analysis, a long lasting transient, or slow response, is equiva- 1
lent to a spectrum in which the higher frequencies are attenuated. The
frequency of the resonant peak of the oo(jw)/19~(jw) response curve will,
therefore, be low. The introduction of a phase-advance network will
raise the frequency of the resonant peak, thus increasing the transmis-
sion of the higher frequencies. The equivalent time response to a step

function will, therefore, be sharper.
The basic procedures for representing and designing phase-lead

networks have already been considered in Sec. 11.4. It is unnecessary,
therefore, to repeat this material here. What would be desirable at

this point, however, would be a simple and direct method for relating

the required reduction in the duration of the transient to the specification

of the design parameters required in the phase advance network. LTnfor-

tunately, no such direct method seems to be available for any but the
simplest systems. The most extensive attempt to develop design prin-

ciples directed especially to transient reduction seems to be that of Hall’

based on the transfer locus approach. The procedures for matching

the corrective network to the system to be corrected may become quite

involved; hence the original account should be consulted. Relevant

principles formulated in terms of other points of view may be found

in Draper and Bentley, z Brown, a Harris, * Ferrell, 5 and .McC011.6 In

any case, the final test of whether or not the correct parameters have

been chosen must be based on a new determination of the transient

response. A mathematical cut-and-try process thus seems to some

extent unavoidable.

11.8. Correction of Steady-state Errors.—As has been pointed out in

previous sections, a number of different kinds of steady-state error may

be defined, depending on the nature of the input test function. Pro-

cedures for compensating for steady-state errors of different order are
similar. It will therefore be sufficient here to limit ourselves to a dis-

I A. C. Hall, Analysis and Synthesis oj Linear Servomechanisms, Technology Press,
Massachusetts Institute of Technology, 1943, ‘‘ Theory of Phase Lead Controllers,”
Chap. 6, pp. 89-127.

zC. S. Draper and G. P. Bentley, “Design Factors Controlling the Dynamic
Performance of Instruments,” Trans. ASME, 62, 428fl., July 1940.

zG. S. Brown, op. cit., pp. 14, 39fl.
4 H. Harris, “The Analysis and Design of Servomechanism s,” NDRC Report,

1942,pp. 15, 17, 20, 24,32-42, 5fl.
6E. B. Ferrell, “ The Servo Problem as a Transmission Problem,” Pr-oc. IRE, W,

November 1945, pp. 6j’. of reprint.
hL. A. McCO1l, Servomechanisms, Van Nostrand, New York, 1945, pp. 41, 104.



342 ,?h’RVO YI{80RY: I;17.11.LT.4 TI().V .4.YI) (Wl<RL’C’l’If).\- [SK( I I S

cussion of procedure+ for {onlp~ms:lt i(m ()[ t IN, vvlocit y lug error. This

type of steady-state error is the one ~~hich is generally of most impor-

tance in servo-system correction. It will be of interest to consider the

nature of both the transient and frequency approaches to this problem.

Jrelocity-lag Emor-: Transient Approach .—The need for correcting

servo systems for effects due to coulomb friction and constant torque

loads applied to the output member has led to the development of the

so-called integral controller. The need for integral controllers to coun-

teract conktant output torques was demonstrated by Jlinorsky ’ in 1922.
13roum and Hall have recently analyzed the problem anmv and reach

the same conclusions.’ They represent their analysis as an illustration

of a general method for the clesign of controllers to meet specific condi-

tions of excitation and performance, This method consists of first

examining the error equation to see “ ~~hat properties it must have to

yield the solution desired” and second in “ manipulating it mathe-

matically to give it these properties. ” The manipulations consist in

adjustment of the characteristics of the C(s) operator in the error equa-

tion until this equation has the required properties. One may then

attempt to synthesize physically a controller that can be represented

by the expression finally clerivcd for C(s). In the present chapter, this

general prwmlure \vas summarized in Sec. 11.4 in rclat ion to thc (deriva-
tive error controller, In the case of the integral controller, the applica-

tion of this general method indicates that the reqllired form for the

transfer function of the controller is

T’.(s)
c(~) = -E= =A-o+:) (47)

where k~ is the proportionality factor for proportional control and n is

the proportionality factor for integral control. The integral equation

for the controller corresponding to the transfer function of Eq. @7) is

T’,(t) = koli(t) + n
/

E(t) cit. (48)

If a controller of this type is introduced into a system ~vith a char-

acteristic equation of any given degree, the effect ~vill be to increase the

degree of the characteristic equation by one, as already shown in Sec.

9.8, for a system with a second-degree equation. W’ays of solving such
higher-degree equations have also been considered. Ilrowm3 and Brown

I N. Minorsky, “ Directional Stability of Automatically Steered Bodies,” Jour.

so.. Naval Eng., 34, No. 2, 2813309, May 1922.

2 G. S. Brown and A. C. Hall, “ Dynamic Behavior and Design of Servomecha-
nisms)” ASME Preprint, November 1945, pp. 14-20.

s Brown, op. cit., pp. 2636,
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and HaIll carry out such solutions for a number of sample systems and

discuss the effect of various relations among theparameters on the final

form of the solution. What is of particular significance for us here is
first the fact that a form for the controller transfer function can be found

which will eliminate the steady-state velocity error due to various factors
in the system and, second, the question of how integral controllers may
be designed so that the over-all system will show the required perform-
ance properties. At this point it becomes desirable to shift to the fre-
quency method of analysis, since such problems of design are more

effectively carried out by this method.
Velocity-lag EL-TOTS:Frequency Approach. -In an earlier section, the

relation between zero steady-state errors and the nature of the transfer

locus asthefrequency approaches zero ~\,as pointed out, Here, we may

attempt to make use of these correlations in the design of servo systems

with the required zero or minimal velocity-lag errors. Like principles

are operative in adjusting systems for other types of zero steady-state

errors, such as displacement errors and acceleration errors.
TO show a zero velocity-lag error, the transfer function 0,/E(jw)

must have a second-order pole or greater at o = O, and the IOCUSm~lst

approach @ along the negative real axis. To achieve this condition,

ways rnwst, be found of making the locus conform to this requirement.

The o})~rimw preliminary steps will be to plot the locus of the proposed
systems, without any special adjustment orcorrective device for velocity-
lag control, and then determine the type of locus that mllst, be multi-
plied with the locus of the given system to make it conform to the
required condition of approach to cc along the negative real axis as m
approaches zero.

An example is gi~-en by Curve A of Fig. 10.2O (Sec. 10,5) regarded :]*
representin~ a given servo system. This 1OC(Wapproaches m I)y lvay
of the negative imaginary axis, To meet the required conditions, the
lo~v-frc(luency portion must be rotated by –90° so that it ~~illrun to cc
along the negative real axis. Hence the given locus must be multiplied
by a locus of the type represented by (’urve B, one that will provide the
required negative phase shift approximating 90° at the low end of the
frequency scale, but not shifting enough to make the system unstable
~t the higher-frequency end, The product of Curve A by correcti~,e
]oclls 11 results in ~ur~-~ C, ~~hich meets the required conditions for a
zero velocity-lag error, If, no~r, the trausfcr function of Eq. (47),
wprcselltillg an illtepyal controller, is plotted as a transfer locus, it is
found to be identical with the type of locus shown by Curve B in Fig,
1020. Thus tlvo different approaches have led to the same result. A

1IIrowu find II:LI1,op. cit., pp. 17–21.
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controller with a locus of the nature of B is required for correcting a
system with an initial velocity-lag error.

Can physical controllers be built that are represented by this type
of transfer locus? Since the form of the locus implies infinite gain at
zero frequency, it is necessary to use a regenerative amplifier. * A block
diagram of such a controller is shown in Fig. 11“7. Hall has discussed
the adjustment of the parameters of thk network and demonstrated that

I ,

Fx~. 11.7.—Block diagram of regenerative feedback amplifier.

for certain values of the network parameters, it will realize the transfer
function given above for the integral controller. He points out, how-
ever, that one particular parameter h, in the circuit transfer function
(49) below, must equal one, exactly, in order for this equation to reduce
to the transfer function of the integral controller.

KG(s) =
1 + RCS

l+ Rcs–h” (49)

Precise adjustment is often not possible, due to accidental variation of

Over-compensating I U.der.compensating
controller h >I I controller h <1

\ Ideal controller h = 1

WG. 11.8.—Transfer loci of various types of
integral controllers.

circuit parameters, so that this
network usually approximates an
integral controller but does not
realize it exactly. If h < 1, the
controller is called an undercom-
pensating integral controller; if
h > 1, it is called an overcom-
pensating integral controller,
The loci corresponding to these
two types of controller are shown
as the right and left half-circles
of Fig. 11.8, and an ideal integral

controller corresponding to h = 1, by the line. Under- and overcom-
pensating controllers are designated as minimal velocity error systems,

since the failure of the parameter h to equal one exactly gives rise to a
system equation for which the velocity-lag errors can be made as small as
desired but cannot be eliminated entirely. For detailed theoretical
treatment of these systems, Hall’s paper should be consulted.

1Hall, op. cit., p. 66.
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Before completing our brief survey of the integral controller, it should
be noted that if a particular application permits the use of an under-
compensating integral controller, the regenerative type of controller is
not necessary, and this minimal velocity error controller can be physically
realized by a filter (with the response characteristic of Fig. 11.9a) inc~
cade with an amplifier. This circuit is shown in Fig. 11.9b. Its locus
and the general form of its transfer function are the same as that of
theundercompensating regenerative integral controller.1

I

I

Ill

(a) (b)
I~lG.11.9,—(a) Amplitude responseofundercompensating integral controller which may

be reproduced by pa.wivefilter circuit (reproduced from Hall, op. cit., p, S6); (b) non-
regenerativecircuit having response curve shown in a.

SPECIAL PROBLEMS

11.9. Changes in Loop Gain.-In’ some servo systems, the special

problem arises of stabilizing a system that is characterized by the equiva-

lent of a variation in the loop gain. An example is the Arms-resolver

servo system described in Sec. 14.3. In this system, the equivalent, of a

variation in loop gain is produced by the physical device used for error
detection, an Arms resolver. This unit, a two-coil selsyn-type of device,
can be regarded for present purposes as equivalent to an ideal error
detector (used to determine the difference between input and output
angles) m cascade with a converter (for converting angular error to an
a-c voltage) in which the conversion factor varies in time under the
influence of the input signal. z The nature of the application was such
that the conversion factor changed during the course of a certain tactical
operation. The problem arises then of how such a system may be
stabilized, since standard servo theory assumes the constancy of all
parameters.

For purposes of theoretical analysis, the system can be represented

1Hall, op. cz~.,pp. 87fl.
2The error detector also contains a small nonlinear factor, since the error voltage is

proportional to the sine of the [regular error ruthcr thun to the angle iteelf. For
small values of the angulur error this difference may Irc neglected.
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by the block diagram of Fig. 11.10. To consider questions of stability
it is convenient to determine the feedback transfer function. We may
assume that at a given instant, a, k~, and k,,, are constants. Then

O.(s)
m(s) = ~c~) = akck,,,H(s) . (.50)

At a given instant, ak~k~ will represent the servo gain K, and the system
might be stabilized at any particular value of K on the basis of procedures
already described. But at another instant, a and therefore K may be
greater and the system may no longer be stable; in any case, the phase mar-
gin will have decreased. Conversely, a and therefore K may have become

Error detector

(
A

\

Electronic Motor Motor
amplifier load,

E(s) ~ e~(s)
ka

eats) ~ Tc(s)
)11 H(s) ~)

I I
FIG, 11.10.—Block diagram of a servo system with variable looP gain. Symbols:

a is error detector conversion factor eE(s)/E(s) in a-c volts per radian error, k. is gain of
electronic amplifier e~/eE in numerical units, km is motor conversion factor T.(s) /e~(s) in
torque units per volt applied, and H(s) Mtransfer function of output member, in this case
Lhemotor load.

smaller. The transient response will consequently be slower and may
not meet specifications. What means are available for avoiding these
undesirable effects?

The problem can be simplified by first assuming that values for the
amplifier gain and over-all gain have been selected to meet performance
specifications over the full range and the system is to be stabilized for
these conditions. Thus, for some representative value of a, a value of
ka may be selected to give an acceptably small static error, and a value
for the over-all gain K to provide a sufficiently short transient. Under
these conditions an appropriate stabilizing device can be designed, if
needed,. to provide a sufficient stability margin by procedures already
described. We may thus think of a stabilizing unit introduced at some
point in our block diagram of the system.

The problem is now reduced to finding ways of preventing insta-
bility when K increases owing to an increase in a and of avoiding the
effects of a decrease in over-all gain K when a decreases. A review of



SEC. 11.10] FILTERING AND DATA SMOOTHING 347

the standard principles for system stabilization outlined in previous sec-
tions suggests the following possibilities:

1. Initially stabilizing the system for the maximum value of K
expected to occur, as when a has its maximum value. The system
will then be stable for all smaller values of a and K. 1

2. Maintaining over-all gain K constant as a varies by automatically
changing one of the other factors in the gain, such as ka, or km, to

compensate for changes in a. This scheme would thus require

some method of automatic gain control.

3. Allowing the over-all gain K to vary with a, but automatically

adjusting the stabilization network to produce a greater degree
of correction as K increases and a reduced amount as K decreases.

4. Allowing the system, if nonlinear, to oscillate as a and K increase
but setting the other factors in K so high that the frequency of
oscillation will be high enough and the amplitude low enough so
as not to exceed the allowable margin of error.

Method 1 may be considered the most conventional, and amounts to
designing a nonadjustable system that has sufficient margins of safety
to meet the worst conditions to be expected in practice. Methods 2 and
4 have both been tried and found satisfactory.z Method 3 has not, to
the author’s knowledge, been tried, but there seems no fundamental rea-
son why it should not be feasible. If, for example, in the basic type of
phaseadvance circuit shown in Fig. 11”3 RI were decreased as a increased,
such a decrease in RI would have the simultaneous effect both of reducing
the over-all system gain and of advancing the phase, effects that would
supplement each other in counteracting the effects of an increase in a.
In any automatic adjustment scheme, it will, of course, be necessary
to utilize some signal dependent on t?(t) or on a to control the adjust-
ment. The selection of suitable circuits will depend on the nature of
the physical components of the system in any given case.

11.10. Faltering and Data Smoothing in the Servo Loop.—The previ-
ous discussion of servo theory has been based on the assumption that
the performance required of the output of a servo system is, within
certain limits of tolerance, that of duplicating the form of the disturb-
ance $(t) imposed on the input (or some specific function of this input).
Under operating conditions, however, the problem may be complicated
by the fact that there may be superimposed on the correct signal ~(t)

I This scheme would not work for a conditionally stable system, as is apparent
from tbe discussion in Sec. 10.4.

1 A. H. Fredrick at the Radiation Laboratory found that it was possible to
use Method 4 effectively iu the adjustment of nonlinear systems. Farther detaifs
are given in Sec. 12.24.
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an extraneous or undesired signal g(t), either applied at the input or
arising at some other point within the servo loop. This unwanted
signal may be referred to as “noise. ” It may arise in a number of
different ~vays: noise phenomena in vacuum-tube amplifiers, the chatter
of gears, static friction effects in motor loads, interference effects in radar
signals, and the like. If small enough, these noise effects may be
neglected. At times, however, they may be great enough to exceed the
acceptable tolerance of errcr in servo performance. The servo error
must noIv be considered to bc made up of t~vo factors, a factor repre-
sented by poor following of the correct signal j(t) and an additional
factor due to good following of the noise signal g(t). To eliminate this
additional source of error, it is necessary to find some way of making the
servo discriminate between the correct input function -f(t) and the
incorrect one g(t). The problem imposed on the servo is to follow ~(t)
even though a function j(t) + g(t) is imposed On the input. This is a
problem of filter design. The servo system may thus be regarded as a

special type of filter, and ~ve may require the servo to satisfy certain
filter specifications as well as the requirements of stability and accuracy
considered in previous sections.

It will not be possible in the space available to go into this problem
in detail. We may, however, review briefly the lines along which the
problem may be attacked and indicate some of the sources where a more
exhaustive treatment may be found.

Three types of approach have been followed or proposed. The more
obvious and common approach has been based on the realization that a
servo system (i.e., one containing mechanical elements) can be regarded
as a low-pass filter. The amplitude transmission curve shows a certain
range of transmission in the low-frequency region, followed by more or
less sharp attenuation as the frequency increases. If the noise signal
g(t) is represented by a Fourier spectrum that lies above the frequency
range which must be transmitted to realize the acceleration requirements
of our servo system, then it should be possible to design the servo system
so that its cutoff pQint lies below the frequency range of the noise signal.
If such a design can be realized, the servo will be able to discriminate
between the correct signal and the noise.

It is in this context that the problem of so-called data smoothing
may be regarded as a special instance of a filter problem. In data-
amoothing problems, we are interested in following the trend or average
Gf a sequence of measurements or magnitudes rather than the instan-
taneous values, which will show more extreme fluctuations. Since
these instantaneous fluctuations occur at a higher frequency than those
of the averaged curve, the instantaneous fluctuations may be regarded
as a high-frequency effect superimposed on the low-frequency variations
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present in the average curve. A servo system that is not capable of

following the high-frequency fluctuations will thus have the effect of

averaging out these fluctuations and hence of ‘(smoothing the data. ”

In terms of the discussion of the preceding paragraphs, methods for

filtering out the high-frequency noise sequence g(t) or smoothing a given

time sequence f(t) + g(t) will be directed to reducing the higher-frequency

response of the servo or, in filter terms, reducing the frequency of the

cutoff point. There must be an increase in the inertia of the servo load

or an equivalent change in the parameters of electrical networks. Such
an increase in inertia will be accompanied, however, by an increase in the
phase lags of the system and hence reduce the instability margin. It will

therefore be necessary to introduce additional factors tending to increase

damping factors or produce phase advance.

The approach just discussed might be designated, for brevity, as the

“inertia method. ” It depends essentially on the common experience

that mechanical or electrical inertia will have the effect of reducing the

speed or frequency of response of a system and hence smooth out higher-

frequency disturbances. It does not take into account the detailed

nature of the two time functions to be separated or give any assurance

that a given physical system designed on this basis is the best one for

performing such a discrimination. A number of authors have recently

proposed methods based on a more sophisticated mathematical back-

ground. A method proposed by Grahaml for reducing the effects of

signal noise uniformly distributed in frequent y involves adjustment of

the system so that it will show a transmission spectrum corresponding
to the Fourier spectrum of the input signals expected to occur in prac-

tice. The method seems to involve some such sequence as the following.

One first determines a time function j(t) that can be regarded as repre-

senting the input signaIs to which the system will be required to respond.
This time function is then represented as a frequency function by Fourier

or Laplace transformation methods. Corrective networks are now
incorporated in the servo system so the system as a whole will show fre-

quency-transmission curves like that of the assumed signal. The system

will thus pass signals of the specified form with a minimum of attenua-
tion and all other signals, such as those involved in noise disturbances,
with greater attenuation. Undesirable effects accompany the substi-
tution of a limited pass band for a broader unselective pass band. These
effects consist principally in the introduction of considerably increased
time lags in the transient response. Just how great an increase in the
duration of the transients can be tolerated for the sake of greater freedom
from disturbing noise will depend on the specific application. A practical

1R. E. Graham, “Linear Servo l’heory,” Bell System Tech. Jour., 25, 616.-651,
October 1946.
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difficulty in the application of this or any other method of analysis of the
noise smoothing problem may consist in the difficulty of selecting
standard time functions j(t) and g(t) as representations of the input anfi
noise signals, respectively. The problem is of great importance in the
design of automatic following radar equipment such as the S(’11-584.

A more elaborate mathematical theory, originally proposed by
Wiener’ and supplemented somewhat by I)aniellsz and Levinson3 seems
to offer a more general basis for treatment of problems of this sort.
The theory is not formulated specifically with reference to servomecha-
nisms, but rather in relation to the more general problem of the design
of filters and predictors for operating on a given time sequence j(t) which
may or may not be contaminated by a “noise signal” g(f). It is pointed
out, however, that servomechanisms fall within the scope of the theory.
For the reader interested primarily in the possibilities for practical appli-
cation of the theory, the report by Daniells and Levinson’s second paper
will probably be found most useful. These authors disclaim any attempt
at mathematical rigor but aim rather to present the basic ideas in a way
that will facilitate their practical use in engineering problems. The
paper by Wiener and Levinson’s first paper will be of more interest to
the professional mathematician.

11011. Nonlinearity in Servo Systems.—Practically all of the material
available on servo theory is based on the assumption that the system
being considered is linear, in the narrow sense already mentioned: that
it can be represented by a linear differential equation with constant
coefficients. These constant coefficients constitute the physical param-
eters of the system, such as J, j, T, and L!!;the assumption of linearity
implies that such properties of the components may be regarded as con-
stant, regardless of the magnitude of the forces applied or of the responses
resulting. And yet, it is questionable whether any physical system is
strictly linear, particularly ~vhen the events within the system exceed
very small magnitudes. Why then has it been customary to analyze
such systems by means of linear theory?

The reason, essentially, is that linear methods are available whereas

1N. Wiener, “ The Extrapolation, Interpolation, and Smoothing of Stationary
Time-series, ” OSRD Report Xo. 370, February 1942, pp. 176, available as U.S. Dept.
Commerce Publication Board Xo. PB39700; abstracted Bib. Sri. Ind. Reports, Dept.
CO?r3?WCf’, 3, Xov. 8, 1!346.

2P. J. Daniells, “ Digest of the }Ianual on The Extrapolation, Interpolation and
Smoothing of Stationary Time-series With Engineering Applications by Norbert
}Viener,” (British) OSRD ref. no. TV-3861, Mar. 25, 1943.

~N, Levinson, “ .\n 13xpository Account of Wiener’s Theory of Prediction, ”
XDR~ .\pplied Math. Panel Note No. 20, June 1945; “The Wiener RMS Error
(Yiterion in Filter Design md Prmliction, ” .lour. Math. and Physics, 25, pp. 261-278,
Jan. 1!347.



l~onliu carmcthwls arc lwII. Tlwrr :LNIlW general methods for solution
of nonlinear differential equations. Special methods that are available
are relatively cumbersome and ditficult to apply. Methods for analysis
of linear systems are, on the contrary, usually comparatively easy to
~pply and tlu-n out in practice to give results that, are sufficiently accurate
f’or engineering purposes. Predictions of system response are likely to
fall ivithin the limits of experimental errors of measurement; specifications
of design parameters are likely to fall within the limits of precision of
commercially available components, Final, small adjustments may then
be made experimentally.

Yet cases do occur in which linear theory falls short —the system
when built may show oscillations not predicted by theory, or it may
not be possible to design a system that will meet the most stringent
specifications on accuracy, for the assumption of linearity represents
msentially an idealization of the physical system and therefore affords
solutions that are only approximations. in cases in which the degree
of nonlinearity of certain components is extreme or in which the response
of a given component covers a considerable range, the approximation
may be unsatisfactory. Nonlinear theory then becomes necessary. It
would seem necessary, too, if we are to assess the proper scope of linear
theory. For even in cases in which linear theory now seems adequate it
hardly seems possible to determine the magnitude of the errors of approxi-
mation involved unless exact results may be obtained to check the
approximations, Finally, development of a theory of nonlinear systems
seems necessary in order to permit overt use of nonlinear components in
achieving engineering objectives. Special phenomena arising in non-
linear systems have already led to some useful applications on an empirical
basis, If a suitable theory for predicting the effects of nonlinear com-
ponents were available, much more extensive use might be made of such
components in servo design.

It will not be possible here to consider the problem in any detail.
We shall limit ourselves to recording the chief units of the system in
which nonlinearities of different kinds may occur, to pointing out the
explicit attempts that have been made to deal with such nonlinear rela-
tions mathematically, and finally, to calling attention to the work going
on in the more general field of nonlinear mechanics that provides a
source of material for attack on the more special nonlinear problems of
servomechanisms.

Following is a list of some of the units or parameters of a servo
system in which nonlinear relations may occur:

1. Nonlinearity in sti~ness or torque/error ratio.

a. On-oJ control or relay servo systems. In such systems, torque
is applied by the motor to the load only when the error exceeds a
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given threshold. Then the maximum torque is applied and
remains constant until the error falls below this or a related
threshold. A graph of the torque-error relationship is not a
straight line; the relationship is, therefore, designated as
nonlinear.

b. Torque saturation in motor. Any motor has a maximum avail-
able torque, regardless of the magnitude of the error. Thus
the output torque of the motor (as measured, e.g., with an
opposing torque made large enough to stall the motor) may
be proportional to the error up to a certain point and then
approach a limiting value as the error is increased. The motor
may therefore be considered a linear device until the error

exceeds a certain critical value. For signals greater than this

critical value, it will be operating as a nonlinear device.
2. Nonlinearity in frictional or dissipation parameters.

a. Coulomb friction. Coulomb friction may be defined as a fric-
tional force or torque the direction of which is always opposite
to the direction of motion of the responding component. It
thus depends on a property of the response; it is therefore to be
considered nonlinear.

b. Nonlinear viscous jriction. A nonlinear viscous friction param-
eter may be indicated by a nonlinear torque-speed curve.
As explained in Sec. 13.2, the decrease in torque as the angular
velocity of the motor increases may be represented as due to
an opposing frictional force that increases with the velocity.
The slope of this line provides a measure of the magnitude of
the viscous friction parameter j. If the slope is not constant,
then j is not constant but is itself a function of the absolute
velocity of the motor shaft. It must therefore be considered
a nonlinear parameter, analogous in character to the nonlinear
resistance of an electric circuit.

3. Nonlinearity in inertia and other load parameters du to backlash.
Backlash in gear trains has the dynamic effect of a removal of the
load on the driving shaft when this shaft reverses in direction or
deaccelerates. At a given point, the parameters of the load are
reduced to zero (in their effect on driving shaft) to resume their
original magnitudes when the dead space between the gear teeth
has been traversed. The magnitude of the load parameters thus
depends on the nature of the response of the driven member in
relation to the driving member and must consequently be con-

sidered nonlinear.
4. Nonlinearity in amplifiers, As is well known, the parameters of

a vacuum tube ~, g-, and rP are not constants; yet they are com-
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monly assumed to be constant in circuit computations, an approxi-
mation that is justifiable only while the tube is operating over a
relatively narrow region and in the straight-line part of its char-
acteristic curve. The magnitude of the tube parameters varies
with the current through the tube and hence represents nonlinear
relations between plate current and grid voltage or plate current
and plate voltage. Such nonlinear effects in the amplifier of a servo
system may show up in the behavior of the total system as the
signals increase in magnitude.

5. Nonlinearity in cam”er conversion units. Modulators and detectors
may be used in servo systems to permit use of a-c amplifiers in
place of d-c amplifiers. The modulator can be regarded as a
component for converting a signal with a zero frequency carrier
to one with a carrier of finite frequency. The detector later
performs the reverse operation. The signal is represented by the
form of the envelope. The conversion factor or ratio for either
of these types of units is, as is well known, not a constant for all
levels of signal but varies with the level. These units are thus
inherently nonlinear.

To what extent have mathematical procedures been d&eloped for
analysis of servo systems involving such nonlinear relations? Unfortu-
nately, the work so far reported is extremely meager. The number of
papers published explicitly on nonlinearities in servo systems does not
exceed six or seven. Hazen, 1 in his pioneer paper on the theory of
servomechanisms, gjves a graphical, step-by-step analysis of an on-off
or relay type of servo system. Brown,’ in his 1941 paper, gives a brief
treatment of coulomb friction in servomechanisms. Minorsky,3 in 1941,
gave a brief review of nonlinear control problems, treated analytically.
Harris,’ in 1942, dkcussed the nature of some of the nonlinearities that
may occur in servomechanisms and possible methods of treatment.
Hurewicz and Nichols’ in 1944 presented an analysis of servo systems
with torque saturation. This account includes a brief treatment of
mathematical procedures for dealing with nonlinear speed-torque curves.

1H. L. Hazen, “Theory of Servomechanisms,” Jour. Franklin Inst., 218, No. 5,
287–313, November 1934.

ZG. S. Brown, op. cit., pp. 27ff.
‘N. Minorsky, “Control Problems, ” Jour. Franklin Irwt., 232, 53, 451-487, 519-

551, December 1941.
4 H. Harris, “The Analysis and Design of Servomechanisms, ” N DRC Re~rt,

1942pp, (X-64.
5W. Hurewicz and N. B. Nichols, “servos with Torque Saturation,” Part 1,

RL Report No. 555, May 1, 1944; W. Hurewicz, “ScrVOS with Torque Saturation, ”
Part II, RL Report No. 592, Sept. 28, 1944.
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Finally, MCCO1l,l in 1945, gave a treatment of the on-off servomechanism
I)ased on what has been called a topological method of plotting curves
representing the differential equation of the system in phase space. We
may perhaps add to the list a preliminary attempt by Nichols and
Kreezer,2 in 1946, to utilize the decibel-frequency approach i n repre-
senting the effects of backlash in servomechanisms.

As examination of the references cited will show, nothing of the
nature of a general approach to the handling of nonlinearities in servo-
mechanisms is available. The work so far reported tends to be intro-
ductory in character, involving special methods for each of the special
types of nonlinearity and special assumptions that tend to restrict the
range of application of the results. It is apparent that only the barest
beginning has been made in this field and that the bulk of the work
remains for the future. On the other hand, it is conceivable that no
single or general approach can be found owing to the large variety of
ways in which a system may fail to meet the requirements for linearity.

In attempts to develop suitable methods, some help may be obtain-
able from the fields of nonlinear mechanics. This may be defined as
the branch of mechanics that deals with the solution of the differential
equations of nonlinear physical systems. It may be thus thought of as
the more general field in which the theory of nonlinear servomechanisms
would form a special part. This reference to the more general field does

not imply that one may find there general methods for handling non-

linear differential equations. The methods reported in the framework

of nonlinear mechanics tend to have the same special character men-
tioned above. In this broader field, however, one finds a much greater
wealth of literature than represented by the relatively few papers cited
above which deal explicitly with servomechanisms. One finds, too, an
effort being made toward a more general approach, as illustrated perhaps
by the work on topological methods, and by Kryloff and Bogoliuboff’s
met hod of successive approximations. In the greater wealth of material
available, one may hope too to find physical systems treated that exhibit

I L. A. McColl, Fundamental Theory of Servomechanisms, Van Nostrand, New York,
1945, pp. 107–125.

z N. B. Nichols and G. L. Kreezer, “ Analysis of Servosystems Containing Back-
lash,” unpublished, 1946. Tbe procedure consists in assuming a sinusoidal oscillation
imposed on the input of the system and determining the amplitude and phase of the
6rst Fourier component of the nonsinusoidal output response. By assuming that this
Fourier component can be used to represent the output response, to a fist approxima-
tion, the ratio of output to error signal may be dealt with as described in Sec. 10.3 for
strictly linear systems. The error of approximation can be checked against a step-by-
step solution of the nonlinear differential equations of the system. The use of the
first Fourier component to represent the nonsinusoidal response is similar to the proce-
dure employed by Kryloff and Bogoliuboff in their method of treating nonlinear
systems.
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nonlinearities analogous to those found in servomechanisms. ‘~hus COll-
siderable work has been done on the solution of the second-order differ-
ential equations of a single-mesh electrical circuit containing a nonlinear
resistance. Such a nonlinear resistance would seem to be directly
analogous to a nonlinear viscous friction. There should consequently
be a carry-over from one problem to the other. As a matter of fact,
practically all the methods so far introduced for treatment of nonlinearities
in servomechanisms are found applied in a more general setting, in the
field of nonlinear mechanics. To aid in the acquisition of a background
in this latter field, a selection is given below of references to a number of
useful review papers, taken from a bibliography compiled by the author
of recent publications in the field of nonlinear mechanics.

Kryloff, N., and N. BogoliubofF, Inhvdaclirm to Nonlinear Mechanics (translated
by S. Lefschetz), Princeton University Press, Princeton, N. J., 1943.

hfandelstam, L., N. Papalexi, A. .Andronow, S. Chaikin, and A. Witt, “ Expos6 des
recherches recentes sur les oscillations non-lineaires, ” Tech. Phys. u.s. s. R., 2, 81–134
(1935).

Vun Karman, T., “The Enginrwr Grapples \vith N’on-I,inrar Prohlcms, ” Bul,
A m .Ifath, ,Sm., 46, pp. 615–683, .kugust 1!)40. (Good bih]iography).

Minorsk y, N., Introduction 10 Non-linear Mechanics, Part 1, <CTopological
Methods, ” Itcport No. 534, December 1944; Part 2, “ Analytical Nfr-tho(ls of Non-
linearMechanics, ” Report No. ,546,Scptrmher 1!)45; l’art 3, “ Non-linear ]Iesonance,”
Report h-rr.558, hfay 1!)46; l’:!rt 4, “Rclaxntio)l oscill~tions) ‘“ David ‘1’,iylm Model
Basin, 1947; Edwards, Ann Arbor, 1946,

Kellar, E. G., Mathematics of lfodern Engineering, Chap, 3, ‘‘ Nonlinearity in
Engineering,” Wiley, New York, 1942, pp. 201-304.

LeCrmbeiller, P., Les systemes autoentretenues et les oscillations de relaxation, Libraire
Scientifique, Hermann & Cie., Paris, 1937, pp. 46.

Preisman, A., Graphical Constructions in Vacuum Tribe Circuits, hlcGraw Hill,
New York, 1943.

Van der Pol, B., ‘‘ The Nonlinear Theory of Electric Oscillations,” Proc. IRE,
22, No. 9, 1051–1086, September 1934.

11.12. Miscellaneous Accuracy Considerations. Gear Ratios.—An

important consideration in the design of servos is the balancing of factors
affecting the choice of gear ratios. It is desirable from the standpoint
of smoothness and stability to have a large reduction between the motor
and the output device. From the standpoint of speed of response,
maximum speed, and maximum power transferred to load, relatively
lower gear ratios are desirable. The exact requirements may be more
exactly stated if position servos and velocity servos are discussed sepa-
rately. For velocity servos, the lowest speed at which the motor will
run smoothly as a servo motor divided by the desired minimum output
speed sets a lower limit on n, where 1/n is the gear reduction. The
highest speed at which the motor may be run with a reserve of torque
for acceleration, divided by the desired maximum running speed of the
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output, sets an upper limit on n. If it is necessary also to slew with the
motor, the top speed of the motor divided by the desired output slewing
speed sets another (and usually lower) upper limit on n. In order to
meet these conflicting requirements, it may frequently be necessary to
use a low value of n to allow rapid slewing and to rely on tachometer
(velocity) feedback and high amplifier gain to lower the minimum smooth
speed of the motors. Minimum smooth motor speeds as low as 4 rpm
can be obtained in this way. For integrator applications, electrical
means for removing the errors caused by rough operation at low speeds
may be used (cf. Chap. 4). These conflicting requirements also lead
the designer to favor motors with high top speeds, provided the minimum
smooth speed is not sacrificed.

In a position servo, the requirements are much the same. The lower
limit on the gear ratio is the smallest increment that the motor may be
made to turn, or the amplitude of its “jitter,” divided by the maximum
position error allowable from these causes, As above, the conditions
for minimum and maximum smooth operating speeds and slewing speeds
also apply.

A very important consideration when dealing with servos where rapid
response is required is the maximum load acceleration a~. 1 This is given
(neglecting friction) by

nT
aL = Jmn, + J.’ (51)

where I/n = gear reduction from motor to output,

T = motor torque,
J- = motor inertia, including gears on the motor shaft,
J. = load inertia, measured at the load.

By differentiating with respect to n and setting equal to zero, there
results

(52)

This tells us that for maximum acceleration oj the load, the inertia of the

load as seen at the motor shajt, Jr./n’ should be matched to the motor inrrtia.

This is also the condition for maximum power transfer to the load and
is analogous to impedance matching in electrical and acoustical problems.
The maximum acceleration measured at the load is

T
(53)

a’””’ = 2 4J.J.”

1 Although derived independently hy the author, this treatment has subsequently
been found in part to be equivalent to that of a memorandum from ADRDE dated
Sept. 9, 1942, entitled “ A Note on Gear Ratio Value in Servo Systems. ” See also,
G. S. Perkins, 1’Analysis of Servo Mechanisms for Instrument and Power Drives,”
Product Eng., 17, No. 4, 332, April 1946.
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For maximum acceleration in the presence of load friction or load
torque, the gear ratio n should be increased somewhat. In the usual
instrument servo, nz is so large that the inertial load at the motor is
essentially that of the motor armature and the first few gears Jm.

This treatment leads to a number of simple criteria useful in choosing
motors for high acceleration servos. Where freedom to choose gear
ratios exists, the best motor from the standpoint of acceleration at the
load is that motor having the highest value of T/v’J~. The T/J~

ratio is frequently erroneously taken as a figure of merit. This ratio
can be changed merely by adding a gear to the motor! However, if for
any reason the gear ratio n between
motor and load is restricted to a

-1 :
xg

value large enough so that the motor ~~ s
inertia as seen at the load is large

compared with the load inertia, then
the criterion for maximum accelera-
tion at the load is that T/J~ be 1

Coulomb frtction

i

maximum. Where n is such that f Velocty of

the motor inertia as seen at the load C:’o:l!!!!’ !Xictio. output ‘embr

is small compared with the load

inertia, the criterion is maximum ~ i

2’. Intermediate cases mav be fnctlon

evaluated by substituting values l?l~. 11.1l.—Diagrammatic representation
of types of friction torque.

in Eq. (51).
Friction.—It is necessary in most servos that operation at 10TVspeeds

be smooth. A brief consideration of the factors determining whether
or not smooth operation will prevail and what can be done to improve
low-speed operation may therefore be of interest. 1

We begin by defining terms. “ Stiction” or “ static friction” is the
torque necezsary just to initiate motion from rest. “ Coulomb friction”
or ‘(dynamical friction “ is that friction torque which opposes motion
of the output and is independent of the output velocity, “Viscous
friction “ is a torque that opposes motion and is roughly proportional
to the velocity of the output member. Figure 11.11 shows a diagrammatic
representation of these types of friction. “Lumpy friction” is a torque
varying with time and due to imperfections in gears, bearings, etc.

1Most of this discussion is based on the following British reports which have been
generously made available: F. C. Williams, “ Automatic Following hlirror Systems, ”
TRE Report No. T1505, Part I, pp. 8-9; L. Jofeh, “ The IMfect of Stiction on Cyclic
Control Systems, ” A. D. Cossor, Ltd, Research Department Iteport No. ilfRl 10;
and NT.R. Eyres, J. Hewlett, J. hfichel, and A. Porter, “ A Theoretical Investigation
of the Effect of Stiction and Coulomb Friction on the hfinimum Smooth Running
Speed of a hfetadyne Controlled hfotor as Incorporated in A,F.1,” ADRDE Report
No. 180.
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The effects of these various types of friction in the case of proportional
or proportional plus derivative servos may be summarized as follows.
Stiction produces a “dead zone, ” that is, a range of input that produces
no output motion. For a simple proportional servo, the total width
of this dead zone is 2S,/k, ~vhereL$is the stiction and k is the gain constant
relating error and torque produced.

\ebb+
— Input and output

} *, ~\lK

\5 ,e)
-———_
—— Outputs for various ,$!.)

#
—-_ fixed error cond,~ons

lnf~~ 0,

output

~1%
II
.

f t—

I \ ----==- )-?”/”’

Coulomb friction F is usually less than static friction. The difference
between the two, S – t’, may cause jerky operation at slow speeds.
Once the output motion has stopped, error or misalignment e increases
until the value S/Ii is reached, at which time the torque kc is equal to S.
Motion then starts. Immediately the accelerating torque jumps to
(S – F), causing the output member to be accelerated in the direction
that ~vill reduce the error. .\s the velocity bllilds up and the error e is
reduced, the accelerating torqllc lic — l+’ – f dO./d/ falls toivard zero and
may re~.erst’ sign. II) this expressiwl, j is Viscous t’rictioyj and dfI./dtis

lhe output velocit~. \t’here the val~~esurc such t,hat ttlc :wceleratiol L
reverses sign, thc mwlting deceleration may calwc the velocity of the
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output to fal] to zero. Once this happens, stiction again rules, and no
further motion will take place until the error again increases to S/k,
giving jerky motion. “Lumpy” friction also produces jerky operation
at low speeds, the process being very similar.

The literature on these effects is apt to be confusing. Both Williamsl
and Jofeh* make the mistake of ass~lming that motion will stop if e
becomes less than F/k. For a system with inertia this is not the case.
In Fig. 11“12a, reprinted from the ADRDE report,3 a case is illustrated
where e becomes less than F,)k but stopping does not occur. Figure
11.12b shows a case where stopping does occur. The main conclusions
of the ADRDE report, based on a differential analyzer investigation of
a particular system, are

1. The critical value of .S – F is a function of K, j, and d./dt,
2. For given values of j and k, the minimum smooth running speed

of the motor is directly proportional to (S – F),

3. For given values of (S – F) and dO~/dt, the viscous friction f must
increase with the “stiff ness” k, and

4. For given values off and dO./dt, k must be decreased as (S – F)

increases.

Williams’ points out that for best low-speed operation it is desirable
to achieve a large inertia/torque ratio, where the “inertia” may be either
mechanical or electrical, and to incorporate a large amount of output
velocity feedback coupled by a high-pass filter to retain d-c loop gain.
This is helpful in reducing the effect of lumpy friction. He states as a
convenient criterion of design that the feedback should be such that if
the motor is suddenly stopped from the lowest running speed required,
full torque is applied.

Backlash .—Because it is a nonlinear problem, backlash is difficult to

deal ]vith theoretically. This accounts for the great scarcity of theo-

retical information on the subject. A few simple generalities may,
however, be given. The problem is of major importance only in position

servos. In velocity servos, the load is usually large enough so that the

gears run loaded, therefore eliminating the effects of backlash. At very

low speeds, backlash does compete with stiction as a source of rough
operation, although the effects are different, stiction causing jerky running
and backlash causing oscillation or reduced stability.

In Fig. 11.13 is shown a schematic gearing diagram for a typical
servo. This shows the three principal sources of backlash errors, namely,

LWilliama, 0p. cit.

2 Jofeh, op. cit.
~ADRDE Report No. 1S0,
4Williams, op. cit.
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the gearing or couplings between A, input shaft, and data input device;
B, output shaft and data output device; and C, motor and output shaft.
The backlash requirement of each point must be considered separately.

Backlash at A causes errors in the output of exactly the value of the
backlash, with appropriate factors for gear reductions applied. Backlash
at this point has no effect on stability. Backlash at B causes errors in
the output equal to the backlash as measured at the output shaft. In

__ —- —————_ II

FIG. 11.13.—Schematic gearing diagram showing possible locations of backlash.

addition, this backlash contributes to instability, for it allows the motor
velocity to build up before a reverse error signal can be applied. Back-
lash at C does not cause any errors in the output but contributes to
instability. The output error due to the instability effects of the total
backlash at B and C is reduced by increasing the fraction of this total
occurring at C.

Based on the above considerations, standard practice is to use spring
loaded or precision gears at A and B

~
Backlash

FIG. 11.14.—Error enal vs. motor DOsitiOn
with backlash mesent.

.-
and reasonably good but not neces-

sarily precision gearing at C.
A possible alternative to the

arrangement illustrated is to gear
or connect the data output device
to the motor rather than to the
output shaft. This is usually not
preferred, since the output is then
in error by the backlash errors of
C, these usually being larger than
those of B because heavier torques
must be transmitted by C.

In d-c field-controlled motors,
if field hysteresis errors are mesent,

they act in a manner similar to backlash at point B. This fac~ should
be kept in mind when designing or choosing a motor, particularly for
position servo applications.

The following heuristic explanation of the effect of backlash may
help the reader understand the instability caused by backlash. Figure
11.14 should be consulted. A fundamental explanation of the damping
of a transient is that the energy dissipated by the system in a cycle of
oscillation is greater than the energy gained in a cycle. The greater
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the ratio of the energy lost to the energy gained during a cycle the more
rapidly will the transient damp out. The effect of backlash is to allow
a torque ke, (where e, is the error in a transient at which motor reversal
occurs) to act over an angle 0~, the backlash, before the normal elec-
trical damping means (operating on the error) come into effect. Thus,
energy is added to the system each cycle, as compared with the same
system without backlash. This extra energy added each cycle will

reduce the ratio of energy lost to energy gained and hence reduce the

damping or may even lead to oscillation. This explanation points the

way toward a method of reducing the effects of backlash on instability,

namely, use of damping means that operate directly on the motor shaft

so that damping may be applied even during the backlash portion of
the oscillation cycle. Among the methods included in thk category

are viscous damping, tachometer feedback (with either a-c or d-c cou-

pling), and magnetic or viscous “flywheel” dampers.



CHAPTER 12

CHOICE AND DESIGN OF COMPONENTS

BY I. A. GREENWOOD,Jr., S. B. COHEN,’ D. MACRAE, JR., J. R. ROGERS,
W. D. GREEN,JR., W. GOODELL,JR., ANDW. ROTH

DATA INPUT AND OUTPUT DEVICES

12.1. Data Input and Output Devices: Introduction.—It is a funda-

mental feature of servomechanisms that a null or balance is sought by

such systems. The principal purpose of data input and output devices

is to furnish the necessary null or error signal to the amplifier and power-
control devices or to furnish signals from which the error signal may
be derived. Usually this involves a change of data representation as
well as a discrimination, subtraction, or comparison of some kind. By
way of illustration, a typical servo problem will be considered from
the standpoint of these data devices. Input data are available as a cer-
tain representation, say shaft rotation, d,. output data in the form of,
say, shaft rotation are desired. In some manner, the output data must be
compared with the input data, and an error signal derived representing
the difference between the desired output (as a function of the input) and
the actual output. This error signal may then be fed into the servc-
amplifier and used to actuate a motor or other power device in such a
sense as to cause the error signal to be reduced by motion of the output.
The first and second synchros in Fig. 8.1 are typical data input and
output devices, respectively.

Data input and output devices may be conveniently divided into
two general types, depending on the manner in which error signals are
derived. The first type supplies an error signal directly. The synchro
data system of Fig. 8.1 is such a system, for the signal from the second
synchro directly represents the error in the position of the output. The
second type yields two separate signals that must be compared (dis-
criminated) in some way in order to obtain an error signal.

It is not always necessary that both a data input and a data output
device be present, since sometimes input or output data may be in a
form suitable for direct use in the control circuits without, further change
of representation. For example, in supplying an error signal to a servo
motor positioning a shaft such that its rotation is proportional to a

1Sections 12.1 to 12.8, inclusive, m-cby I A. Greenwood, Jr., and S. 13,(~ohcn.
362
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voltage dcri vwl I’rwu :L Imxxitlillg {,ol]lp((h,r {,I(?l])cwII, Lhis cfIlllpul,t,r
voltage may be used directly in the same NWy as a voltiage derived from
an output data device such as a potentiometer, no inpllt data cievicc
being required.

In choosing an input or output device, one should apply the list of
design factors of Chap. 19. Factors that are particularly important
with regard to input and output devices include resolution, speed of
rotation, mechanical loading, electrical loading, accuracy, a-c or d-c
operation, frequency of alternating current, life, interaction of units
operated in parallel, size, weight, complexity of associated equipment,
and range of operation.

When an input or output device ~vithpoor resolution, such as a coarse
potentiometer, is used in a servo following a smooth, small velocity input,
an interesting type of jerky operation may occur. This is illustrated
in Fig. 12.1. The lack of smoothness, measured quantitatively by the
percentage variation in instantaneous velocity, has been shown to be
inversely proportional to the mean velority of rotation and the number
of discrete steps per degree. In- , I

zk~L
creasing the damping ratio r-e- ~
duces the jerkiness somewhat. ~
For constant damping ratio an, I
constant number of steps per dr- z
gree, the speed at ~vhich a given ~
percentage variation in velocity Time _ Time A

obtains is directly proportional to (a) (b)
the undamped natural frequency FXG. 12.1.—Characteristics of jerky motion

of the servomechanism. While caused by insufficient resolution.

jerky operation due to this cause is to be guarded against, use of ordinary
high-resolution potentiometers is usually sufficient to make the effect
negligible. Errors of approximately the magnitude of the resolution will,
of course, be introduced in positioning servos when devices such as poten-
tiometers are used as data input or output devices.

Speed oj rotation affects life and qualit y of moving contacts. Mechan-
ical loading may be an important factor in the choice of a data input
device. For very lowest loads, instrument Magnesyns, Microsyns,
Telegons, Microtorque potentiometers, and other similar devices are to
be recommended. These are discussed below. Accuracy is usually
expressed as an angular limit error for synchros and other similar cyclic
devices and as a percentage independent linearity limit errorl for poten-
tiometers and other similar devices.

I The term “independent linearity error” refers to deviations from the best fit
straight line for the plot of output voltage or percentage of total resistance vs. shaft
rotation, both slope and zero being adjusted in the fitting process.
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Interaction oj parallel units’ is of importance, particularly in the case
of synchros, where conditions may lead to anything from negligible errors
to prohibitive errors. The principal factors are electrical loading and

rotor design. This subject will be discussed below in more detail.

12.2. Synchros and Related Devices.—,’3ynchros arc among the most
common and most important data input and output devices. They may
be characterized by low mechanical loads, long life, suitability for parallel
operation if not excessively loaded, moderate to high accuracies (1 .5° to
O.10), continuous rotation, a-c operation, and in some sizes light weight.
Their theory of operation has been discussed in Vol. 17 of this series.
As has been pointed out, synchros provide direct error signal, no com-
parison of signals being necessary.

In servo systems, synchros are used w (1) generators, (2) control
transformers, and (3) differentials. Their use as synchro motors will
not be treated here. Used as control transformers in a servo system,
synchros are considerably more accurate than as synchro motors. Several
synchro control transformers may be used in parallel driven by a single
synchro generator. The errors of such a system are minimized by (1)
light electrical loads on the control transformer rotors, (2) use of dis-
tributed-winding type rotors, and (3) operation of all rotors at or near
null. If the latter condition obtains, larger electrical loads are permissible.

Navy type synchrosz are designated by a number 1, 3, 5, 6, 7, or
8 which indicates the size and is roughly equal to the weight in pounds.
Size 5 is the most common size 60-cycle synchro and is the largest-size
synchro motor. Errors for this series may run from 1.5° for Size 1 to
0.5” for Size 5. A particularly accurate, small, and light series of 400-
cycle synchros for airborne use is sold under the trade name of AY-1OO
series Autosyns.a Such a synchro is shown in Fig. 5“12. Accuracies of
these synchros may run from # to #u”.

The Magnesyn4 is another type of data input device. In servos it is
usually used with a synchro control transformer. Because it has no
bmshes or slip rings the Magnesyn is particularly useful for applications
where the mechanical load introduced by the data device is required to
be extremely small. Its use is illustrated in Fig. 12.2 and also in Fig.
12.64, Sec. 12.23.

The Magnesyn consists of a laminated core on which a toroidal coil is

] SeeVol. 18 of this series.
2&my type synchros,although similar in characteristics,were not classifiedby

any such simplesystem.
3Manufacturedby Eclipse-PioneerDivisionof BendixAviation Corp., Teterboro,

N. J.
4R. S. Childs, “ Magnesyn Remote Indication,” Tram. AIEE, 63, 67%S3, Ssp-

temher 1944. “ Magnesyn” is a trade name of the Eclipse-Pioneer Division of
Bendix Aviation Corp.
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Ivound. The rotor is a small permanent magnet. The

bv 26 volts of 400-cycle Dower. The constants of the

365

coil is excited

svstem are so“-
chosen that the core will be completely saturated at each peak of the
excitation current. owing to the unsymmetrical saturation of the core
when it is magnetically biased by the flux of the rotor, alternating
voltages of second and higher even harmonic frequencies are set up at
the three take-off points of the coil. The relative values of the voltages
at these points depend on the position of the rotor. Leads from the
three points are connected to the three stator windings of an Al~tosyn
through a special transformer canceling voltage components at the

Transformer to ellmlnate
fundamental frequency Output shaft

=
26v o
400 cycle
supply

I
‘agnesyn~Inp.tshatt

I
Autosvn

~lG. 12.2.—Use of Magnesyn in servo loop.

exciting frequency. The Autosyn is operated as a control synchro in the

usual manner. The phase detection of the error signal from the Autosyn

is, of course, done at the second harmonic frequency. Torque required
to turn a Magnesyn varies widely but is at least an order of magnitude
smaller than the 0.04 in.-oz of the Autosyn-type synchros. Accuracies
of approximate y + Y are obtained.

A Magnesyn has been used to advantage as the data input device
in a servo follow-up actuated by the low-torque output shaft of an air-
speed meter and has also been used frequently in other similar applica-
tions. A considerable number of Magnesyns were used in conjunction
with Bendix Gyro Fluxgate compasses as input elements in follow-up
systems using compass data, an important example being in the north-
stabilization of the AN/APS- 15 radar plan position indicator. L

Another data input or output device of interest is the Microsyn.2 A
Microsyn is an electromagnetic device which has a specially shaped two-
pole, soft iron rotor and a four-pole stat or. Coils are wound on each
stator pole. The characteristics of the unit are determined by the type
of windings and connections used and by the shape of the rotor. The
basic Microsyn can be so designed and connected as to provide (1) an
a-c voltage varying linearly in amplitude with the product of the exciting

1See Vol. 22 for details of PPI north stabilization.
t The Microsyu was developed at the MIT Instrumentation Laboratory but is not

yet r,vailable commercially.
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current and the angular rotation of the rotor fronl a null or initial posi-
tion, (2) a torque output that is proportional to the square of a d-c
input current or to the product of the currents in two exciting windings
but is essentially constant over a reasonably large angle of rotation of
the rotor, or (3) a torque output that is proportional to angular rotation
and varies with the square of the exciting current. The connection
shown in Fig. 12.3 corresponds to Case 1. The output is alternating

1 current, and its relative phase

changes by 180° as the rotor goes

through the null position.

As used for a data input or out-
E
c
4

put device for servo use, the

Microsyn is not itself positioned

for minimum voltage, but rather

the output unit positioned to give

a voltage of opposite phase and of

magnitude equal to that of the

voltage from the input unit. The
structure algebraic sum of the two voltages

FL~.12.3.—Schematic diagram of Microsyn.
is then near zero and constitutes

the error voltage input to the servo amplifier. A Microsyn is normally

used only over a limited angular range.

Because each hlicrosyn is separately excited, it is possible by the use
of high-impedance comparison devices to position several units so as to
follow an input unit or to make a series of units position in cascade.
Microsyns require controlled exciting current for some applications; for
other applications it is sufficient to pass the same exciting current through
both the input and output units.

An important advantage of the Microsyn lies in the fact that, like
the Magnesyn, it requires no slip rings for the rotor and therefore its
torque load is only that of the shaft bearings, which may be made very
small. One small Microsyn unit has an outside diameter of about
2 in. An amplitude vs. shaft rotation plot of the output is linear to
about ~ 0.080, ancf two units will track together in a null-balancing

circuit to within f 0.06° for angles up to t 7*”. Null operation with
somewhat reduced accuracy is possible out to 121T0either side of the
zero position. h’ormally the exciting windings are low impedance, of
the order of 10 ohms at 400 cycles, and the output windings have an
effective impedance of the order of 2500 ohms.

The Telegon’ is another member of the synchro family. By virtue of
a unique type of construction, it, like the Magnes yn and Micros yn, has

1Telegon is a trade name of the Kollsman Instrument Co.
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no moving contact.

electrical interference,

POTENTIOMETERS

This results in a minimum
long life, and extremely light
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of radio and other
torque load.

ATelegon includes twostator coils, asinanordinary synchro. The
rotor consists of a shaft turning in jewel bearings and carrying two
soft iron vanes. The rotor is magnetically excited by an a-c coil con-
centric with its shaft. The vanes serve to distort the field produced by
the rotor excitation coil such that a maximum flux linkage with the
stator structure occurs in a plane containing the vane axis and the
shaft. This plane, of course, rotates as the rotor is turned, thereby
causing induced voltages in the two stator coils to vary nearly as the
sine and cosine of the rotor angle.
pairs, it is not essential that the
stator voltages vary exactly sinu-
soidally with rotor rotation but
merely that the variation be iden-
tical for units used together.

‘relegons are available for 400-
cycle, 110- and 26-volt excitation
and for 700-cycle, 85-volt excita-
tion. Their average weight is ap-
proximately 4 oz.

The physical arrangement of
parts is shown in Fig. 124. Wind-
ing M is the concentric rotor-ex-
citing coil, while windings F’ and
FI are the stator coils. The axes
of the three windings are mutually

Since Telegons are normally used in

F F,
l:IG. 12.4.—(hMs section of Telegon. (Co?lr-

tes~ of Kollsman Instn,meti Co.)

perpendicular. Part K is the rotor with its soft iron vanes, the remainder

of the flux path being completed by a soft iron shell S’, which also serves as

a magnetic shield.

12.3. Potentiometers.-Although having some disadvantages as

compared with the devices discussed above, potentiometers as input or
output devices are often more practical because of their small size,
small weight, low cost, ready availability, low power requirements,
possibilities for d-c operation, and adaptability to specific systems.
Disadvantages of potentiometers as data input and output devices some-
times encountered are mechanical loadlug, electrical loading, speed
limitations, short life, resolution, and insufficient accuracy. This list
of possible shortcomings of potentiometers should not be interpreted as
a blanket indictment of all potentiometers, for there are a number that
do not fall down on any of these counts, and there are many applications
where some of these characteristics are of no importance. Potentiom-
eters are treated in detail in Vol. 17 of this series. Thk discussion will
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be limited to those characteristics particularly important when poten-
tiometers are used as data input and output devices.

A potentiometer is generally lighter and smaller than a 60-cps synchro
capable of doing the same job but is about equivalent in size and weight
to a number of 400 cps devices such as Autosyns, Telegons, etc. In
servo applications, potentiometers are usually, but not always, operated
as high-resistance (say 20,000 ohms) potential dividers and hence require
little power for energizing. In comparison, synchros draw considerably
more total power, although this may be directly from the a-c line and
therefore not particularly difficult to obtain:

Potentiometers are suitable for use with both direct and a-f alter-
nating current. They are particularly flexible, since they can be used
in a variety of electrical combinations as either variable resistors or
potential dividers. They are particularly useful as output devices,
allowing servos to follow input voltages of any desired nature. In
general, potentiometers require more torque than synchros, 1 to 3 oz-in,
being typical. Special potentiometers have been built with very low
torque however, an example being the Microtorque potentiometer having
a load of only 0.003 oz-in.

A frequent restriction on the use of a potentiometer may be the
requirement that it feed a low-impedance load. Normallyj this intro-
duces a loading error which may be quite serious. However, if one
potentiometer is matched against another, the electrical loading of a
balanced servo input circuit connected between the two arms will not
cause any inaccuracy in the null point. The speeds at which potentiom-
eters may be used vary widely; in general the maximum speeds are
appreciably less than the maximum speeds for synchros or condensers.
The speed problem is discussed in Vol. 17. Intimately related to speed
is the useful life of a potentiometer. Life is an important consideration in
the choice of an input or output device. From this standpoint, synchros,
condensers, and other types of slip ring or no-moving-contact devices
are preferred to potentiometers, particularly for the higher-speed applica-
tions. Considerable progress has been made in the design and construc-
tion of potentiometers for long life; if a potentiometer is properly made
and is not operated at excessive speeds, a useful life of the order of
millions of cycles is possible.

The accuracy and resolution of a potentiometer is also a very impor-
tant consideration as regards its use as a data input or output device.
Where desired, the resolution and accuracy of a potentiometer may be
made very high; for example, in the 10-turn Helipot2 or .Micropot3 type

1See Vol. 17. Made by G. M. Giannini and Co., 161 East California St., Pasa-
dena, Calif.

2Trade name of the Hclipot Corporation, 1011 kIission St., South P=adena, Calif.
~Trade name of Thomas B. Gibbs and CQ,, Delevan, Wis.
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of construction, accuracies of 0.02 to O.10 per cent independent linearity
limit error and resolutions of one turn of wire equal to 0.01 per cent of full
scale are available in 20,000-ohm potentiometers. In the RL-274 and
RL-270’ single-turn potentiometers, accuracies of approximately tO.07
percent and resolutions of 0.03 percent of full scale are obtained.

Accurate, low-resistance potentiometers and variable resistors were
designed and manufactured in small quantities by the Minneapolis-
Honeywell Regulator Company.

12.4. Condensers. —Condensers are useful for data transmission and
particularly as data input devices because of their low torque loads and
the high speeds at which they may be used. Condensers for high-speed
applications are generally built without moving contacts, and therefore
only the frictional torque of bear-
ings need be overcome in rotating
the shafts. The low torque char-
acteristics of a condenser data
input device have been used suc-
cessfully and to great advantage
in the MIT differential analyzer.2
It is extremely important in the
operation of this machine that the
data take-off which transmits the
motion of the output disk of each
integrator impose a minimum me-
chanical load on the disk. In this
application the condenser is of the
rotating dielectric type. A pair
of condensers whose capacitances
are varied as the sine and cosine

Q+%0
c!!

.;;’.=’6’vdevice device

R R

——

1 I
A-c SU@y

FIG. 12.5.—Use of condensers as data input
and output devices.

of the input shaft rotation constitutes a transmitting or receiving element
of this data-transmission system.

Figure 12.5 shows another common application of condensers as data-
transmission elements, in which a bridge circuit is used to obtain an error
voltage. This circuit, of course, has the restriction that only the range
of data covered by the limited range of operation of the condenser can
be covered, cyclic operation being impractical. As in most a-c bridge
circuits, it is necessary to take precautions about ground capacities, etc.

Another application of a rotating condenser is found in the Tele-
plotter equipment.3 In this application a beat-frequency type of circuit

I Designed by Radiation Laboratory and manufactured by the Fairchild Camera
and Instrument Co. and the Muter Corp.

I V. Bush and S. Caldwell, “A N“ewType of Differential Analyzer, ” Jour. Franklin
Inst., 240, 4, October 1945.

~Brown Instrument Co., 4428 Wayne Ave., Philadelphia 44, Pa.
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tuned circuit in a very stable oscillator. When the input and output

positions are identical, other constants in the circuit are so adjusted

that identical frequencies in each oscillator circuit are produced. A

selective filter produces an error voltage proportional to the beat fre-

quency that is present if the condensers are not in corresponding positions,

and this error voltage is used in the usual manner to position one of the

condensers so as to reduce the error signal. This method is advantageous

for radio or wire transmission of data to remote points, the frequency of

the input condenser oscillator being the data representation in thk

case.
The accuracy of phase-shifting condensers is an important consid-

eration in their choices as data input and output devices. The best
condensers available to date have peak errors of approximately 1° and

are available* in three- and four-plate styles for use with three- and
two-phase oscillators, respectively. For further details see Vol. 17,

Chap. 9.
12.5. Miscellaneous Data Input Devices.—There are an endless

variety of input devices that may be used to transform physical measure-

ments into electrical or mechanical forms suitable for use in instru-

ment servos. Detailed discussions of this subject may be found in the

literature of process control.z

12.6. Time-derivative Data Input and Output Devices.-The use of

time-derivative reference devices in velocity servos is dkicussed in detail

in Chaps. 4 and 14. In choosing an output device for a velocity servo

the usual list of design considerations of Chap. 19 should be kept in

mind. However, the following characteristics are of particular impor-

tance: weight, accuracy, life, voltage, scale factor, a-c vs. d-c operation,

variable vs. constant frequent y if alternating current, and means for

controlling the voltage scale factor. For d-c circuits several d-c gen-

erator type tachometers are available or in development. 3 Condenser

tachometers have also proved themselves valuable for some applications.
A condenser tachometer has the advantage that its output may be the
product of an input d-c voltage and the speed of rotation of its shaft.

Alternating current tachometers are generally desired with constant
frequencies. These may be obtained by exciting one winding of a two-

phase induction motor type device with a constant-frequency alter-

nating current, obtaining a voltage proportional to speed of rotation

I P. J. Nilsen Co., Chicago, Ill.
z See, for example, E. S. Smith, A rdornatic Cmtroi Iih@uering, McGraw-Hill,

New York, 1944; Eckman, Primiple8 oj Industrial Procew C&rol, Wiley, New York,
1945; and R. R. Batcher and W. Mordic, Eledrunic Control Handbook, Caldwell
Clementa,1947.

aSee Vol. 17 of this series.



SEC.12.6] TIME-DERIVATIVE INPUT, OUTPUT’ DEVICES 371

from the other winding. The Kollsman 1 and Arma2 drag-cup generators

are examples of the better devices available for this use.

Alternating current tachometers generating variable-frequency alter-

nating current may also be used, generally in conjunction with an input
device or signal characterized by a frequency that is to be matched,
This scheme is particularly useful where it is desired to maintain accu-
rately a fixed speed of rotation. An example of such a circuit is a Bell
Telephone Laboratory crystal-controlled motor. Variable frequency a-c
tachometers might also be used in conjunction with frequency-measuring
circuits, but this is seldom done. In some applications it is necessary
to have the velocity servo operate for only a short period of time; in such
cases it may be advantageous to use a potentiometer with direct current
across it as the output device, differentiating the output voltage from the
arm of the potentiometer by means of a network to obtain a voltage
proportional to velocity.’

Time reference devices may be used in positioning servos as sta-
bilizing devices, since a voltage proportional to speed added to the normal
error signal in a linear system is eqllivalent to viscous damping applied
to the motor. This stabilizing techniq~~e is widely used, both with d-c
ond a-r velocity references in d-c and wc servos, respectively. For this
tipplication the accuracy of the velocity reference device is relatively
unimportant. When d-c velocity feedback is used for stabilizing pur-
poses, a large condenser is often inserted in series with this feedback
to avoid the increase in velocity error due to the viscous damping effect
whalestill retaining the stabilizing action at the higher frequencies where
such action is needed. The stabilization of servos by means of velocity
feedback is discussed in Chap. 11.

occasionally a voltage proportional to the second derivative with
respect to time of the output or input is desired. Possible but not
common applications might be for extra stabilization of velocity servos
or in servos where output data proportional to the second derivative or
integral with respect to time of input data is desired. One method of
obtaining such voltages is to differentiate the voltage obtained by use of a
velocity device; however, this is usually not very satisfactory because
of its tendency to exaggerate commutation noise. The subject of higher
time derivative elements is discussed in Chap. 4. Mechanical devices
taking advantage of the relation F = ma are sometimes used as accelera-
tion-measuring devices. 4

1 ,Models 915-B-04602 and 863-04302, Kollsman Instrument Division of Square D
Co., 80-08 45th Ave., Elmhurst, N.Y.

2Arms Corp., 254 36th St., Brooklyn, N .Y.
‘ See Chap. 4.
i See, for example, C. S. Draper and W. Wrigley, “An Instrument for Measuring

Low Frequency Acceleration in Flight,” J. Aero S.i., 7, 38S-401, July 1940.
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12.7. Nonlinear Positioning. -It is often desired that the output
motion of a servo system be some nonlinear function of the input data;
this situation is frequently encountered in computers. In a servo loop
the nonlinearity may be introduced in either the input or the output
device. The input or output device may be nonlinear or may be non-
linearly connected to the input or output data. An example of the
former method might be a nonlinear potentiometer; an example of the
latter method might be a linear potentiometer connected to the output
shaft by means of nonlinear gears. The techniques for producing such
nonlinear transformations of data have been discussed elsewhere; 1 how-
ever, a few general considerations that affect over-all servo loop per-
formance are of interest here.

If the nonlinearity is introduced in the input device or in the con-
nection bet ween the input data and the input device, then the servo
system is not subject to change of gain and nonlinearity in the servo
loop. If, however, the nonlinearity is introduced in the output device
or in the connection between the output data and the output device,
then this nonlinearity becomes a part of the servo loop and affects its
analysis from the standpoint of change of gain, nonlinearity of loop,
or both. 2 Thus, one important conclusion may be immediately drawn:
If a choice is possible, the nonlinearity should be introduced at the input
clement or between the output data device and the load; i.e., outside the feed-
back loop.

In Fig. 12.6a a linear potentiometer is used as an input device and a
resolver as an output device, yielding a servo loop in which the sine of
the output is proportional to the input. In Fig. 12.6b the functions of
the input and output devices are reversed, resulting in a system whose
output is proportional to the sine of the input. In the first system, the
loop gain varies; in the second system, the loop gain is constant.

12.8. Single-speed vs. Multispeed Data Transmission.3—In systems

where the accuracy of data transmission required is greater than can

be conveniently obtained with synchros operating as shown in Fig. 8.1,

it is common practice to use a second synchro channel operating at a
higher speed relative to the first channel, such m 36 speed. The error
signals arc then taken from the high-speed synchro channel. This
method has two advantages: It reducws the effect of synchro inaccuracy
inversely as the speed of rotation is m~lltiplicd and results in an increase
of servo gain proportional to the multiplication of speed. of course,
means must be provided for controlling from the mltput of the l-speed

I Sec Chap. ,5.
z f7~.Sec. 11 11 ft)r :1 (Iiscussiorl nf the effects of nonlinearity nf rlifferrntj types on

servo performance finfl ,nnalvs is.

2 rf. ser. 211.
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synchro channel until the right revolution of the higher-speed synchro
has been reached, i.e., the systems must be synchronized. In some
systems, such as the British remote-reading aircraft compass, the func-
tion of the l-speed element is fulfilled by other means. In the case of
the remote-reading compass this is by voice communication over an
interphone system. The major disadvantage of the multispeed data-
transmission system is, of course, the additional complexity and equip-
ment involved.

Linear
potentiometer
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Servo Servo
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I“Ic. 12.6.—Examples of variable-gain type nonlinear servo loops.

The choice of the exact speed of the high-speed element depends.
among other things, on the relation between the accuracy of the high-
speed element and the over-all accuracy required, and on the relation
between the velocity of the l-speed element and the maximum speed
allowable for the high-speed element. As an example of this limitation,
synchros areusually rated at 1000 rpm, except for Sizes 1 and 5F, which
are limited to 400 rpm.

By way of illustration, consider a system using synchros with accu-
racies of ~ %“. If in addition to a l-speed synchro channel, another
synchro channel were added at 36-speed, the error of following (measured
at the l-speed shaft) due to the synchro errors would be reduced to
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only 0.014°, and the gain of the servo system would be increased by a
factor of 36. Figure 12”7 is a block diagram of such a 1- and 3&speed
servo system. Block A in this figure conta ns the data input devices, in
this case 1- and 3&speed synchros. These drive 1- and 3&speed synchro
control transformers in block B. The control transformers are lined up
so that the electrical zero position of the l-speed device coincides with
an electrical zero position of the 36-speed device. As indicated, the
rotor outputs are fed to a single-pole double-throw relay. The normally
open position of the relay connects the 36-speed information to the

A B

]Iov 60-cps

amplifler

Motor

FIG. 12.7.—Servo with 1- and 36-speed data transmission.

servoamplifier. The l-speed error voltage is fed to an amplifier that
closes the relay only if the error voltage from the l-speed control trans-
former corresponds to more than a 5° angular position error. If more
than a 5° error is present, the servoamplifier is operated from the l-speed
error voltage. As soon as the servomotor has decreased the error of
following to less than 5°, the relay will open and the 36-speed synchro
control transformer will again take control of the servoamplifier. Thus,
the servo will always operate in the correct sector with no ambiguity.
In Fig. 12.8 is shown an amplifier circuit suitable for this type of servo
operation. As the l-speed error voltage increases, a value of grid
voltage of the first tube is reached at which the plate current closes the
relay, connecting the l-speed error voltage to the input of the servo-
amplifier. A number of alternate schemes for this type of operation of
multispeed systems have been developed. Some of the simpler circuits
use series or parallel addition of the two synchro rotor voltages with
contact rectifiers, diodes, or neon lamps to limit the voltage from the
high-speed data synchro to a value which insures that the l-speed
synchro will assume control for large errors.
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FIG. 12.8.—Amplifier and relay for synchronizing multispeed servo system.

AMPLIFIERS, MODULATORS, AND PHASE DETECTORS’

12.9. General Considerations. —The circuits considered here are those
which change the voltage that represents the error signal from alter-
nating to direct voltage, or vice versa, or change the voltage scale factor
of the error signal. Together ~vith networks and devices for servo
stabilization they constitute the remainder of the servo system after the
motor, power-control element, and data devices have been selected. The
design of the amplifier is related to that of the stabilization networks to
such an extent that the amplifier cannot usually be designed entirely
independently. One important reason for this interdependence is that
gain must usually be sacrificed in stabilization networks; this necessitates
higher amplifier gain. Also, the amplifier is often themost logical loca-
tion for certain stabilization networks.

Loop Gain.—The over-all accuracy requirements determine the loop
gain that the servo must have, and these, together with the properties
of the control element, data input device, and stabilization networks,
determine the gain necessary in the amplifier and associated circuits.

Once a particular value has been assigned to the error that may
result from finite loop gain, the necessary gain can be calculated. The
usual requirement is that the gain be sufficient to prevent any error
larger than the tolerable amount from remaining uncorrected under the
given input conditions. If it is necessary to use a d-c error signal, the
most critical loop gain factor is usually the drift in level of the first d-c

1Sections12.9 tn 12.12 inclusive, are by D. hIac Rae, Jr.
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tube. Error specifications usually require that the drift in the amplifier
over any period of time during which it is expected to operate without
recalibration must correspond to less than the maximum specified error.
Thus, various characteristics of the elements chosen for the servo deter-
mine the minimum loop gain that can be used, and this determines the
minimum gain that the amplifier and the detector, modulator, and sta-
bilization networks (if any) together must have.

Frequency Response.—The frequency response of the amplifier and
phase detector contributes to the over-all frequency response of the
loop and influences the stability and transient response of the servo.
The most important frequency-response characteristic when a phase
detector is used is that due to the filtering or “ smoothing” network
which follows the phase detector. Choice of phase detector filter char-
acteristics is a compromise between desired attenuation of ripple fre-
quencies and undesired attenuation in the (lower) frequency region that
controls the servo stability. The amount of smoothing or filtering
necessary is often determined by a vacuum-tube stage to which the
filtered output is fed; the alternating component should not drive the
tube out of its linear region. This may necessitate a smoothing time
constant greater than the period of the carrier. If a low carrier fre-
quency is usecl-60 cycles, for example—considerable care in design and
networks more complicated than single RC low-pass filters may be
necessary.

Instead of cascading frequency-response corrective networks and
amplifiers, one may often combine the networks and amplifiers. Some-
times a desired frequency characteristic may be obtained by use of a
feedback amplifier with netw-orks in the feedback circuit. Such a circuit
can usually use smaller physical components than the cascaded network
and amplifier that it replaces. The amplifier may also be used as a
noise filter to reduce the effect of the noise and high-frequency com-
ponents in the error signal. The theory of corrective and smoothing
networks has been discussed in Chaps. 9 to 11.

Factors Determining Type oj Circuit LTsed.—The choice of modulator or
phase detector circuits to be used depends largely on the form in which
the error signal comes from the data input device and on the type of
input required by the control element. The general circuit types may
be classified as shown in Table 12.1.

In cases where there is a choice between d-c and a-c amplification,
it is usually desirable to use a-c amplifiers because of the additional
design freedom resulting from the use of condensers and the consequent
ease of setting d-c levels. It is partly for this reason that a-c rather
than d-c amplifiers are used in Cases 2 and 3 of Table 12.1, In Case 3,
however, a much more important reason for amplifying the alternating
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voltage before rectifying is the reduction of the effect of d-c drifts. If
the phase detector introduces a given d-c drift, thk corresponds to a
much smaller error if a-c amplification precedes the detector. If the
amplifier has gain G, the effect of d-c drift in the phase detector will be
less by a factor l/G in the case when a-c amplification is used.

TABLE12.1.—GENEBAL”CIRCUITTYPES

case No. I Input I output] Circuit types

1 A-c A-c A-c amplifier
2 D-c A-c Modulator and a-c amplifier
3 A-c D-c A-c amplifier and phase detector
4 D-c D-c D-c amplifier; or modulator, a-c amplifier, and phase

detector

In the choice between d-c amplifiers and modulation-demodulation

systems (Case 4), the latter are preferable, both because of lower drifts

and because the difficulties of maintaining levels in a high-gain d-c

amplifier are eliminated by the use of a-c amplification. The advantage

of d-c amplifiers is economy of parts.

A further consideration in the design of these circuits is the effect

of noise or signals other than the desired error signal. This may influ-

ence the choice of data input devices in so far as they determine the

signal-to-noise ratio when the servo is near equilibrium. If large unde-

sired signals containing harmonics of the error signal frequency are
introduced into a phase detector, erroneous output voltages usually

result.

1201O. Amplifiers.-A detailed treatment of d-c amplifiers is given in

Vol. 18. The design of a-c amplifiers for servos may be done according

to well-known methods of audio-amplifier design. 1 Methods of gain
control in amplifiers are of special interest to the servo designer. In some

cases, such as a resolver servo, the loop gain varies with the input data
to the device using the servo; with the aid of some signal also dependent
on the input data, automatic gain control may be achieved. An impor-
tant use of gain controls in servos produced in quantity is to allow near
optimum gain adjustment even with large component tolerances or to
compensate for varying conditions under which the servos may be used.
If tube changes or tube aging produce so large a change in gain that it

1See for example: F. 13. Terman, Radio Engineers’ Handbook, 1st cd., McC,raw-
HN, New York, 1943; Radio Engineering, 2d cd., Mcf.lraw-Hill, New York, 1937;
H. J. Reich, Theory and Application of Elwt~on Tubes, 1st cd., McGraw-Hill, New
York, 1939; W. L. Everitt, Cmrrmunicatirm Engineering, 2d cd., McGraw-Hill, New
York; and F. I.. Smith, The Radtotron Designer’s Handbook, 3d cd., An)algamated
Wireless Valve Company, Sydney (RCA k’lfg. Co.), 1941.
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cannot be provided for in the design, an adjustment is usually incor-
porated so that from time to time the gain may be adjusted for optimum
performance. It is sometimes convenient to use a standard servo design
with a variety of loads; in this case a gain control may make reasonably
satisfactory but not optimum performance possible for a wide range of
loads. Gain. controls in experimental models are, of course, essential if
servos are designed by experimentation, an occasionally justifiable
practice.

The usual method of gain control uses a potentiometer to attenuate
the signals fed to the grid circuit of one stage of an amplifier. Automatic
gain control may be achieved through the use of variable-gain tubes, the
gain being electronically controlled by the grid bias voltage. Sometimes
controlled limiting is used as a form of gain control; here also the control
may be electronic and automatic. The over-all gain of a servo may be
varied by operating on the motor or power control element. While the
principal gain control methods have been listed, others will suggest them-
selves in special applications.

A “balance control” is often inserted in the servo loop to ensure that
for zero error signal the output signal to the motor is zero. A common
method is to insert a potentiometer between the cathodes of a differential
amplifier or phase detector, the cathode resistor being connected to the
movable contact of the potentiometer. An adjustment may then be
made in the servo loop. Where feasible, it is preferable to omit the
balance control, using instead a 100P gain high enough so that the expected
unbalance requires a compensating error of a magnitude that is small
compared with the allowable’ error.

12.11. Modulators. The Use of Modulators in Servos.-A modulat-
ing device used in a servo must provide an alternating output voltage that
indicates the sense as well as the magnitude of the input signals; if the
polarity of the input changes, corresponding to a change in the sign of the
error, this must be indicated in the output. The most common method of
indicating change in input polarity is an inversion of the output ~tiave-
form. This symmetry condition somewhat restricts the class of modu-
lator to be considered in connection with servos. 1 The conditions will
also be imposed that output amplitude be roughly proportional to input
amplitude, at least in the vicinity of zero error signal, and that for zero
d-c input, there be zero a-c output. While the input signal to a modu-
lator device may be a single-ended d-c error signal, it is more commonly
two d-c signals whose difference represents the error signal. The class
of circuits most frequently usrd as modulators uses elements that act as
switches: diodes, crystal rectifiers, triodes used as clamp tubes, mechanical

1For a more general discussion of modulator circuits, see Vol. 19 of this series, and
Sees. 3.10 and 154 of this volume.
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contractors, etc. ‘l’he general property of such circuits is that during
{me portion of the cycle of the carrier certain switches are closed and
others are open whereas during the remainder of the cycle the switch
positions are reversed. In the circuits using tww-termimd devices (e.g.,
diodes, crystal rectifiers) as switches, both themovulating signal and the
carrier in general influence the time at which the s~vitches may be con-
sidered toopenand close ;butiftl~e carrier amplitude is large, asisusual]y
the case, the opening and closing times may be considered functions of the
carrier waveform alone,

Analysis oj Switch-type Modulator and I’base Detecloi-—1t may bc
shown easily that any modulator of this type may also be used as a phasv
detector. Suppose the circuit consists of double-throw switches that
have one position during one part of the carrier cycle (the part having
duration t,) and another position during the remainder (of duration t,)
of the cycle. Assume further that the switches are “ideal” and that
during either interval tl or tzthe circuit may be considered a linear resis-
tive network. A modulator of this type can then be described as a device
that produces an output ez which varies as a function of the input el in
the following manner:

c!~ = Alrl {luring the interval tl,
e~ = Azel during the interval t2.

If el is a slowly varying voltage over the interval 11 + tz,the device then
acts as a modulator; the output will be an alternating voltage of rectangu-
lar waveform whose peak-to-peak amplitude is A Iel – .4 Zel. The outPut
therefore has the desired property of inverting when el changes polarity.
A device described by these equations can also be used as a phase detector
if the input el is a periodic waveform of period tl + t~. If the waveform
e, vanes in amplitude but maintains its shape, it can be described by the
expression

el = Cj(t), (1)

and C is a real quantity that varies slowly over the interval tl + tz and
can be positive or negative. If the average values of j(t) during the
intervals fl and tz are ~1 and ~Z respectively, then the average output
voltage of the circuit is

ez = AICj’l (2)
over the interval tl, and

e~ = A zCfz (3)

over the interval tj. Consequently the average output voltage over the
entire cvcle will be

(4)
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and the average output will vary with C if the quantity in brackets does
not vanish.

Practical CircuZfs.—An excellent example of this type of circuit is the
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FIQ. 12.9.—Typical switch modulator
circuits.

mechanical switch,l which may bc
used either as a modulator or as
a phase-sensitive demodulator. If’
the sw-itch short-circuits the signal
to ground during the interval tzto a
good approximation, one may write
for conventional modulators

t*= t2,
A,=],
A, = 0. (5)

The output \vaveform is a rectangu-
lar wave with peak-to-peak ampli-
tude equal to the input el. If the
same circuit is used as a clernodu.

later,
~2 = cj2 (6)

The averaging process to separate
ii~ from higher-frequency compon-
ents may be done with a simple RC
low-pass filter or other type filter.

Four typical circuits using
switches for modulation are shown
in Fig. 12.9. The output wave-
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Several other modulator circuits of the switch type are shown in
Fig. 12.11. In the first three, diodes or other two-terminal unilateral

Reference
voltage

‘b

R,
(carrier)

>

ez

R,= =
R

?
=

(a) Twdiode modulator

~~rrier--~

(c) Bridge-type moduiatc+

r 1

(b) Four.diode modulator (diamond)

m
o e2

e,

1=

Carrier

m’

(~) Double-triode clamp as modulator

Fm. 12.11.—Switch-type modulators that may alao be used as phase detectors.

impedances (copper oxide, selenium, or germanium rectifiers, for ~xample)
may be used. In the fourth the two triodes together constitute the elec-
tronic equivalent of a switch. I

10ther switch-typemodulatorcircuitsareshownin F. E. Terman,Rndio Engineers’
Handbook, McGraw-Hill, New York, 1943, p. 553. See also Vol. 19 of this series.
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The two-diode mod&tor of Fig. 121 la effectively clamps the output

to ground every other half cycle. When the voltage at the upper encf

of the transformer is positive, both diodes conduct, the current through

them being limited by the resistances R1. If R, << R, the output ez will

be nearly zero during this interval. When the carrier has the opposite

polarity, the diodes are effectively open circuits and ez = el. The prin-

cipal errors in the operation of this circuit result from the fact that the

diode characteristics are not ideal and identical. The departure of

diodes from the ideal characteristic is treated in detail in Vol. 19. Asym-
metry may cause sharp positive or negative “ spikes” to appear in the
output waveform and obscure the null that should be produced when the
d-c input is zero. The reduction of heater voltage produces improve-
ment in some cases at the expense of shortened tube life. The four-diode
modulator (’( diamond”) shown in Fig. 12.1 lb shows less dependence on

@
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1:1<,,12.12.—Modulator culi,l,:tti[!~ tww
d-c voltages.

diode characteristics. D u ring the
half cycle when the upper end of the
transformer secondary is positive, di-
odes VI and Vz conduct while VJ and
Vi are cut off, and ez = e, On the op-
posite half cycle, VI and Vz are cut off
and VJ and V1 connect the output to
ground through resistors R1. This
has the advantage that the null point
of the modulator is determined hv the–..

diode V3 and Vi at only one part of their characteristics; in Circuit
(a) symmetry was required over a considerable range of the conducting
regions.

The circuit of Fig. 121 lC is the same as Circuit (a) of Fig. 12.9,
except that a four-diode bridge is used in place of the mechanical switch,

Most of the modulator circuits of Fig. 12.11 may also be used when
the difference of two d-c voltages is the modulating signal. In this case
one of the inputs is at the same input terminal as in Fig. 1211, and the
other is at the ground terminal. Circuit (a), for example, might assume
the form shown in Fig. 12.12. The additional input has now been added
effectively at the center tap of the transformer. In case the transformer
winding is not center-tapped with sufficient symmetry, or if a trans-
former has no center tap, a potentiometer in parallel with the transformer
secondary may be used as shown to produce the same effect. When the
transformer secondary is floating as in this case, it is desirable to use a
lvell-shieIded transformer, for commercial transformers frequently have
high capacitive coupling between windings. As a result of this coupling,
m undesired alternating voltage of the carrier frequency may be super-
imposed on the d-c inpl[t,. This effect is partimllarly noticeable at 400
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cycles and higher carrier frequencies; if generators are used, their high
harmonic content accentuates the effect. In order to minimize this
efiect, the designer should keep
introduce an RC low-pass filter in
one or both d-c inputs,

Modulators of other varieties
than the switch type may also be
used, Those employing special
characteristics such as double
input vacuum tubes and those
employing signal-controlled am-
plitude selection 1 do not in their
simplest forms provide zero a-c
output for zero input. This can
be remedied, however, by the con-
struction of a balanced circuit in
which one output is subtracted

input impedances to ground low or

I JT

$30k

311(115V
60-400 Cps

-1-——
1]~. 12.13.-—onswitchctypepe modulator

from another produced by a similar element i~ith the signal or carrier
inverted. One example of such a circuit is shown in Fig. 1213.

12.12. Phase Detectors.—To convert a modulated alternating
voltage, measuring an error signal, to a direct voltage requires a demodu-
lator that responds to the sense of the modulated f~ave.2 Such circuits
~re commonly called ‘( phase detectors, ” although in servo applications
it usually is the ~’ariation of amplitude from positi~e to negative values
rather than the variation of relative phase angle that is of importance.
Most of the circuits sho~rn will detect either phase or amplitude variations,
however. Phase detectors for servos mllst have relatively stable zero
points and mu+ remain ‘ (sat ~lrated” for ~~erylarge input signals corre-
sponding to 1:~{gc serl.o errors. The circuits mentioned above, using
slvitches that operate at times determined by the carrier or reference
signal au(i pro~i(hng no amplification in themsel~es, belong to the impor-
tant and usei’(d controlled-switch phase detector class, other types of
phase detcrtors of importance are those in Ivhich switching does not occur
at fixed times and those which amplify as well as provide switching.

.~ phase cletector in which switching does not occur at fixed times is
shown in Fig. 12.14. It operates on the principle of adding the error
signal to and subtracting it from the reference voltage. The t~vo result-
ing alternating voltages are rectified; the two d-c voltage outputs are
equal only }rhen the component of error signal in phase ~~iththe reference
voltage is zero. .4 similar circuit iS used in some f-m discriminators.

.% number of phase detector circuits that use triodes and provide

I These modulator circuits are treated extensive] y in Vol, 19.
*,%? vol. 19.



384 CHOICE AND DESIGN OF COMPONENTS [SEC. 1212

amplification are shown in Fig. 12.15. In each of these circuits, two
triodes are balanced against each other to give symmetrical operation.
It is necessary to use either a push-pull signal or a push-pull reference
voltage (carrier), for if the signal is zero, the average currents through the
triodes are the same, and cancel by subtraction; but as the error signal
varies, the subtracted currents will then vary in opposite directions. In
symmetrical circuits of this kind, differences in tube characteristics may
lead to asymmetry in the output at zero signal. This effect is less imPor-
tant in phase detectors than in modulators, however, for phase detectors

7mga
‘w

Reference
voltage

FIQ. 12.14 .- -Phase detector usiug addition of voltages.

ore usually operated at voltage levels that are high relative to the voltage
asymmetry which may result from tube differences.

Circuit (a) uses a push-pull signal at the grids of two triodes and
provides the two plate voltages by means of floating transformer wind-
ings. Circuit (b) is similar but provides the plate voltages by changing
the voltages of the grids and cathodes relative to the plates. In Circuit
(b) an undesired signal may result from capacitive coupling between the
secondary of the transformer and ground.

Circuit (c) resembles Circuit (b) with the exception that the output
current is used directly to control relays or a motor. If the windings in
which the current is used may float with respect to ground, the reference
voltage may be applied as shown without a transformer. Either (a) or
(c) may be used with push-pull plate voltages and a single-ended signal
which is fed to both grids; in this case a transf ormer is necessary to supply
the plate voltage.

In Circuit (d) the switching action, or time selection, is made more
definite by the use of a rectangular reference voltage. When the refer-
ence waveform is positive, the cathodes of the differential amplifier are
raised and the tubes are cut off; during the negative part of the reference
waveform, the &lode does not conduct and the differential amplifier func-
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tions as an amplitude discriminating circuit. The common cathode

resistor effectively provides nearly push-pull grid-cathode voltages.
This phase detector is used in the a-c integrating servo described in Sec.
4.10.

Circuit (e) uses a series tube, which is effectively a switch, in series
with a differential amplifier. When the reference waveform is positive,
the differential amplifier functions normally; when it is negative the switch
tube and consequently the amplifier tubes are cut ofl.

Circuit (j) is similar to (d), since it is a differential amplifier which

operates normally during part of the carrier cycle. In this case an

approximation to a rectangular reference waveform may be generated

from a sine wave by means of the resistance-capacitance-diode circuit.

Circuit (g) is similar to a cathode follower with alternate paths for

the cathode current; it provides a differential current with low output
impedance. This circuit has the advantage of maintaining its zero fairly

well with respect to component variation.

In the circuits using sinusoidal reference voltages and error signals,

difficulties may arise from phase shifts of the error signal. A phase shift

may cause a slight overlap between the reference voltage and the error

signal in the “off” tube. During the interval when the error signal and

reference voltage coincide, a pulse of current will flow in this tube; and if

the error signal is large, the tube may be turned “full on” (driven to zero

grid bias). If a smoothing filter is used which gives peak detection, the

output of” the “ off” tube may be nearly the same as that of the “ on”

tube. This can result in sluggish servo action at large values of error.

The amount of filtering necessary in the output circuit of a phase

detector depends largely cm the nature of the circuit to which the output

voltage is fed.

MOTORS AND OTHER POWER DEVICES

12.13. Motors.’—The design factors listed in C’htip. 19 apply to the

choice and design of motors. In connection with this list, attention is

called to the following factors: type of po~ver avxilable, commutator or

slip ring electrical noise, brush wear, output power, speed range, torque,
inertia, and smoothness.

It must be emphasized thut most simple servo design problems ctiu
be solved with any one of a numlxr of motors. Usually the choice of one
motor in preference to others is intimately related to the choice of the
rest of the circuit, and particularly the power-control portion of the
circuit.

Commutator electrical noise is frequently a serious source of inter-
f erence with other equipments. A-c devices using slip rings or devices

I Section 12,13 is by I. A. Greenwood, Jr,
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using no rotating contacts at all are considerably superior LOd-c motors
on thk count. Commutator noise can nearly always be eliminated—it is
merely a painstaking job to do this. Usually electrical noise gets out of
the motor by radiation and by conduction on the power leads; both
shielding and filters may be required to eliminate such motor noise
effectively.

The type of power available will affect the selection of a motor. It
is necessary to know whether the power source is alternating or direct
current and to know the voltage, the frequency: the load that may be
drawn, and sometimes the waveform.

D-c motors should be considered from the standpoint of brush wear,
particularly in the case of aircraft equipment which must operate at high
altitudes. Care should be taken to see that brush life is adequate for
the applications and that carbon dust from the brushes does not provide
undesirable leakage paths. Frequently a-c motors are chosen in prefer-
ence to d-c motors just because maintenance is easier.

Power and torque-to-inertia ratio or torque-to-sqrrarc-root-of-inertia
are very important characteristics of motors ~vith regard to their use in
servos. Power determines the load that can be put on a servo, ~vhilc
the torque-to-inertia or torque-to-sq(uwe-root-of -inertia ratio affects the
upper limit of the speed of response (acceleration) of a servo containing
the motor, along ~vith po~ver and smoothness. It ~vas sholvn in set,
11.12 that where gear ratios can be changed, maximum acceleration at
the load is produced by the motor having the highest torque-to-square-
root-of-inertia ratio; where gear ratios are predetermined and large, the
maximum acceleration is produced by a motor having largest torque-to-
inertia ratio. For fastest response, specially designed sq~lirrcl-cage indllw
tion motors, drag-cup induction motors, or magnetic-clutch devices should
be considered. The smoothness of a motor greatly affects its use in a
servomechanism, since it is a factor in determining how small a gear
reduction can be used. Smoothness is improved by armature skewing,
thus reducing slot lock; many armature poles and crrmm~ltator bars j

reduction of friction; anrl redl]r%ion of backlash,

It is a fundarnent~l fext~lre of frwwll)ack trchniqtle that ovrr-all char-

acteristics of a cirrnlit with feeclhack are less dependent on the charac-

teristics of the p portion of the loop znd more dcpencfrmt on the /3 portion
of the loop. In a servo systrm, the ~ portion, cmrsistin~ usually c’ data
input and output devices and associfitcrf circuits, may be mark ver,y
accurate, linear, and stable compared with the elements of the p portion
of the loop. Because high-gxin feedback loops are involved in most
servos, and because the motor is pmt of the p portion of the feedback
loop, motor and motor-control characteristics are not very critical.
There is another factor in the operation of many servos t,hat t,enrfs to
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make the motor characteristics less critical. In these servos control of

power to the motor is accomplished by controlling the fraction of the

time that full power is applied to the motor rather than controlling the

amount of power applied steadily to the motor. This means that as com-

pared with nonservo operation of motors at low speeds the effects of

irregular friction, slot-lock, etc., cause less variation in operation, since

they are acting against full motor torque. This type of power control is

available in circuits such as relay control, thyratron control, and other
types. In circuits where genuine continuous control is used, the slight
changes in motion caused by the load and friction irregularities listed also
cause short pulses of power to be applied to the motor, thereby making
full torques available at low speed. By way of comparison, when the
ordinary motor is run at low speed without being part of a closed-cycle
control system, a slight increase in torque load may stall the motor,
while a slight decrease in torque load will cause it to speed up with the
result that operation at low speeds may be very unstable and jerky and
completely impossible at the very low speeds at which servos may be
smoothly operated. This technique of applying short pulses of power to
a motor has a disadvantage that must be considered: The a-c component
of the resulting drive waveform produces heat but no average torque in
those motors where the alternating current does not also act on the field.
Dissipation of this a-c energy must be provided for.

D-c Motors.-D-c motors in general have the advantages of being
lighter for the same power output and of having higher starting and
reversing torques than a-c motors.

Series motors have high starting torque and poor speed regulation with
torque. This high negative slope of the torque-speed characteristic
(the latter is approximately linear) is equivalent to a high viscous damp-
ing torque and contributes materially to servo stability but adds also to
velocity errors. Higher torques on reversal can be obtained with series
motors than with other types of motor. In general, a straight-series
motor has the disadvantage of being a unidirectional device unless
some type of s}vitching is used that reverses either the armature or field
connections but not both. Series motors with such change of field con-
nections made by a relay have been used in some cases to achieve bidirec-
tional control, an example being a radar trainer integrator servo. This
type of relay-switched direction control is suitable for velocity servos
where the dh-ection is not changed frequently and where operation very
close to zero speed is not required but would not be very suitable for a
position control.

Split-series motors are characterized by high starting torque and have
the advantage of bidirectional control with a small number of control

ISee Sec. 13.2.
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elements. In Fig. 12.16 are shown two typical relay control circuits,
one for a separately controlled armature motor and one for a split-series
motor. It is seen that only half as many relay contacts are required for
the split-series motor. Because the split-series motor can utilize only
one-half of the field winding space at any one instant, its design is gen-
erally not so compact as a straight-series motor of the same rating.
Comparing motors wound on the same frame, a split-series motor will
have a lower field flux and a lower torque rating than a straight-series
motor. ‘

Shunt motors and armature-controlled motors are characterized by a
smaller change in speed with load than series motols. Starting torques
are moderate. Shunt motors used in servos are generally operated as
armature-controlled motors, with
the field windings continuously

@

+

connected to the power source. M
When so connected, these motors
may be reversed by reversing the hll!dtu!e
armature current. If operated as
straight shunt motors, reversal of
the direction of rotation must be Relay b,d,rwt!oml .wntml

done by reversing armature or separatelycontrolled
armature motor Two relaypoles

field leads but not both, as with are req”,red

~
Relay b,d!recbonal

controlof spl,t-serws motor
Onlyone relay@e

s req., red

series motors. By taking ad- ~z~.1’2.16.–– Iledurtion of relay pole require-
ments b> use of split-series motor.

vantage of the intermittent duty
ratios of most servos, the torque limitations of shunt motors may be
overcome to some extent by the application of momentary overloads.

Permanent-magnet motors are simple and light but are subject to the
limitation that the field may be demagnetized if the motor is badly
overloaded. Specifically, demagnetization of the field by the armature
is likely to occur if the demagnetizing force due to armature current
exceeds the value for which the magnet is stabilized. Frequently, rota-
tion of the poles with respect to the brushes rather than demagnetization
is observed. This limitation, once recognized, is not serious, for it is
relatively easy to guard against the possibility of such overloads when
designing driving circuits.

In circuit applications, permanent-magnet motors are characterized
by economy of drive, in that no power is used in the field. By reversing
the direction of armature current the direction of rotation of the motor is
easily reversed. High torques on reversal are available.

Field-controlled motors have the advantage of high-impedance drive,
which makes them particularly suitable for control with small vacuum
tubes. Ordinarily, when controlling a motor by controlling its field, the
field current must be increased for a decrease of speed. This characteris-
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tic of motors has in general made field control of d-c motors unpopular.
However, if the armature current is kept reasonably constant rather than
allowed to vary over wide limits as the armature back emf changes
~e to than ges in field current, then it is possible to achieve a satisfactory
motor control in which there is speed or torque increase with increase

FIG. 1217.-Lightweight field-controlled d-c motor, Holtzer Cabot RBD 0S08.

of field current. Three examples of such motors’ are the British Velo-
dynes, the MIT Servomechanisms Laboratory 100-watt instrument
servo motor, and the RBD 0808, a lightweight aircraft instrument motor
designed for the Radiation Laboratory by the Holtzer-Cabot Company

mLow resistance

yi%~ ~ce
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o % Slip 100%
FIC. 12.18.—Effect of armature re-

sistance on characteristics of induction
motor.

arising from excessive backlash.

(Fig. 1217). All these motors may be
controlled by vacuum tubes whose
power ratings are small compared with
the power of the motors; i.e., the
motors themselves constitute power-
amplifying devices. The inductance
of the field of such motors is usually
very high. In this type motor, field
hysteresis effects must be kept to a
minimum; otherwise serious instabil-
ity may result comparable to that

Alternating-current Motors. —Alternating-current motors are exten-

sively used in servo applications because of their simplicity, reliability,

absence of commutator sparking, rapid response, and economy.

Two-phase induction motor characteristics depend on the resistance

of the conducting material of the armature. If this resistance is low,
the torque vs. slip characteristic is as shown in Fig. 12.18 by the curve

marked “ 10}Y resistance. ” The result of this type of characteristic is
Itnv starting tor(~ue but Iligher torque near top speed. This is trlle ill

1See Sec. 12,19below.
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most induction motors. By increasing the armature resistance, the

starting torque may be increased at the expense of torque at high speeds.
This may be done by the use of such materials as zinc for conducting bars.
Alternating-current motors for servo applications are generally designed
so that maximum torque occurs with the motor stalled, although maxi-
mum power is usually near top speed. .4s with series motors, this char-

1

[

i

1

I

I

I

FIG.12.19.—Cutaway view of a typical Diehl low-inertia squirrel-cage induction motor.

acteristic of decreasing torque with increasing speed contributes to serve
stability,’ As in the case of shunt motors torque may be increased

merely by momentary overload up to the point where saturation of the

iron becomes a limiting factor.

The rapid response of some induction motor servos is due to their

high torque/inertia and torque/square-root-of-inertia ratios. Inertia can

be kept low because of the simplicity of the armature.

In both the Diehl low-inertia squirrel-cage induction motors (Figs.

12.19 and 12.20) and the drag-cup type induction motors, torque-inertia

ratios may be very high, accelerations of greater than 6000 radians per

second per second being possible with both motors. While acceleration

1See &c. 13.2,
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figures for the drag-cup type motor are somewhat higher than for the
squirrel-cage motor, this type of motor is characterized by low torque for
its size and weight.

It is more efficient for the two windings of an induction motor to be
of different impedance. The low-impedance winding is connected directly
to the a-c power source, while the high-impedance winding is connected
to the control circuit. Direction of rotation is changed by change of phase
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FIG. 12.20.—Characteristics of Diehl FPE-25-9 low-inertia squirrel-cage induction motor.

in the control winding. A phase shift of 90° must be introduced in the

current flowing in either the line phase or the control phase. In practice

both methods are used. Some induction motors, such as the Bendix-
Pioneer CK-5, have eddy-current damping devices built into the motor.

This type of damping allows a-c servos to be built in which the error

signal need not be converted to direct current. Stabilizing circuits for

a-c signals are not very satisfactory unless the frequency of the signal

is kept relatively constant; in the applications where this motor is most

frequently desired, the required constancy of frequency would be imprac-

tical. For applications where highest accuracy is required, damping
of this circuit is usually supplemented by feedback from an a-c tachometer.

Synchronous motors are used mainly as a means for data transmission
and as synchronous drives for such mechanisms as timers. They are
seldom if ever used for servo-motor drives,
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Universal motors are series motors that may be operated on either
alternating or dhect current. In order to achieve bidirectional control
either the armature or field windings must be reversed but not both.

Single-phase a-c motors require special tricks in order to achieve reve~
sal of direction, of rotation. Fixed pole shading is generally used to
tause the motor to start in the desired direction. Bidirectional control
may be achieved by using two sets of shading coils on the pole, each
tending to cause rotation in an opposite direction, and remotely complet-
ing the circuit of the appropriate coil leaving the other coil open-cir-
cuited. This makes an extremely cheap and easily reversed motor,

The split-phase motor is similar to the two-phase induction motor,
in that the current in one winding is shifted in. phase by a capacitor,
usually connected in shunt with the high-impedance ~vinding. In this
case the impedance of the phase-shifted winding is larger than the directly
fed winding, so that a small capacitance may be used. Unless connec-
tions to either winding, but not both, are reversed a split-phase motor is
a unidirectional device.

Repulsion motors resemble series motors in their characteristics, in
that they have high stall torques and high speeds at light loads with
full power applied. Repulsion motors may be controlled for servo appli-
cations by control of current in the path between the shorting brushes.
By the use of two sets of brushes for each pair of stator poles, bidirectional
rotation can be achieved. This type of control is used in the MIT differ-
ential analyzer. 1

12.14. Magnetic Clutches.2-The term magnetic clutch is applied to a
family of devices used to control the coupling of torque from an input
shaft to an output shaft by means of electrical signals. The torque
coupling may be achieved by contact between friction surfaces or by
interaction of a magnetic field and the field associated with eddy currents
produced by the motion of the first-mentioned field past a conducting
surface. Since a magnetic clutch is required only to transmit torque
rather than to generate torque, it may have power and torque outputs
that are large for the size of the device and the power needed to control
it. Since the input shaft to a magnetic clutch may run at a constant,
relatively high speed, high momentary torques may be made available
to the clutch by the simple expedient of using a large inertia on the input
shaft. The result of all this is that a small motor turning at high speed
a large flywheel coupled by a magnetic clutch to a load may be able to
impart very large acceleration to the load-much larger than is possible
with just an electric motor—and an equal or somewhat larger accelera-

1V. Bush and S, Caldwcll, “ A New Type of Diflcrcntial Analyzer, ” Jour. Franklin
Inst., 240, October 1945.

2Sections 12,14 to 12.16, inclusive, orc by J. lL Itogcrs Mid I. A, Greenwood, Jr.
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tion as compared with a hydraulic motor. For applications where very

high accelerations or very large torque overloads are involved, magnetic

clutches are therefore of great interest.

There is another feature of magnetic clutches that partially justifies

their use in some other applications, namely, the effective power ampli-
fication that may be achieved. The practical statement of this property

is that magnetic clutches capable of supplying instrument servo power

may be controlled from small thyratrons or receiving-type vacuum

tubes.
Magnetic clutches are used in two distinct ways: as electrically con-

trolled connections between mechanical shafts and as power devices in
servomechanisms. The latter usage will be the chief interest of this

section. The former usage should not be forgotten, however, for it has

many applications in electronic and electromechanical devices, a typical

example being its use in the MIT differential analyzer. 1
Friction vs. Eddy-current Types.—Two distinct types of magnetic

clutches are recognized, those which transmit torque by the physical
contact of frictional surfaces and those which transmit torque by the
action of magnetic flux produced either by two sets of coils or by one
set of coils and eddy current induced in a conducting surface by the
rotation of this set of coils. The eddy-current variety is more common
than the two-coil variety. It is of interest to compare the frictional

surface and eddy-current types of magnetic clutches on the basis of wear,
heat dissipation, ability to give proportional control, and power ampli-
fication. The problem of wear is a serious consideration in the design
of clutches operating by contact of frictional surfaces. Allowance for
excessive wear may require an unduly large air gap and thus complicate
the design of the magnetic structure. For instrument-size magnetic

clutches, cork on steel has been found to be a reasonably satisfactory
combination of surfaces and is probably used on more equipments than
anY other combination. For larger clutches there are available a variety
of materials which have been developed especially as clutch faces. From
the standpoint of heat dissipation there is little basis for choice between
the two types of c!utches. When both types are operated with the

same slip, the heat dissipated is principally that due to the conversion
into heat of the power represented by the product of torque and slip and

the I*R loss in the control coil. L’nder the same conditions of torque
transmitted and slippage, the two types ~vill,of course, have equal torque-
slip power dissipation. The difference in I’R losses is small but will be
in the favor of the frictional surface type, for this type requires less
power to operate than does the ed(ly-current type. In the eddy-current
type clutch, some additional cooling may be achieved as compared with

1Bush and Caldwell, OP.m“~.

*
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the friction surface type by the circulation of air through the air gap,
where it may directly contact the region of origin of much of the
heat. Forced circulation is seldom worth its cost in magnetic clutches
designed for instrument servo applications. From the standpoint of
smoothness of control, the eddy-current type magnetic clutch has a
considerable advantage over the frictional surface type. Factors con-
trolling the lack of smoothness of frictional surface type clutches are the
difference between static and coulomb friction, the amount of “lumpy”
or irregular friotion, and the tendency of the frictional surfaces to vibrate
or bounce. These effects are not present, of course, in the eddy-current
type clutch. In spite of the effects just mentioned, a frictional type
clutch may be made smooth enough for most applications. In this type
clutch, decrease in the size of the air gap as exciting power increases
results in a torque characteristic that increases more nearly as the square
of the exciting current than as the first power. In the eddy-current
type device, the magnetic air gap stays constant; but for a given value
of dip, both the exciting flux and the flux produced by the eddy currents
increase as the exciting current increases, with the result that the torque
output is roughly proportional to the square of the exciting current.
Thus, there is little choice between the two types from the standpoint of
proportionality of control characteristics; both are sufficiently close to
linearity in their characteristics to be entirely suitable in this respect for
the less demanding servo applications.

Proportional Control.—One additional method of achieving propor-
tional control with clutches (principally of the frictional surface type)
which may act in an essentially “ on-off” manner is through the use of
“buzz” circuits. “ BUZZ” control of relays for controlling servo motors

is discussed in Sec. 12”19. The principles discussed in this section apply
directly to the present section.

Mow”ng-coil us. Stationary-coil Types. —Magnetic clutches are made in
both the moving-coil and the stationary-coil type. In the moving-coil
type, the coil actuating the moving member rotates, and leads are con-
nected to it by means of slip rings. In the stationary-coil type, an extra
air gap is introduced, so that both the driving member and the driven
member may rotate with respect to fixed coils. Examples of both types
are shown below.

Velocity, Torque, and Acceleration Considerations.—In Fig. 12.21 is
shown a gearing and inertia schematic for a typical magnetic clutch
installation. For a given application, the gear reduction nln2 is

determined by the ratio of the speed of rotation of the motor and the
desired speed of rotation of the output shaft. For a given torque applied
to the load under these conditions, it is of interest to note that the rela-
tive values of nl and nt do not affect the power dissipated in the clutch.
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It will be recalled that the power dissipated in the clutch is nearly equal
to the Z2R loss in the windings and the torque-slip product. If in Fig.
12,21 n~ is increased to n; and rzl is decreased to n;, ~vhere n{n~ equals
n,nt, the torque that the clutch must transmit is reduced by the factor
~~Z/rz~,while the slip of the clutch is increased by the ratio nl/n{. Thus
the product of torque and slip remains constant, and other criteria may
he used in choosing the relative values of n,nz, given their product.
It is, of course, necessary that the torque T transmitted Lrythe magnetic
clutch when multiplied by the last gear ratio m*be great enough to furnish
the required output torque.

Gearing M#T#c Load

inertia

FIG. 12.21.—Mechanical schematic of magnetic clutch drive.

The choice of the gear ratio rq to produce the maximum acceleration
of the load inertia JL will next be considered. This subject is discussed
in Sec. 11.12. Using the methods ‘of that section, it is easily shown that
a maximum angular acceleration of T/2 V“J.J~ will result when the
gear ratio na is chosen such as to make equal the inertia of the load-side
member of the clutch J,j as seen at the load, and the load inertia ~L. It
will be recalled that inertia seen through gearing varies as the square of
the gear ratio. Thus, for maximum acceleration at the load, n~~, = J,,
Consideration of the equation for maximum acceleration leads to a simple
criterion which may be used as a figure of merit in comparing clutches.
This figure of merit is the transmitted torque divided by the square root
of the inertia of the output member.

On the basis of the relations just given, a simple procedure can now

be formulated for using the various constants involved. Let it be assumed
that the load inertia JL and the maximum required load velocity WLare
given and that a servo response is to be as fast as possible; i.e., the load
acceleration is to be made as large as possible. A design may be started
by choosing or designing a magnetic clutch with a value of T/~~ as
large as is possible or reasonable. The gear ratio n2 is then chosen to
match the clutch inertia J. and the load inertia J ~, by use of the relation
r# = JL/Jc. A motor is next chosen capable of supplying the necessary
average power. In order that a small flywheel may be used with the
motor, it is preferable to choose a motor having a high speed and low
torque rather than one having the same power but with low speed and
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high torque. The gear ratio nl is then chosen so that al/nlnz = U.
for the condition of zero slip.

The flywheel inertia .71 which also includes the inertia of the motor
armature is next chosen such that ~ln~ is large compared with 2JC.
The design procedure given is, of course, only a part of the complete
design procedure, which isdlscussed inmoredetail in Chap.8. Further
methods and equations for the design of magnetic clutches are given by
Andrews and Shanely I and in Vol. 17 of this series.

Typical Designs and Applications. —Magnetic clutches have been
used extensively in servomechanisms used to control aircraft. A familiar
example of this type of usage is the Minneapolis-Honeywell C-1 auto-
matic flight control equipment. 2
This equipment uses a total of
four frictional-type magnet i c
clutches, in combination with a
differential. A motor running at
constant speed is coupled by a
magnetic clutch to one of two in-
put shafts of the differential, the
other input shaft being locked by
means of a magnetic clutch. By
this means, bidirectional rotation
of the output is achieved. When
either clutches or brakes are not
energized, the output may be FIG. 12.22.—Fixed-coi1friction-type mag-
turned through the manual air- neticclutch.

craft controls without additional load, even though the servo drive motor
is running. The frictional surfaces used in these clutches are cork on
polished steel.

Figures 12.22 and 12”23 show designs for small friction-type magnetic
clutches.

The clutch shown in Fig. 12.22 is designed to have a low inertia and
has a maximum torque of 15 oz-in. Both clutches are controlled by O
to 27 volts applied to their control windings.

12.16. Hydraulic and Pneumatic Devices.-The possibility of using
hydraulic, electro hydraulic, pneumatic, or electro pneumatic power
devices will often arise in the survey of a particular servo problem. The
choice among these devices and electronic or electrical devices will, in

I L. Andrews and F. Shanely, “ One Type of Rotary Magnetic Clutch and Its
Associated Brake used on Aircraft Electric Motors, ” Elec. Ew., 6S, 893, December
1944.

~W. H. Gille and H. T. Sparrow, “Electronic Auto-pilot Circuits,” Ekctmnia,
17, 110, October 1944.
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general, lx Iwxxl Imtll {m :LCl)lll]):lrisf]ll {)1”11][*(I[,vit,t,b(wliNtl(LJ~,tl1110111-
selves and on the facilities and cxpericncc of t,h(>designer an(l pr(d{lcer.

Hydraulic and pneumatic poJver devices have the wlvantagc of fm(
response; in this respect they can bc made to surpass the best electric
motor drives and are about on a par ~Jith the best, magnetic clutch sys-
tems. In hydraulic systems, for example, acec]erations of 100,000 radians

per second-per-second and velocity errors of &O per degree-per-secon(l

FIG. 1223.-Moving-coil friction-type magnetic clutch.

have been reported. 1 Conventional hydraulic servos may achieve
accelerations in excess of 20,000 radians per second-per-second. Pneu-
matic devices are simple and rugged and in general may be produced
slightly cheaper than competing electronic equipment when large quantity
production is concerned. When properly designed, little maintenance
is required for these devices. For, these reasons, and also because to
some extent some of the techniques of electronic control have been newer
developments, hydraulic and pneumatic systems have been extensively
used for industrial process control, where they are used in systems for
control of temperature, flow, level, and many other similar applications.
Pneumatic servos have been used occasionally in airborne applications;
the T-1 bombsight computer and the German V-1 control mechanism are

1‘tFundamentalStudies in ServomechanismsRated Approximately 100 Watt%”
MIT ServomechanismsLaboratory, September1943.
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typical examples. One of the most serious objections to hydraulic and

pneumatic systems is the problem of piping control or data leads long

distances. Such an installation is inflexible; and if damaged, the entire

sealed system may have to be removed for repair. Long piped leads

also introduce time lags which at best are undesirable and at worst may

seriously interfere with the response of a control system. Hydraulic

systems are usually used for heavy loads, and pneumatic systems for the
lighter loads. Pneumatic systems offer important anti-explosion features.

Introductions to the conventional techniques of process control are

found in two recent volumes by Eckmanl and Smith. 2 The first gives

a good treatment of the characteristics of many control elements and

includes a fairly complete bibliography. The latter includes appendices

reviewing the mathematics of transient analysis and contains an extensive
anotated bibliography. These books are written primarily from the

hydraulic and pneumatic controller point of view and use many terms

that will sound unfamiliar to the electronic circuit designer; in the light

of available electronic developments some of what is described seems
complicated or cumbersome. However, the methods presented represent

the techniques of a large and important industry, with a long record of

dependable performance, and should not be lightly regarded.
When hydraulic and pneumatic devices are considered from the stand-

point of their relation to the designer and producer, other factors become
important. The first of these is the relative unavailability of ready-
made, instrument-size hydraulic devices. To some extent, the avail-
ability problem is less acute in the pneumatic device field. Where
relatively small numbers of instrument servos are to be used, design cost
and time become relatively important and will usually be Klgher per unit for
hydraulic or pneumatic than for electronic devices. The principal reason
for this is the availability and cheapness of standard electronic devices
such as motors and vacuum tubes and the ease with which they can be
adapted to new applications. The production facilities required for
producing electronic servos are generally less critical than those for
producing hydraulic or pneumatic servos. In summary, it may be said
that hydraulic and pneumatic devices offer rapid response and depend-
ability, and, for some applications, economy, but may be more difficult
to design, produce, and maintain. Their advantages for many applica-
tions are sufficiently great, however, to offer a real challenge to the
designer of electronic equipment.

A recent Fortune3 magazine article on the process control instrument
industry examines one company in detail and presents an interesting

1D. P. Eckman, Prim”ples of Induatnhl ProeaasControl,” Wiley, New York, 1945.
* E. S. Smith, A utornatic Control Er@aeerinu, McGraw-Hill, New York, 1945.
z ‘ Taylor Instmment-s,” Fortune, 34 No. 2, 89.

k
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picture of the competitive conditions in the field and is recommended

for further reading.

12.16. Control of D-c Motors.—The purpose of the power-control

circuit of a servomechanism is the utilization of information in the error

signal and its derivatives and integrals to control the sense and the

amount of the power output of the motor in such a manner as to reduce

the error and hence the error signal. The control circuit itself may be

as simple as a switch or relay, connecting the motor to a power main in

the correct sense, or it may be a more complicated device such as a

thyratron or hard tube circuit or a still more complicated device such as

an Amplidyne or other controlled d-c generator.

Relays have the advantages of being light, compact, and simple.
The disadvantages of ordinary relays are short life and limited load-
handling capacity. Special relays, 1 such as the Western Electric
D-168479 relay with mercury-wetted contacts, have successfully stood
up under severe service and are satisfactory for many applications,
although they cannot be operated in all positions. By the use of suit-

able “ buzz” or “flutter” circuits, relay action may be made to approach
continuous control, in that power applied to the motor may be varied
smoothly from maximum in one direction through zero to maximum in
the opposite direction. In relay servos, great care must be exercised in
the design of suitable networks for contact protection; lack of adequate
networks may result in short relay life. The principal reason for this
is the high inductive voltage that results when motor current is inter-
rupted by an opening relay contact.

!f’hyratrons are slightly lighter than relays but cannot control as much
current. Small thyratrons, such as 2050’s, can handle hundreds of
milliamperes, whereas mercury-contact relays can handle amperes.
Thyratrons are not so suitable as relays for control of motors directly
from low-voltage supplies because of the voltage drop across the thyra-
tron. A thyratron motor circuit usually involves either a transformer,
which constitutes a major part of the weight and the bulk of the circuit,
or a d-c supply, which is even heavier and bulkier.

Vacuum-tube drive gives the smoothest control of any type so far
mentioned, but with proper design other types of drive circuits are usually
also satisfactory in this regard. In the case of field-controlled motors
and other devices that because of their inherent power amplification
may be directly controlled with small vacuum tubes this type of control
is usually the lightest and simplest. When armature currents must be
controlled, vacuum-tube control becomes comparable in weight and
complexity to thyratron control but is somewhat less efficient.

1Sse Ssc. 12.20.
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Conlrollcd {Icnmalors such as Amplidynm or Ward-1 monad generators
htivc been used extensively for higbcr-polvcr servos; however, for the
instrument servo field their weight and complexity compare unfavorably
with the simpler po\vm--control methods discussed

It is often important inchoosing ordesigning a power-control circuit
that the motor be operated at high efficiency, for ~vith any given motor
and load conditions, the maximum load acceleration is directly propor-
tional to the torque output of the motor. A change of amplifier gain
alone, while increasing the gain of the system, will not increase the maxi-
mum torque available at the motor but will merely allow the system to
overload at smaller values of error, the resulting maximum acceleration
remaining unchanged. Consequently, for maximum performance, every

precaution should be taken to permit high power input to the motor and

high motor efficiency. Specifically, this means that the motor should be
designed for low core losses, should have an allowable temperature rise
as large as possible, and should be mounted to dissipate as much heat as
possible by conduction, radiation, and convection or forced circul~tion.
For most motors, an extremely important factor in motor efficiency is
the waveform of the control voltage applied to the motor, that is, thr
relative amounts of a-c and d-c power applied to the motor. Since only
the d-c pol~,er ~:an proa~lce useful work in armature-controlled or fieh-

controlled d-c motors, the percentage of a-c power delivered to the mot,or
should be kept as low as possible with these types of motors.

It is usually desirable to reduce power at the servo balance or null
position to the point where either a-c ripple peaks or imposed signal peaks
provide just enough torque to vibrate the armature, which means enough
to overcome brush, bearing, gear, and load friction and load inertia. A
preferred type of operation involves alternate short pulses of full motor
power in opposite directions separated by periods of zero power. This
type of operation is more efficient than the type where full power is
always applied in either one direction or the other, but the latter type is
usually easier to provide and is therefore more common. Either type
greatly reduces the effect of starting friction and hence results in a system
that is very sensitive to small signals.

Comparison of Full-wave and Halj-wave Power-control Circuits .—The
action of thyratrons and vacuum tubes used to control d-c motors from
a-c power sources may be compared to the use of controlled rectifiers.
Conventional controlled rectifier theory applies to it with only a few
special provisions. 1

1P. E. Mayer, ‘‘ Electronic Control of D-c Motors,” Electronics, I, 98, May 1943;
II, 119, June 1943; III, 118, July 1943; IV, 133, September 1943; V, 128, October
1943; P. T. Chin and G. E. Walter, ‘‘ Transient Response of Controlled Rectifier
Circuits,” AIEE Trans., 64, 208-214, April 1945; P. T. Chin and E. E. Moyer, ‘<A
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Factors thlt I)ltlst l~c rol~sidcrcd in rl:dllat illg 1II(II(,lt JLgL H titl (IIrrcIll

waveforms applied to the motor are a-c s\Ippl,v vt~itagej in(lllctant,e and

resistance of motor, back emf of motor, line freq~lency, voltage drop
orross control tube, and firing angle in the case of thyratrons.

When a half-Jrave rectifier such as a grid-controlled thyratron is used
without a large capacitance to supply power to a d-c motor, continuous
current flow cannot be achieved, regardless of the combination of values,
except during transients when a motor emf of polarity such as to increase
the flow of current is present or if a backswing damper is used. A large
capacitance, ~rhile permitting continuous current flow, draws large cur-
rents for short periods from the rectifier. .4 backswing damper is an ele-
ment possessing rectifier characteristic; it is connected in shunt with the
motor load so that when a positive voltage is applied to the motor
load through the controlled rectifier, the damper appears as a large resist-
ance connected across the motor load. When rectifier current is inter-
rupted, motor current may continue to flow in the circuit formed by the
motor and the backswing damper in series. Backswing dampers have
been found to be very useful and efficient in the unidirectional control
of d-c motors from half-wave rectifier circuits. \Vhere bidirectional con-
trol of motors is required, backslving dampers cannot be used across any
element in which the direction of current flow is reversed in order to
achieve a reversal of direction of rotation of the motor. However, they
can be used across the two halves of a split motor field where each half of
the field carries current in only one direction. Through their use, the
power that can be transferred to a motor by half-wave drives is greatly
increased. An increase of a-c frequency for conditions where the current
flow is not continuous and all other parameters are kept constant results
in a decrease of the power that can be transferred to the motor load,
Where current flow is continuous, change of frequency affects principally
the percentage ripple, but not the average current. If not obvious, the
explanation of these statements may be found in the paper of Chin and
Moyer previously cited. I

Full-wave control at low firing angles has much the same character-
istics as half-wave control. Current is not continuous, and power trans-
ferred to the load decreases with increasing frequency. A backswing
damper may be used to get continuous flow of current where discontin-
uous flow would otherwise obtain. As firing angle is increased, a point
is suddenly reached at which current flow becomes continuous. Chin
and Moyer point out that CU[rent is discontinuous as long as the conduc-
tion of one tube in a full-wave circuit terminates before the start of

Graphical Analysis of the Voltage and Current Waveform of Controlled Rectifier
Circuits,” A2EE’ Trans., 63, 501–508, July 1944.
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wmduction in the other tube. When termination of current flow in one
tubccoincide swithinitiationof current flo~vin the other tube, continuous
current flow prevails.

The build-up of current to its steady-state condition starting from
zero or discontinuous flow of current has been treated by Chin and
Walter.’ L’ndercontinuous flow conditions, the average current flow-ing
in the load does not change with frequency. However, the percentage
ripple does, ripple power decreasing as the frequency is increased. In
full-wave control circuits, the transition from discontinuous to con-
tinuous current flow as the firing angle is changed may result in an abrupt
change of slope in the motor torque vs. control signal characteristics of
the combination of motor and control circuit, When current flow is
continuous, the presence of a backswing damper does no harm and may
increase slightly the average current that flows, since the voltage applied
to the motor is forced to remain positive.

By way of illustrating the magnitudes of these effects, it has been
found advisable to derate d-c motors used in discontinuous current cir-
cuits by a factor of roughly 50 per cent, and those used in continuous
current flow circuits by roughly 25 per cent of their normal d-c ratings.

Limit Suitches.+ome means is usually needed for stopping the motor

of a positioning servo at the desired travel limits. This may take any of

several forms but usually involves the use of limit switches operating at

the desired limit of travel. When operated, the limit switch removes

driving power to prevent further travel but leaves the drive circuit for

reverse travel connected. If no other precaution is taken, overtravel

even with limit switches may be excessive.

To prevent this, some form of dynamic braking may be obtained by

the limit switch connection and perhaps by auxiliary equipment. A

single-pole double-throw limit switch can be connected to remove drive

power and at the same time to connect a suitable load across the

motor for dynamic braking. For armature control, as in the circuit of

Fig. 12.30, a rectifier of suitable capacity can be connected as a dynamic-

braking load without changing the drive conditions for the reverse

direction.
Alternatively, the drive circuit itself may be reconnected by the limit

switch so as to apply reverse power to prevent or minimize overtravel.

With such an arrangement, the servo will then drive away from the limit

switch until the switch is released, with the result that the servo will

oscillate about the limit switch position as long as the servo input corre-

sponds to an output position beyond the limit. With such oscillation,
power dissipation in the motor will be high and may cause excessive
heating tind excessive wear on the gear train. This method is therefore

1Lot. cit.
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recommended only for applications where limit input signals are usually
avoided or where operation at the limit switch is required for short
periods of time only.

Practical limit switches are characterized by an appreciable operating
clifferential travel. This is required in order to get snap-action interrup-
tion of the circuit. The fraction of the servo scale that is represented by
the differential travel is dependent on the type of actuator used and the
mechanical design of the gear train as well as the particular switch chosen.
The limit-switch operating mechanism should, of course, be designed to
minimize this operating differential. For higher power drives some
contact protection may be required even with snap-action switches.
The principles of relay contact protection outlined in Sec. 13.20 apply here.
Several companies make switches suitable for servo limit switching.’

One other method of limit protection is important. A combination
of mechanical limit stops and a slip clutch can be used either alone or
with limit switches to remove motor power. A slip clutch may be
inserted between the motor and the servo output shaft, because the motor
may slip any number of revolutions without affecting servo operation.

The output shaft is decelerated by the mechanical limit stop, while
the slip clutch, stopped on the output side by this limit stop, applies a
decelerating torque to the armature, bringing it gradually to a stop.
The design of slip clutches is discussed in Vol. 17. This type of limit
protection may be used in small units without disconnecting the motor
power at the limit of travel. Because of the low power dissipation and
short life of small clutches while slipping, however, their use is best
restricted to very low power applications or to those applications where
input signal values requiring frequent slippage are not encountered. In

other applications, limit switches should be employed to remove motor
power at the limit of travel.

one interesting variation of a clutch arrangement is employed in
certain IJear motors. 2 Here motor power is applied through a magnetic
clutch energized in series with the motor windings. When power is
removed by operation of the limit switch, the driven clutch plate is
spring-loaded in the inactivated direction to bear against a stationary
friction surface, thus acting as a friction brake on the driven gear train
to minimize overmln,

] The list inrludcs the }Iicroswitch Co., the Mu-Switch Co., and the Acro Electric
Co. A partictil:~rly useful switch is the General Electric CO. Switchctte which is
extremely smzll 1:1size, has a high current rating rmd a satisfactorily long life. A
variety of contact mrangcnrcnts can br obtained from all of the manufacturers listed.
See Vol. 17 of this srrics for further driails.

z1,. Andrcws and F. Shwrcly, “ Onc Type of ltotar,y Magnetic Clutch and Its
Associated Brake US(V{on Airrraft Electric Motors,” A I EN Trams. 63, 893, I)ecembrr
1944
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12.17. Thyratron Control. ~Grid-controlled, gas-filled thyratron
rectifier tubes offer attractive possibilities for d-c motor control. Recent
developments have produced several inert gas-filled types that are rela-
tively insensitive to temperature or mounting position and have average
current ratings in the range from 75 ma to several ampxes.

Thyratrons permit some economy of circuit design, power consump-
tion, size, and weight. They require a few special circuits not needed
for hard tubes; but if the circuits are properly engineered, they are capa-
ble of reasonably smooth, proportional control and area.daptable to a
wide variety of operating conditions.

Thyratron Characteristics.-A thyratron behaves essentially like a
switch in series with a small direct voltage. The switch is closed (i.e.,
the tube fires) if, for a given value of positive anode voltage, the grid
potential exceeds a critical value. Current, for values less than the peak
emission of which the cathode is capable, is limited by the anode circuit
load and the applied voltage minus the internal tube drop. The tube
will not fire for any grid voltage until the anode voltage exceeds a certain
minimum value; after it fires, the anode-to-cathode voltage drops to a
low value-approximately 15 volts for mercury tubes and between 8
and 20 volts for other gas tubes. Once the tube fires, the grid normally
loses control until the anode potential falls below an extinction value that
depends on the type of tube and the grid voltage but is usually of the
order of 25 volts. An exception to the statement that the grid loses
control must be made for special conditions where high negative grid
voltages can interrupt low anode currents. This phenomenon, however,
is of no practical use for motor control.

A finite time is required for deionization before the grid can regain
control after the anode potential drops to zero. This may vary from
20 to 100 psec for the inert-gas tubes and from 100 to as high as 1000
psec for mercury vapor tubes. This deionization time increases with
increasing anode current and, for mercury tubes, with increase of bulb
temperature. At commercial power frequencies no deionization trouble
is usually encountered with either type tube, except in some special
applications such as inverters. For mechanical and thermal reasons,
the mercury tubes are not suitable for aircraft usage. Inert gas thyra-
trons have been used satisfactorily in airborne equipment.

It is desirable to delay the application of anode voltage until the
cathode has been heated to the point where emission is higher than needed
for the circuit conditions. If tube drop exceeds a critical value in the
neighborhood of 20 to 25 volts for mercury vapor or inert gases, as may
happen if anode voltage is applied while emission is low or if the maximum
safe current is exceeded, the cathode will be bombarded by positive ions

1Ssctions 12.17 to 12.19, inclusive, are by J. R. Rogers.
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of sufficiently high energy 10 cause disintegration of coatlccl-type cat hodcs.
At normal tube drops, the ions have insufficient energy to cause appre-
ciable damage. Accordingly, time delay relays or manual sequence
controls are necessary if maximum tube life is to be obtained.

For small servos using type 2050 or similar thyratrons it is often pos-
sible to secure adequate tube life ]vithout time delay relays, particularly
where the equipment is operated for relati~ely long periods without being
turned off. In some cases the operation of other equipment such as
the~mionic voltage regulators may involve suitable delays for the opera-
tion of thyratron plate po}ver relays. Alternatively the heater l~arm-up
delay of a tube controlling a plate power relay may be used, with the
tube heater operated in parallel with the heaters of the thyratrons. Such
thermally-controlled power circuit relays are better than nonthermul
relays in that if power is momentarily interrupted, operation can be
restored. Ho~vever, varitibility and aging of tubes makes the circ[lit
difficult to control accurately.

Despite these special characteristics, tbyratmns offer for mzny appli-
cations the most economical control method. I.ow tlllw drop means

mLoad
---

Input
s!gna I

c

A-c

&—
1,’IG.1224,-Simple thyratrou control circuit,

that low transformer vf)ltagcs may
be used. \ relatively lolf--imped-
ancc (hcmw higher Cllrrcnt) motor
can bc uwxl Ivitllo[ltj cxccssij.c
power loss in the rectifier. I.o\\-
impedance motors are easier to
~vind, are less apt to fail berausc
of insulation breakdol~nl and arc
more likely to be commercially
a vail ab 1c, Any increase that
thyratron control may prod~lce

in drive efficiency is, of course, most significant under conditions ~vhcrc
the power to be controlled is large relative to the fixed heater and ampli-
fier power required. For example, thyratrons would hardly be enough
more efiicient than vacuum tubes for relay operation to justify their
increased cost on the basis of efficiency alone.

The nature of thyratron tube characteristics does require that certain
simple circuit precautions be observed if smooth motor control compara-
ble to the best other control methods is to be attained.

By way of illustration, control with the simple thyratron circuit of
Fig. 1224 is of an off-on nature. If the voltage applied to the grid of
the thyratron exceeds, at any time during the half-cycle of positive anode
voltage, a critical value dependent upon the instantaneous anode voltage,
the tube fires and conducts for the balance of that half cycle, extinguish-
ing when the anode voltage drops below a vallw of approximatel.v 20 t[~
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30 volts determined by tube design. During the period of conduction,
the internal tube drop is nearly constant at a value determined by such
design factors as the nature of gases and gas pressure within the tube.
Figure 12.25 shows the relation between anode voltage and critical grid
potential for operation from an a-c anode supply. Referring to Fig.
12.25b, it will be seen that a change of d-c’ grid bias from the value A,
at which the tube never fires, to the value B will result in the tube firing
once each cycle at the time when

the critical firing voltage becomes

just equal to the grid bias. In

thk case, the tube will fire for the

second half of each positive half

cycle. For a new and less nega-

tive value of grid-bias voltage B’

this point of intersection of the
bias with the critical firing voltage
will occur earlier in the half cycle;
and by proper choice of bias, any
value of current flow into the load
can be obtained between half (90°)
and essentially the entire positive
half cycle (180°) of anode supply
voltage. Angles of current flo~v
between 0° and 90° cannot be
secured with this arrangement,
because a d-c bias cannot first
intersect the critical firing curve
later in the positive part of the
cycle than the point of maximum
anode voltage. Power supplied to
the load, therefore, may be varied
smoothly by varying the d-c grid
bias from half to full power; but
when the negative bias is in-
creased, the power d e 1i v e r e d

‘$Qw
(a) potential

‘!&:
(b)

potenti%l,

(c)
rlG, 12.25—Firing character stim of

thyratml{ circuits. (a) Relation between
anode potent)al and critical grid potential;
(b) effects of change of grid potential on firing
point; (c) control of firing point with d-c
PIus 1agging-phase a-c bias.

jumps suddenly from half power to zero power. Such an arrangement
used for servo motor control would seriously increase the difficulties of
stabilization, because the system would have essentially an off-on type of
control over part of its range,

To avoid these difficulties, an a-c bias is usually superposed on the
d-c grid bias. The special case of interest here is that of an a-c grid bias
voltage that lags the anode voltage by an angle between 90° and 150°.
Figure 12 25c illustrates the control obtained with a combination of d-c
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bias and a-c lagging phase bias. At B no conduction occurs; at A, a less
negative d-c bias, the critical bias is crossed near the end of the cycle,
the tube fires, and current flows for a negligibly small angle. For d-c
bias values increasingly more positive than A, the angle of flow increases
smoothly until conduction occurs over essential y the entire half cycle.
A square-wave voltage in phase with the anode voltage and superimposed
on the combination d-c and a-c bias A of Fig. 12”25c could likewise produce

A
(a)

Anode
supply

(cJ

Load

E

R3 ---
---

RI

L

AC

.

R2 c

(b)

nllrkE
(d)

(e)
Fm. 12.26. —Practical circuits for securing phase-shifted a-c bks.

smooth control proportional to the amplitude of the square wave.
Effectively, the same result can be secured with a sine wave error signal
with amplitude proportional to the error and in phase with the anode
voltage. In this case, the curve of firing angle against input signal
amplitude is obviously altered, but smooth control is secured because, in
effect, the phase of the net a-c grid voltage is advanced and the net bias
is made to cross the critical value earlier in the cycle as the control voltage
is increased.

Practical circuits for securing phase-shifted a-c bias are shown in
Fig. 12.26. The choice of circuits depends, in some measure, on the
control circuit, on the available transformers, and on the nature of the
power supply. In some cases, it will be necessary or desirable to intro-
duce some filtering in the SUpply to the phase-shifted output to reduce the
effects of harmonics. Circuit 12.26d is better than 1226e in this respect,



SEC. 12.171 THYRA TRON CONTROL

employing the drop across C as the phase-shifted
voltage applied across R and C. For pure sine

40!)

output. This lags the
wave input and a 90°

phase shift, taking the voltage across R and reversing the phase of the
input will be equivalent; if harmonic content is high, this will result in
higher harmonic content of the output.

Various other methods of controlling the thyratron firing angle have
been proposed. One of interest’ consists of developing a pulse whose
time of occurrence relative to the anode supply waveform is determined
by a voltage-sensitive time-modulation circuit such as a cathode-coupled
multivibrator (cj. Vol. 20). The output of such a multivibrator may be
used to trigger a pulse generator, this pulse being used to fire a normally
nonconducting thyratron. For some applications such a circuit maybe
useful; usually it will be too complicated.

The firing angle may also be controlled by phase shifting. This phase
shift can then be controlled by the output of the servoamplifier, often with
an appreciable gain in power. For example, direct current driving a
saturable reactor may be used to provide phase control of the net grid bias.
Likewise d-c bias, control of the gain of an amplifier tube in a “fed-back
time constant” or Miller effect circuit may be used. The equivalent C
thus obtained is used as part of a fixed R, variable C phase shifter.
Difficulty will usually be found in securing a smooth control over the
range from zero to full half-cycle conduction with devices of this type,
and they are not in general recommended.

It is extremely important, if smooth and symmetrical control is to
be secured, to eliminate the pickup of stray a-c voltages. One of the
commonest sources of trouble in this regard is the fact that power trans-
formers of conventional design rarely have adequate interwinding shields,
and in particular, they usually have no shields between the high-voltage
windings and the outside-wound heater windings. If a heater winding
of such a transformer is used as a supply source for a phase-shifter
circuit, enough alternating current may be coupled into the phase-shifter
circuit through the interwinding capacitance to mask completely the
desired phase-shifted voltage. Trouble from this source will increase
as frequency of line power increases and may be serious if the a-c power
supply has a high content of second and higher harmonics for which
the interwinding capacitance represents an impedance lower than for the
fundamental. A phase-shifter” circuit that can be grounded or run at
low impedance to ground is thus preferred. The phase shift for any
harmonics present will be different from that for the fundamental and
may be different for the different drive tubes.

Several types of thyratron tubes are available, differing with regard

1M. M. Morack, Gen. Elec. Rev., 3’7, 288 (1934); H. J. Reich, Theory and Appku-
timu Of Electrm Tubes, McGraw-Hill, 1939, Ssc. 12–32.
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to temperature sensitivity, control-grid characteristics, and suitabdity
for mobile or portable applications. For average currents up to approxi-
mately 5 amp a wide variety of tubes filled with inert gases are avail-
able. These tubes, filled with argon, krypton, xenon, or a mixture of
these gases, are relatively insensitive to bulb temperature, mounting
position, and vibration, as compared with mercury-vapor tubes. The
latter are available with average current ratings from 0.25 amp upward,
the largest sizes approaching in capacity the pool-type tubes of the
ignitron class.

For instrument servo applications only tubes with ratings below 1- or
2-amp average current are of interest. Table 12.2 summarizes the most
commonly available units.

TABLE 122.-IMPORTANT CHARACTERISTICSOF THYRATRONTUBES SUITABLEFOR

OPERATION OF LOW-IBOWEnSERVOS

I
Tube
tYw

I

I
.

GL.546
2D21
884
2051
2050
3D2L

FG-17
FG-27A
FG-33

Mfr.

GE
RCA
RCA
RCA
RCA
RCA

GE
GE
GE

FG-97 GE
l:G-95-A GE
FG-178A GE
ELC1A Electrons,

I ‘“c”

wax.
node
dtage
(fOr-
rard),
Wltn

650
350
350
650
650

2500
1000
1000

1000
180
310
170

Peak
anode

current
(max.)

100ma
500ma
300ma
375ma
500ma
6.0 amp

2,0 fm~
10 0 a“,p
15.0 amp

2,011mr
2,0amc
O 5 amc
2,5nmr

Average
ancde

current*
(nmx.)

—.—

10ma
100ma
75 “,*
75 ma
100Inctt
.75 amp

O 5 amp
2 5 amp
2.5 amp

0.5 amp
0.5 amp
O.125s“)[
O 40 amp

Inert
g~ or
mer-
cury
vapor

Gas
Gas
Gm
GM
Gas
Gas

Vapor
vapor
Vapor

Ve.por
Gas
Gas
Gas

Triodem
shieldgrid

Shieldgnd
Shieldgrid
Triode
Shieldgrid
Shieldgrid
Shieldgrid

Triode
Triode
Triode
(PO,.grid)

Shieldgrid
Shieldgrid
Triode
Trioae

Heaterm Heater
filament power

Heater 6,3v0.2arnp
Heater 6 3v0.6Mnp
Heater 6.3v0,6smp
Heater fI 3v0,6 amp
Heater 6,3v0.6mnp
Heater 6,3v2.6arnp

Filament2.5v5 Omnp
Filament5ov45srnp
Heater 5.0V4 5mnp

Filament2 5v5,0.mlp
Filament25v50arnp
Filament2,5v2.25amD
Filament2.5v6 Ownp

* Averagedover30sec.
t Highe~currentsallowedfm operationat low anodepotential,,

Two basic tube constructions, triodes and tetrodes, are available both

in inert gas and mercury-filled tubes. With the straight triode thyra-
trons (types 884 and FG-67, for example), a relatively high grid current
flows even before the tube fires. If such a tube is operated from a high-
impedance circuit, this current may cause sufficiently high voltage drops
in the input circuit to interfere seriously with the intended operating
conditions. Because grid current will flow anyway after the tube fires,
a protective resistor must be used in series with the grid to limit the grid
cllrrentj. If the vrdue of resistance used is too large, the drop across the
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resistor caused by grid current in the nonconducting state may even
prevent firing.

The shield grid thyratron (types 2050, 3D22, and FG-98, for example),
was designed to minimize this grid current previous to firing. Such tubes
have a somewhat different control characteristic and a relatively high
grid impedance. It is possible to use a grid circuit resistance as high as
10 megohms with the 2050 tube, whereas the rated maximum value for
the corresponding triode, type 884, is $ megohm.

Mercury-filled tubes will operate satisfactorily only over a rather
limited range of temperature because of the rapid change with tempera-
ture of the vapor pressure of mercury in a saturated system. Tubes
filled with a mixture of mercury and one of the inert gases are somewhat
better in this respect. Where operation over a wide range of bulb
temperature is necessary, tubes filled with inert gases are preferred.
Most inert gas tubes now available can be operated between – 500 and
+90°c.

A further advantage of the inert gas-filled tubes is that having no
liquid mercury, they are not critical as to operating position and only

moderately sensitive to vibration, but no more so than vacuum tubes with

similar mechanical construction. For instrument servo control, gas-

filled thyratrcms of the shield grid type are therefore recommended.

one consequence of the finite grid circuit impedance of thyratrons
is that ~vhere two tubes are driven from a single source of moderately
high impedance and appreciable reactance, such as a coupling condenser,
it is possible for grid current of one tube to cause a bias to build up that
tends to prevent the other tube from firing at its normal control point.
This effect (or similar effects caused by feedback from the fired tube to
the amplifier input) gives rise to a peculiar servo performance in which the
apparent balance point is different for the two directions of rotation.
As the error signal is reduced, the servo approaches a balance point that
turns out to correspond to an overshoot and gives a reverse error, In
driving back in the opposite direction a similar effect is present. Under
these conditions, a control circuit and motor may hunt v-ith an amplitude
that cannot be controlled by varying the amplifier gain. The remedy
is to isolate the grid circuits of the thyratrons for both directions of drive,
to reduce common impedances, and to increase the individual series
current-limiting resistors to reduce grid current. In some cases it may
be desirable to drive the tubes for each direction from a separate isolat-
ing tube or otherwise isolate the control. For example, the circuit of
Fig. 12.27 has separate d-c grid returns for the two tllbes, Further isola-
tion can be had by increasing the series gri{l resistors from 100 to 200 k
or even higher, by lowering t,lw out,pllt impe(lancc of the driving amplifier,
or 1).yIlsing n firm! ampliflrr stage ctmsisting of 1!Vo tlllms oprr:~tr{l lvil l]



412 CHOICE AND DES[GN OF COM1’ONIINTS [Sm. 1217

grids in parallel but with separate plate circuits driving each thyratron
from the plate of one of these tubes. The two-null condition (lescrifm.f
is not a frequent occurrence, but it can be very confusing Jvhen encoun-
tered unless the designer is prepared for it. It may also occur with other
types of servo motor controls but has been discussed here because it
is more apt to occur with thyratron controls.

For the reasons discussed in Sec. 1216, the use of full-wave drive is
to be preferred where varitiblc-frequency power supply is a requirement.
Operation over a range of frequency of about 2 to 1 is possible if the phase-
shift circuit is correctly chosen. For a much wider range of frequency,
proportional control may be lost at the extreme supply frequencies.
This may prevent proper stabilization.
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FIG, 12.27.—Circult for thyratron bi- FIG. 12,28.—Circuit of Fig. 1227 used with
directional control of motor armature from a-c error mgnal,
d-c error signal.

The problem of operation with high supply frequencies is important
for airborne equipment because of the power supply economies at high
frequencies and particularly when engine-driven variable-frequency gen-
erators can be used. To date, the tendency among designers has been
to avoid the variable-frequency problem, if possible, by using 400 cps
or lower power frequencies or, if necessary, by using other types of con-
trol (such as relay control), obtaining motor power from the 28-volt d-c
supply of the aircraft. A compact a-c operated servomechanism that
is independent of power-supply frequency would help considerably in
simplifying aircraft control and navigational equipment.

It may be desirable for some applications to operate a motor directly
from a high-voltage (110 to 220 volts or higher), d-c supply. Thyratrons
are desirable for control tubes in such an application because of their
low internal voltage drop and high current-carrying capacity. Because
the thyratron grid normally loses control over plate current when the
tube fires, special provision must be made to reduce the anode potential
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when it is desired to extinguish the tube. In practice, the use of two
thyratrons in an inverter circuit offers the best approach to this problem.’
Basically such circuits operate so that when the nonconducting tube
fires, it causes the anode potential of the conducting tube to drop below

$Ilc
A-c Power

Input
control
sgnal

‘0”3 F 3

‘1

A

A-coutof phaae
biassupply

Alternateloadconnections
FIG.12.29.—-4haaic thymtron motor-control oircuit.

the extinction point and causes a transfer of load current to the fist
tube. Interconnection with suitable time constants makea the process
automatically repetitive. By injecting control si~als of suitable nature
and by use of auxiliary co-ntrol
tubes, the action of the inverter
may be controlled to vary the load
power.

Such devices are primarily
suitable for somewhat higher pow-
er applications than those of this
chapter. For most instrument
servos the use of vacuum tubes,
grid controlled by a d-c error volt-

FIG. 12.SO.-Baaic motor-control circuit with
cathode load.

age, will be the best way to operate a motor directly from a high-voltage
d-c supply. For low-voltage supplies, direct relay control may be used
to advantage.

12.18. Practical Th~atron Motor-control Circuits. -Figures 12%3 and
12.30 show the thyratron circuits on which are based most of the other
circuits given. A relatively small change of grid voltage is sufficient to
cover the full range of motor power for normal values of lagging a-c grid
bias. Motor speed is controlled principally by the transformer voltage,
generated back emf, load friction, and the friction losses in the motor.
If the motor load is put in the cathode circuit of the thyratron, a higher
degree of speed regulation is obtained, particularly if the load consist.a
of only the motor armature. The point in the a-c cycle at which the

1%s, for example, Reich, op. cd., %. 12A-I.
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thyratron fires will depend on the d-c grid-to-cathode voltage J~hilc i,llc
tube is nonconducting; and with the motor in the thyritron rat,ho(le
circuit, this depends directly on the generated emf, a quantity approxi-
mately proportional to speed. Hence, the motor speed Ivill be almost,
proportional to the error signal. This characteristic is highly dcsiral)le
from the standpoint of both servo stabilization and the linearization of
motor characteristics that it provides but does require high gain and swing
in the error signal amplifier.

Figure 12.31 illustrates two adaptations of the basic circuit of Fig.
12.29, designed for half-lvave armature control of a scparatdy cxritcd
field motor with relatively high-impcdanrc armature operated at 100
to 115 volts direct current. The circuits of Fig. 12.31 float at the tJllt-

0

Np’”-
lnput 2

A-c Z:-

Input 1

0 Load

(a)

Input 1
0

(b) ~

1:1G. 1231. -BidirectiOrla I drive rblruith

put potential of the d-c error amplifier, Irhile that of l~ig. 12.27 CM) lx:
tied down by grounding the center of the resistor divider across the
motor. Theoutstanding characteristic of circuit of Fig. 12.27 is inherent
speed control obtained by cathode feedback of half thearmature voltage.
If lagging grid bias is used, motor speed will be roughly proportional to
error signal up to high speeds. This feature together ~vith rapid response
to changes in the error signal makes the circuit capable of surprisingly
smooth and linear servo performance ~vith a minimum of additional
stabilization and goes far to make up for the disadvantages of half-wave
drive. Reversal of rotation can be extremely rapid ~vith this circuit, as
armature voltage adds to the transformer voltage on reversal, providing
extra current for stopping and reversal. Polver output is about 0.003
hp for the Elinco’ Midget B-35 or PM-1-M permanent-magnet field
motor and 0.005 hp for the Elinco B-64 motor which has a lo\ver-impe(l-
ance armature and a 28-volt wound field. These figures are for a 400-
cycle design; higher outputs can be secured at 60 cycles. The input
signal for maximum speed is high, from 125 to 150 volts d-c grid-to-grid,
but thk value can be obtained with 6SL7 or 6SN7 amplifiers and offers no
serious difficulties.

.~ circuit for bidirectional full-wave thvratron control of split-srries

I l?lcct,ric Indicator Co., Stamford, Corm,
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motors is Anvn in I;ig. 1Z?.3Z. ( ‘arc IIIIISI,Im tAm to pre L-cI;tboth sets
of drive tubes from firing together, as the resultant field flux in the split-
series fields will then cancel and cause the motor torque to fall to zero.
This circuit has inherent speed control characteristics because of the
motor armature voltage feedback to the grid circuit. This contributes
to the stability of this servo.

If

a >L ‘
115V “’”-l

0.1

10k

10(Jk j Y
B

of
T7

bias

2

I-==’i$w=-i
FIG. 12.32.—Push-pull bidirectional thyratron control circuit for Elinco MS-2

split-series motor.
or FB

The chief disadvantage of the circuit of Fig. 12.32 is the fact that it
floats above ground at a potential determined by the amplifier output
level. The motor must therefore be insulated for approximately 200
volts, and insulation failure will disrupt the drive circuit operation.
This difficulty can be avoided either by use of a d-c amplifier with an
output at ground potential in the absence of a signal or by the use of
a-c amplifiers driving the thyratrons. With either of these arrangements,
the thyratron cathodes and one end of the armature can be grounded.
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Direct current amplifier output at or near ground potential requires a
negative power supply and may require an appreciable gain reduction.

~

A-c

u

A-c

error input

FIG. 12.33.—Bidirectional push-pull thyratron motor-control circuit with a-c error
signal for split-series motor. Out-of-phase blaa is supplied by networks N,, N,, ~8, and
N,.

Level changing circuits are discussed briefly in Chap. 3. The use of a-c

error signals eliminates the problem of d-c amplifier drift and by the

~

A-c

I 1

—,,

LnJA-c

Fm. 12.24.-Unidireeti0nal full-
wave thyratron control of d-c motor,
using a-c error tignd.

use of suitable transformers may be
adapted to most drive circuits. Fig-
ure 12.33 illustrates a-c drive to a
push-pull circuit for split-series motor
control. The use of transformers for
both the error signal and the out-of-
phase grid bias is cumbersome, and it
is preferable to derive this bias directly
from the high-voltage plate trans-
former through the use of a phaae-
shifting network.

Where unidirectional operation is
desired, or where the motor connec-
tions can be satisfactorily reversed by
a switch or relay, the push-pull circuit
of Fig. 12.34 is useful. It is suitable
for control of series motors or for arm-

1

ature control of separately excited field or permanent-magnet field motors.
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While a variety of circuits that maybe used for thyratron motor control
have been presented and many more are possible, choice of a specific
circuit for a particular application will be simplified by the small number
of suitable circuits that ~vill remain after uvailable motors, power supply
sources, power transformers, and error signals are considered.

Experience shows that it is nearly always profitable to experiment with
the filtering to the motor. With bidirectional push-pull circuits it may
also be desirable to return the thyratron grid circuit to a tap across the
motor armature to obtain a small amount of negative feedback. Such
feedback, particularly if through an llC circuit, helps to make the grid
voltage slightly more negative than normal should all four tubes fire
for any reason while the motor is at rest, ~vithout seriously affecting the
control characteristics; it accordingly helps to reduce power dissipation
in the motor for low values of error signal.

12.19. Vacuum-tube Control of D-c Motors.—Hard tubes can be used
for direct control of nearly all the types of instrument servo motors for
which thyratron control is possible. Circuit details and efficiencies are
different for vacuum tubes, however, and it will be seen that they are
best suited to certain motor types and operating requirements whereas,
for other requirements, thyratrons are preferred. Several character-
istics of vacuum tubes are of direct interest in this connection. Among
these are the relatively high internal plate circuit voltage drop and, for
triodes, the amount by which this tube voltage drop changes with the
current through the tube when bias conditions are held constant. For
control purposes the triode connection is generally used to minimize
static plate resistance and to avoid the constant-current characteristics
(high dynamic resistance) of the tetrode or pentode connection.’ Exam-
ples of tubes used for d-c motor control are the triode-connected 6L6
tetrode, which can be driven for short periods to 100 ma at a 100-volt
internal drop if the grid is driven 7* volts positive, giving a drop under
this condition equivalent to 1000 ohms in series with the load, and the
2A3-G and 6B4 which will have about the same voltage drop at zero
bias. Unfortunately, these are filamentary types; and although suitable
for stationary applications, are unsatisfactory for mobile, portable, or
airborne equipment. In addition, separate filament transformers may
be required for each tube in some circuits, whereas heater-type tubes
can withstand 100 volts or more heater-to-cathode potential difference
and hence can use a common heater supply.

One interesting tube type is the 6Y6G which has an unusually heavy
cathode and will pass 110 ma when triode-connected with an internal

I Pentode drive circuiti are zometimesused h reducethe ttme wmzkwtaof high
inductanceloads.
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drop of 100 volts with the grid about 9 volts negative. Some grid cur-
rent flows even then, but the resulting loading is not serious. The maxi-
mum plate and screen voltage ratings are rather low, 220 and 150 volts,
respectively, and may prevent use of the tube where high supply voltages
are necessary because of load impedance or generated back emf in cathode-
lead circuits.

A new tube type, the 6AR6, made by Western Electric, Tung-Sol,
and Hytron, combines the high cathode current of the 6Y6G with the
higher anode and screen voltage ratings of the 6L6 and offers good possi-
bilities for improving both the efficiency and power-handling abilities
of small hard-tube servo-motor controls.

A second new tube, the RCA-6AS7-G, offers, still greater possibilities.
This tube, shown in Fig, 1528, is a low-~ power twin-triode designed
particularly for use as a series regulator tube in power supplies. It has
the following continuous maximum ratings for each triode unit: plate
voltage, 250 volts; plate current, 125 ma; plate dissipation, 13 watts;
heater-cathode voltage of either polarity, 300 volts; amplification factor,
2.1; plate resistance, 280 ohms; transconduct ante, 7500 pmhos; and heater
drain, 2,5 amp at 6.3 volts. Tbc plate drop for 100 roils at zero bias is
only 30 volts. The glass envelope is the ST-16 size, with a medium shell
octal pin base, the same size as a 6L6-G. Availability of this compara-
tively new tube may be expected to increase greatly the use of hard-tube
control of small d-c motors.

A well-known characteristic of vacuum-tube control ~rhich should
not be forgotten when designing this type of circuit is the grid current
that flows in power tubes such as the 6L6 ]vhen the grids are driven posi-
tive enough to allow the tubes to pass the heavy current required for
motor control. A second chwacteristic, of less practical importance, is
the greater control-voltage range that must be used to operate vacuum
tubes, as compared with thyratrons, if the entire range from maximum
rated power to cutotf is to be covered. For a tube such as the 6L6, for
example, a 40- to 50-volt change in grid bias may be necessary to cover
the full current to cutoff range, whereas with a 2050 type thyratron, a
dlangc in grid bias of roughly 25 volts is sufficient, the exact value being
determined by the amplitude of the a-c out-of-phase bias. It is not
important, ho!rever, that a vacuum tube be completely cut off if used in
o bidirectional control circuit ivhere the current flowing in another tube
may counteract the effects of a tube not being completely cut off. The
statements of Sec. 12.16 lvith mgtircl to the use of rectified alternating

current for d-c motor chive apply directly to vacuum-tube control.

Practical circuits jov ~acuut?L-lu6e itlo!~r Control.—A motor that is
relatively easy ti~ control ~vith vacuum tubes is the split-series unit.
Figure 1235a SIIONS:~ I,:isic cir({iit f’(,r viwuurn-tube control of a splil-



Slt(,. 12.1!)] ~’ACU{~M-7’1 ”BE (’{)N’i’ltol> (}V IJ-(’ fi107’ol{S” .jlf)

sc~ies ]llo(,tlr ~r[)lll :LII ;L-U sIll)l)lj. Ilsillg l):llt’-l\:l\.c l.{,~,tifi[,:ltioll. ~igurc

12.35b shows the same basic ri rcuit than gml for i’ull-;vave operation.

It requires less filtering than (loos the hiLlf-\\”iLVf3 (,ircuit. If a-c control
signals are used, t,hey must, be fed through transformers or converted to

direct current in a previous stage. The full-~vavc circuit permits higher

mechanical polver outp~lt for the same motor temperat~im rise.
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FIG.1235.-Control of split-series d-c motor by vacuum tubes. (a) Half-wave drive; (b)

full-wave drive. Either d-c or a-c error signals may be used,

Figure 12.36 gives circuit details for a velocity servo that uses push-
pull 6L6’s for the motor control. The Elinco B-5o motor is conservatively
rated at 0.003 hp when operated at 115 volts direct current. As used in
this circuit, a peak mechanical output of the order of 0.005 hp is obtained.
It is of interest here, however, to consider the operation of the motor-
control circuit. The high-gain amplifier and the tachometer and potent-
iometer input and output data devices provide a continuous d-c error
signal to the drive circuit to bring the motor nearly to the desired speed
rapidly and then provide drive to the 6L6’s in the form of pulses corre-
sponding to the tachometer ripple. The amplifier is essentially saturated,
and the drive circuit is turned full on at the peaks of these tachometer
ripple pulses. The fraction of the time that the drive circui# is tuned
full on depends on the voltage difference between the tachom&er-gener-
ator output voltage and the speed control or input potentiometer voltage.
Thk provides effectively a proportional control circuit with the average
motor power varying smoothly to give the desired motor speed, A note
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of caution must be interjected here. In some other circuits, recovery
from saturation on tachometer ripple may be too slow, with the result
that the amplifier is completely blocked and hence becomes very ineffec-
tive. Therefore this must be used carefully.

It is possible to use armature control with hard tubes instead of
thyratrons in the circuit of Fig. 1227. The inherent speed regulation

110v 60 CP5

- 65L7 .
/-

+250 ~ 6SL7 6SL7
G, 403v-04Mlv -

s----t
1 100k

,

1

L
!

-150 [

~ontrol“Oltage Elnico B-35 tac$
____ -._. =___>+ ~...-..

,
‘+GZ,“

Fx~. 1236.-FuU-wave unidirectional velocity servo using 6L6’s.

obtained is poorer for the vacuum-tube circuit because the voltage
impressed on the armature during the driving half cyile is averaged with
the motor back emf during the nonconducting half cycle and fed back
into the grid circuit. Since the driving voltage feedback is higher for
heavy loads and tends to reduce the drive, larger error signals are neces-
sary to get maximum power from the motor, and top speed drops more
with increasing load than for a circuit using thyratrons in which the
thyratron firing point is affected only by the armature voltage just before
current flows into the armature. Special a-c bias is not necessary for
smooth control.

F@re 12.37 gives circuit details of a vacuum-tube motor-control
circuit for a velocity servo used in a laboratory test instrument. A com-
plex limit-switching circuit allows push-button control of on-off and
reversal. This circuit controls a large (for instrument use) shunt-type
motor, the Bodine NS H- 12, with push-pull parallel drive to the armature
and reverses the direction of motor rotation by reversing both the motor
armature and the tachometer-generator output. The motor field is
excited from the high voltage d-c amplifier plate supply. Parasitic sup-
pressors such aa 25- to W-ohm resistors or small chokes shunted by
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resistors may have to be inserted in the 6L6 screen leads to prevent
oscillations. In other respects the control circuit offers no unusual
difficult ies.

One point may be mentioned here which bears on the quality of speed
regulation that can be obtained from a circuit of this type.
amount of commutation and slot ripple will appear in the

+---- D-c control signal—---+

L
Constant

current

A supply
for arm

ature

(a)

E
Constant
current

A supply
for arm

ature

(b)

A small
generator

FIG.123S.-Basic circuits for bidirectional field-control of d-c motors with vacuum tubes.

output. If the generator is incorrectly “ phased” }vith respect to the

motor, its ripple voltage may combine with the variations in motor

torque because of motor commutation and armature slot lock to cause

periodic variations in speed. The effect is greatest at low speeds and

is particularly bad if it is desired to operate belo~v 25 to 50 rpm. A

reduction of this effect by a factor of 5 or more may often be obtained

by rotating the tachometer generator relative to the motor a few- degrees

at a time until the smoothest operation is secured.

A difllrulty that may be hard to trace is erratic operation caused by

:1 slipping coupling bet~vcen motor and generator. This usually causes

fluctluitirms in speed or ffiilllrc (If the speed-control circuit to function



I
sm. 12.l!l\ V.4 C71UM-T(JBE C’ONTltO1. OF IX iI~07’OIL’l 123

at all, with t.h(’ motor runni]lg away iF unloaded. Rtmtwal (If tlIti
Iachonwter leads will also, of course, cause loss of control of motor speed,
hut this is an easy error to locate and correct.

Another important circuit for hard-tube control of d-c motors uses
field control of a motor having a separate field winding for each direction
of rotation. Figure 12.38 shows the basic circuit. Field-controlled
motors are normally characterized by increase of speed as field excitation
drops and by reduced torque at high speed. The most practical com-
pensation for these effects is control of the armature current by a ballast
tube or other constant-current device. Saturable-reactor control of a-c
power to an armature supply rec-
tifier has been used successfully to
secure constant armature current.’

For many purposes approxi-
mate control of armature current,
by use of a high-voltage supply
and a fixed series resistance large
with respect to the armature re-
sistance ~villsuffice, giving a grade
of current regulation intermediate
between that of a series ballast
tube and no compensation. This
arrangement, of course, is ineffi-
cient because of the relatively
large amount of power that is dis-
sipated in the series resistance,
When no compensation is used,
the armature must be fed from a
very low voltage supply to prevent
excessive dissipation in the ab-
sence of field excitation. This

16, I I I I 1 1

Torque in oz-m.
171G. 1239.-Torque speed character-

istics of Holtzer Cabot RBD-otws field-
controlled d-c motor.

results in low maximum speed and does not normally give a usable con-
trol. Figure 12”39 shows speed-torque curves for a typical field-controlled
motor with and wit bout armature current cent rol.

Because of the relative scarcity of motors suitable for field control
and because of the attractive features of this method of control, descrip-
tions of several motors together with circuit information, where available,
are shown in Table 12“3. A Servomechanisms Laboratory reportz covers
the factors involved in the choice and design of field-type motor control
for servo applications in the 75- to 100-watt power output class.

1Fundamental Studies in Seruamechani-wns, Vol. II, Part 3, MIT Servomechanisms
Laboratory, September 1943, p. 42.

ZItnif.
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An early and successful design of a motor intended specifically for
field control is the British Velodyne, which is a split-field motor and
tachometer generator mounted on one shaft, designed specifically for
velocity-servo applications. As normally used, the motor fields are
controlled by the output of a high-gain amplifier. Input to the amplifier

H

Protective resistors 3

FIG. 12.40.—Block diagram of British
Velodyne circuit.

consists of a d-c voltage represenb
ing the error in instantaneous
speed as compared with desired
speed or the integral of this quan-
tity. The Velodyne circuit is dis-
cussed further in Sec. 12.13.

Figure 12.40 illustrates the a~
plication of the Velodyne for speed
control.

Series armature resistance is
used to hold the armature current
nearly constant over the range of
speed of operation. The control
tubes, British type VT-75’s, are
approximately equivalent to
American type 6L6 tubes. Pro-
tective resistors of 5000 ohms are
shunted across the field to reduce

the surge voltage developed when field current is cut off.
Table 12.3 shows the most important characteristics of several sizes

of Velodynes and motors without tachometer generators.
Another field-control motor that is particularly useful for instrument

servo applications is the Holtzer-Cabot type RBD-0808 unit, recently
designed for the Radiation Laboratory for airborne computer use and
shown in Fig. 12”17. h’ormal full-on operating conditions are 6 ma in
either 8000-ohm field and 28-volt armature supply with a series ballast
resistor to hold armature current at 0.8 amp. Under these conditions
a torque output of 0.9 to 1.0 oz.-in. can be maintained up to approxi-
mately 8000 rpm. At this speed, the power output is 0.007 hp, comparing
favorably with that of the larger d-c and a-c motors. Figure 1239
shows speed-torque curves obtained for this motor with full field excita-
tion under several armature supply conditions.

Because of the low field current necessary at full power, this motor
can be driven with the fields directly in the plate circuits of any small
receiving-type triodes such as the 6J6 or 6SN7 types, and consequently a
minimum of d-c power is required for the amplifier. The chief drawback
of such a motor design in a small unit is the expense of manufacturing
such a high-impedance field with suitable insulation and sufficiently
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well sealed to prevent moisture from penetrating the windings with sub-
sequent corrosion and failure. The motor described has hermetically
sealed fields.

TABLE 12.3.—MoToRs FOR FIELD CONTROL*

British

Hughes Thomp- *oover

M1OMK1I, Hoover ‘0”” tYP+
MK III ty~ S6 Houston ,3

tYw
Bd-136

—

Motornrm.,amp. . . . . . . . . . . . . . . 1.55 0.2 4.5 0.2
Ffeld,ma. . . . . . . . . . . . . . . . . . . . 10 80 100 80

Tachometerarm.,v/rPm. ..,, 7.5/20Q0 None 200/400060/2000
Field,ma. . . . . . . . . . . . . . . . . . . . PM None PM 95

Stalltorque,oz-in.. ,. .,, ..,,..,. 6.9 17 135 17
Powerrating,hp at rpm. ., 0 0126/6000O.08/40000,3/4000O.08/41X10
Momentof inertia,arm.,lb-fit. 0.049 0.00356
Backemiarm,full field,v at rpm.10/3000 50/2000 80/2000
Max.sccel., rpm/sec. .,, .,,..,, 15000 1200 4400 9000

I I I (

Scophony Hoover
Hoover tYPe
typ 74 88

1.25
10 45
i6/2000 38/6000
150 16
7 21
I 08/4000O 015/6000
1.00356 0,0003

)000 6000

Hugh,, ::::; ,-E::; FHM Holtzer-
Cshot D“nmre O.ter

M 15 ‘ Ltd. KBtucrvomotor RBD080S ES-1-1$

M.tor8rm., emp. . . . . . . . . . . . . . . 4,5 4,0 2.5 0.8
Field,ma. . . . . . . . . . . . . . . . . . . . 10 10 1000 6

Tachometerarm.,v/rpm. None None 200/4000 None None None
Field,ma.,..,,.,...,....,.. None None 180 None None None

StaOtOrque,Oz-in. ... ,., ,., ,. ..,... 1.6
Powerrating,hp at rpm, 0.015/3000O 00536/6000O 2/6000
Momentof inertw,mm., Ib-ftz. I ~~~:;3000a~”~~o-’~ ~fBackemfarm,full field,v at rpm. ,, . . . . . ...14/0000 ... ... .,.
Max.accel., rpm/see, .. 10,000 ..., 45,000

● Manufacturers:(British)HenryH“gheaandSons,Barki”gside,Emex;Hoover,Ltd., Gme”ford.
Middles..; Scophony, Ltd; BritishTho!),ps.],-IIousto”,Ltd., Rugby; The GeneralElectricCO.,Ltd.,
Wittcm,Birrni”gham;FractionalHorsepowerMotors,Ltd.: (U.S.) HcdtzerCabot,DummeandOat.er.

t Fieldsrewound3250turnseachof N.. 37 wire. (See MIT Servomechanism.Report, 1.. it).
1 Fieldswoundwith4000turnseachof No,36wire. (See MIT ServomechzniamsReport,1.. tit).

Induced voltages up to several thousand volts may be developed
across the highly inductive control windings of field control motors when
the field current is cut off for reversal. To prevent breakdown of the
insulation, some shunt protective device should be used to limit the
voltage rise. For small motors, it is practical to shunt each field winding
with a fixed resistor. This is recommended for the Velodyne motor
control where a value of 5000 ohms shunted across the fields had been
found satisfactory. Alternatively, this problem may be solved by the
use of one or more neon lamps in series, with a striking voltage enough
higher than the normal IR drop in the field coil to break down only when
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excessive voltage is developed. For larger units nonlinear resistors of
the thyrite or germanium crystal type may be shunted across the fields.
It i.s also possible to use a diode connected to act as a short circuit for
the induced emf. With any of these provisions care must be taken to
avoid loading the field in such a way that the time constant for flux decay
becomes excessive. A compromise between voltage limitation and flux

High current low vc
or copper oxi
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FIG. 12.41.—Transformer and contact
rectifier control circuit for split-series d-c
motor,

decay time ;onstant is usually de-
sirable.

In practice, vacuum-tube con-
trol usually has been restricted to
conventional split-series motors;
until recently there have been few
low-power motors suitable for field
control or few tubes ideally suited
for controlling standard motors.
By contrast, suitable split-field
motors are relatively cheap and
are available from a number of
manufacturers in a wide range of
sizes. Unless high-i m p e d a n c e
motors can be secured, hard-tube
control is generally uneconomical.
The practical minimum imped-
ance for reasonably efficient direct
vacuum-tube control of small m~
tors is probably at about the 110-
volt amliance motor level.

Control requirements may permit the use ~~ circuits for unidirectional
drive only. For velocity servos, unidirectional drive is often adequate
for smooth output, even though the reverse control circuit should be
connected for best transient response and perhaps also for extremely
low speed operation.

Another possibility for d-c motor control by vacuum tubes is the use
of an a-c anode supply for the power-control stage, with transformer
coupling of the a-c output to selenium or copper oxide rectifiers supplying
a motor. Figure 12.41 is an example of this type of circuit. This basic
circuit allows the use of a low-impedance motor with high-impedance
vacuum-tube drives; the impedance matching is done by the transformer.

Hard-tube control of a d-c motor from a d-c source as illustrated in
Fig. 12.42 may have advantages for some applications, for example,
where independence of power-supply frequency is essential. The require-
ment of rectifiers and filters to provide a sufficiently low impedance source
usually limits ,the use of this type of control to low-power applications
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or those with very special mtluirements. Ii’ mdy ooe d-c bL!sis available,
a split-series motor must be connected in the cathode circuit of the drive
tubes for bidirectional drive or the motor must be run with all its termi-
nals above ground potential. If the
motor is placed in the cathode circuit
of the drive tubes, a high grid-driving
voltage is required to overcome the back
cmf of the a~mature.

12.20. Relay Control of D-c Mo-
tors.l—This section will consider motor
controls in which the power supplied
to d-c motors of either the permanent-
magnet or wound-field type is controlled
by relays. The principal ad~’antage of
this method of polver control is that the
power may be taken directly from a low-
impedance d-c source, making unneces-
sary the heavy and expensive po~ver
transformers, rectifiers, filter chokes,
etc., that are otherwise needed to supply
and control power to a d-c motor. The
principal disadvantage is that smooth-
ness and linearity of control are more

+250v or higher

n

~
D-c differential error signal

I~lQ,1242.-Circuit for vacuum-
tut)e control of split-wxics motor from
d-c power 5UPP1Y.

difficult to achie~e with relay control than with other types of control,
although not at all impossible, and relay life may be short unless great
care is taken. Methods for getting smooth linear and reliable relay con-

FIG.12.43.—Relay on-off control character-
istics.

control in which the power, averaged

trol operation will be described.
Erratic relay operation is some-
times encountered and has been a
serious limitation in a few appli-
cations.

Relay servos may be divided
into two convenient categories:
“ on-off” control, in which power
to the motor is roughly constant
but of polarity corresponding to
the polarity of the input error sig-
nal to the amplifier, as shown in
Fig. 12.43, and “ proportional”

over a time that is short compared
with the mechanical time constant J/f of the motor, is roughly propor-
tional to the input error signal, as shown in Fig. 1244. Both figures are

1Section 12.20 is by W. D. Green, Jr.
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very approximate representations of the actual characteristics found in
relay servos.

The first type, on-off, is usable only in rather low quality servos, where
it is ~ermissible for ‘i hunting” to occur or where the accuracy require-

g
e~
j

Reve~

FIe.. 12.44.—Relay proportional control
characteristic.

ments are such as to allow a dead
space large enough to permit the
motor to coast to a stop before
power is applied to reverse it.
Electrically operated brakes have
been helpful in making this type
of servo useful, by reducing the
distance that the motor coasts,
after power is turned off.

The second type, proportional
control, when properly designed,

can be used in almost any instrument servo application. One way of
achieving proportional control with relays is represented by the Westing-
house Silverstat. This is a relay device with a series of moving contacts
arranged so that the number of contacts closed is proportional to the
current through the control coil. This device can be utilized for pro-
portional control by using the contacts to short-circuit the resistance in
series with the motor, using one Silverstat for each direction of rotation.

, “~”~o

‘F+FE$ ‘~”
(U) Alternate pulses of opposite polarity (b) All pulses of same polarity

FIO. 12.45.—Typical (idealized) power waveforms for proportional control by variation of
pulse length.

Perhaps the best method for proportional control is that in which

power is supplied to the motor in a series of pulses of duration short

compared with the mechanical time constant to the motor, so that the

average power is proportional to the length of the pulse. Then, by
making pulse length proportional to error signal input, it is possible to

achieve proportional control. There are two possibilities here. One is

that power can be applied to the motor first in one direction, then in the

other, so that the effective power is the difference between the two

(see Fig. 12.45). This method wastes power and heats the motor, so

it is usable only where the power involved is small or the efficiency of the

motor and control is unimportant or where a suitable filter may be used.
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The second possibility is that the two pulse lengths be nearly zero for
zero power, with the proper pulse increasing in width depending on the
amount and polarity of net power that it is desired to apply to the motor.
This action can be achieved in the following way: Consider a pair of
single-pole, double-throw relays,
connected as shown in Fig. 12”46.
It can be seen that if both moving
contacts Cl and Cz are against
fixed contacts al and a~or against
fixed contacts bl and bg, respec-
tively, there is no voltage applied
to the load. If, however, Cl is
against bl and Cz against az, the
voltage E is applied to the load.
Similarly, if C, is against al and Cz
against bz, the voltage E is again
applied to the load, but in the op
posite direction. Now consider

3K,

FIG. 12.46.—Contact connections for bi-
directional control of d-c motor with two
relays

what happens when Cl and Cz are caused to move back and forth between
al and bl and az and bz, respectively. If both move from a to b at the
same time, no voltage is applied to the load; but if Cl preceds Cz, voltage
is applied for the period that Cl is at al and Cz is at bz. This is shown
graphically in Fig, 12.47.

As a means of obtaining the action

FIG, 12.47.—V0ltage waveforms at relay
contacts in control circuit for bidirectional
controlof d-c motors.

described above there may be used
two currents il = ‘id., + ~ sin 2~jt
and i, = id,, – I sin %ft ffowing
in the coils of the two relays, re-
spectively, where i&, and id.’ are
fixed currents and 1 is the ampli-
tude of the sinusoidal current flow-
ing in both relays. This is illus-
trated in Fig. 12.48. The circuit
is shown in Fig. 12.46. The con-
tacts C will move back and forth
between a and b. if i~., is in-
creased and i,i., is decreased, Cl
~villmove to al before fl~ moves to

a2. Furthermore, Cl will remain at al longer than Cz will remain at a!.
The result is a series of pulses, at twice the flutter frequency, of duration
roughly proportional to the ddterence between %dc, and ad.,. The exact
relation is a function of i&,, i&,, I, ie=, i,e, f, and the resonant properties
of the relays, A simple analysis, neglecting the mechanical character-
istics of the relay and assuming that the control currents in the two relays
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are symmetrical with respect to the average of the operating and release
currents (i~c, + i,jti, = io, + L,), leads to a characteristic somewhat like
that shown in Fig. 12.49a.

g
t
g
~
3
Is’

to
FIG. 12.48.—Graphical analysis of proportional control characteristics

If ‘& and i~c, were symmetrical about the average of L, and z’,,, the i
resulting pulses of power to the motor would be of equal width.

i,e – i.., = I sin ~,

ire – i&, = Z sin ~,

‘,=&sin-’t+)>

‘=~sin-’t+)

-’=: [sin-’t+) -sin”’(+)
‘~-’,‘:[sin-’t”’iid’’)-sin-
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I~(jrthe sylnlnetricill case (not illustrated),

~o,) — i,,,, = –(i,, –id,

top — ad., = ‘(i.. – id.,),

t3—t2=tl —f4,

:md
z(~, – h)p,,,,x,

P ——.“. = 71

In Fig, 1249 a plot of poirerapp]ied tomotw- vs. differential control
current i,lC,— i,c, is showm. The part of the curve labeled a is a modified

(a) Control currents symmetrical about average

of operate and release currents.

(6 I Control currents asymmetrical wlt17 respect to
average of operate and release currents.

l~IQ.12.49.—Characteristicsof proportional control with relay

sine function. Part bisanabrupt increase which occurs when (i..l – 2)
becomes greater than a’,. and (id<, + ~) become less than i~P. If the id.
currents are not symmetrical with respect to the mean of the operating
and release currents, there will be two such discontinuities in the char-
acteristic, asshownin (b). Part cofthecurve represents fullpowerapplied
to the motor. The magnitude of part bisthe full magnitude of ctimes

(“ “)2COS-’ 1 ‘“p ; “e Consequently, lmust be large compared with

(i.p – i,,) if itisdesired to extend the proportional control to its limit.
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As emphasized previously, this is a somewhat oversimplified analysis.
It serves, however, to outline the general philosophy of this type OS
control. A note regarding the effect of the frequency j is in order.
Because of the inertia of the moving contacts, some time must be spent
between fixed contacts, so that, at higher frequencies, a smaller propor-
tion of the time is available for power: Also, the mechanical motion of
the contacts in general will lag in’ phase the driving current in the coil;

FIa. 12,50.—Werntern
Electric D-168479 mer-
cury contact relay.

this effect increases with frequency but is com-
plicated by resonance phenomenon. It should also
be pointed out that characteristics of the same
model relay may differ appreciably from one unit
to the next, which further complicates analysis.
It is possible to use waveforms other than sinu-
soidal to cause the relay contacts to vibrate.
Because ordinary relays are relatively slow moving,
a special, fast-moving relay is desirable for the type
of use described above. Such a relay is the West-
ern Electric D-168479, known also as the type 80.
This is a single-pole double-throw relay, whose con-
tacts are enclosed, under pressure, in a sealed-glass
cartridge. A sketch of this relay is shown in Fig.
1250. The contacts are wet with mercury, which
ensures large contact area, reduces bouncing of the
contacts, and enables the unit to handle large
currents. The moving contact, which is fixed at
the lower end, touches a pool of mercury, which, by
a wetting action, deposits itself in a thin film over
all the contacts. The magnetic field that actuates
the relay is applied longitudinally. The coil wind-
ings are in the form of a hollow cylinder, inside
which the glass cartridge is placed. The whole
assembly is placed in an octal base metal tube,
resembling very closely a metal 6V6. As sup-

plied by Western Electric, these relays have two coil windings, so
that the d-c control current can be applied through one and an a-c
“ buzz” current through the other. However, there is no reason why
the two cannot be added electrically, and it is a common practice to
use the two coils in series. This relay is capable of operation at fre-
quencies in excess of 100 cps and of controlling instrument servo motors
of all sizes. It is necessary to go to some lengths to protect the contacts
when large powers are involved. There are two principal methods for
making the contacts vibrate. One is tha’ suggested above, in which
some external source of alternating current is used to vary the current
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in the relay coil. This external source can be a separate oscillator:
or where 60 cpsisthe power frequency, a6.3 volt filament supply may be
used for this purpose. The a-c can be applied directly to the relay
coils, or it can be introduced at the grids or cathodes of the amplifier.

A second method, especially useful if a suitable source for a-c is not
already present, or if economy of weight, size, or even expense demands
that parts be kept at a minimum, is that in which, by suitable regenera-
tion, the relays are made part of a self-oscillatory circuit. This circuit

2? ‘rB+

24v

(b)

FIG. 12.51.

‘cm
—AN/APA4G antenna-control servo umingtwo mercury contact relays.

bears considerable resemblance to an ordinary doorbell or buzzer.
Again, this can be accomplished through connections either to the coils
or to the amplifiers. Figure 12-51 shows circuits for achieving this eelf-
oscillation. It can be seen that if the grid is at a potential such that cur-
rent through the relay coil is somewhat more than enough to operate the
relay, the relay will operate, raising the cathode potential and, through
condenser Cl, the grid potential. Cl will discharge through Rl, and
the potential of the grid will drop, reducing the plate current until
the relay releases. When this occurs, the cathode potential is reduced,
a~ is the grid, through Cl, but again Cl charges, and the grid potential
rises, increasing the plate current, and the relay again operates. This
oscillation continues at a frequency dependent on RIC1 and also th;
mechanical and electromagnetic time constants associated with the relays.
This type of circuit was used quite successfully in the AN/APA-46
antenna servo,’ where this arrangement waa used on both halves of the
ditlerential ampli6er driving the relays. The equipment is shown in

IDeaigmd by Radiation IAoratory, produced by ‘1’horhas B. Gibb CO.,
Delavan, Wii.
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Fig. 12.52, and the circuit is sho\Yn iu Fig. 12.53, It is true that the
signal changes the oscillation slightly, but this is of no great importance.

With these relays, there is invariably a very short period of bridging
between the two fixed contacts as the moving contact changes from one
fixed contact to the other. Sllitable means must be provided to limit
the current that flows under this condition. This action also modifies
slightly the operation of the buzz circuit described.

FIG. 1’2.52.-.i NiPil.4f ifi airlmn,e radar :Ir,tel]l):,-rol,trol servo,

In spite of the fact that the rcspousc of the relays system described

is not so rapid as vaml~lm-tube or thyratron control, it is much more

rapid than the motor in the USIM1 circltit and hence gives smooth and

fairly linear control of motor power. The use of relays in the manner
described has little effect on the design of the rest of the servo. The

worst limitation of relay servos hfis usually been a tenaency toward

~rratic operation of the relays. The self-oscillation buzz circuits aid

somewhat in reducing the extent of erratic operation.

An alternate method of achieving approximately linear control from

a relay or other on-off type control device is to allow the servo itself to
os(,i]late at a high frequency but with low amplitude by suitable adjust-

ment of servo loop parameters. IWac~olll has discussed both the allxil-

] L. A. Mac Coil, F?(ndamenlal Theory of ,%oomechanisrns, Van Nest ranri, N’rw
York, lq~~, pp. 78-87.
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iary sinusoid and the oscillating system method of using on-off servos to
approximate linear control.

One of the most important considerations in the design of a relay

servo is the protection of the contacts. Because of the inductive motor
armature and the presence of back emf, this is sometimes a difhcult
problem. In general, it is necessary, by the use of combinations of
capacitors and inductors, to limit the rate of change of current through
them, as well as limiting the peak currents. The manufacturers have

l—---l-J-----J
Relay Splhtit:/es

contacts

FIG. 12.54 .—Relay contact protection
small rectifiers.

m a d e specific recommendations
for this protection. 1

A method of contact protec-
tion is illustrated in Fig. 1254.
This circuit uses small contact rec-
tifiers to limit the voltage peaks
when the current through the
motor is interrupted by the relay
contact. z Other relays require
similar protection. In addition,
there can arise mechanical trou-
bles, as a result of the hammering
of the contacts. This, however, is

a question of relay design and is not something that can be remedied by
circuit design. It should, however, be borne in mind when selecting
relays.

12.21. Controlled Generators.’—Motor-speed control can obviously
be obtained by varying the voltage of the line supplying power to the
motor. Several practical ways of doing this have been proposed, and
two or three have achieved rather wide use for applications requiring
output powers between 100 watts and 1 hp. The general plan is to use
vacuum-tube control of the field current of a d-c generator, using the
generator Gutput to operate a d-c motor. A high power gain can be
achieved in the controlled generator, and consequently a pair of 6L6’s
or similar tubes may give adequab drive for ultimately controlling a gun
turret or other heavy load. The chief disadvantage of this system, and
one that becomes increasingly important for low-power applications, is
the need for three rotating machines: a motor to turn the controlled
generator, the generator itself, and the final servo motor. For some
applications the time lags involved in establishing and in reversing the
generator flux are excessive; this is particularly true of the Amplidyne

1Bell TelephoneLaboratoriesReport No. 741.
~This circuit has been used extensively in servos designed by Bell Telephone

Laboratories.
3Section 12.21is by J. R. Rogersand I. A. Greenwood,Jr.
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generators where a short-circuited armature provides the effective mag-
netic flux for generation of the usable d-c output.

For these reasons, and particularly because of their size, controlled gen-
erators are usually out of the question for instrument servo applications.
For completeness, however, the important types will be mentioned
briefly, and notes on their range of sizes and peculiar characteristics will
be given below.

The War-d-Leonard System consists of a vacuum-tube-controlled field
on a d-c generator, the output of the d-c generator being used to operate
a d-c motor. An a-c or d-c motor is used to turn the control generator.
This system suffers from the large amount of equipment required. For
applications where this disadvantage is not serious, the system has been
used extensively and has given fairly satisfactory performance.

A mplidyne Generator Systems 1 are a trade-marked product of the
General Electric Company. A low-power generator control field is

energized by the output of a vacuum-tube amplifier. A nearly conven-

tional generator armature is used, but there are two sets of brushes 90°
apart. The brushes in the position for generating output from the control
field flux are short-circuited. A reaction flux is set up at 90° from the
control field flux, and this acts on the armature to give a generator output
voltage from the second pair of brushes, the output being in proportion
to the current flowing in the control field. The Amplidyne differs
from the Ward-Leonard system in that a high gain is obtained by the
use of the short-circuited brush connection in the controlled generator
so that larger loads may be controlled with smaller vacuum tubes. These
units are available in capacities from 75 watts to 5-kw output. The
generators and drive motors for the small sizes are available mounted as
a single motor-generator unit. A variety of circuit arrangements have
beenworked out for stabilizing Amplidyne servos; in general these involve
feedback from the generator output or from the output load current to
compensating windings on the control field poles.

12.22. Vacuum-tube Control of A-c Motors. ~Perhaps the most
common method of controlling a-c motors for servo applications is by the
useof vacuum tubes. This method is especially applicable to the control
of small two-phase squirrel-cage induction motors such as the Diehl
FPE 25-9 but is also used in the control of other types of motors.

Since all the power controlled by a vacuum-tube power-control cir-
cuit must pass through the output tubes, the method is necessarily
inefficient and bulky. It is to be noted, however, that half or more of
the power of a two-phase motor comes directly from the line and need

I For details see, for instance, J. R. Williams, “ Amplidyne Characteristics and
Operating Principles,” Elec. Eng., 66, 20S-13, May, 1946.

zSection12.22is by W. Goodell., Jr, and I. A. Greenwoad, Jr.
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not be controlled. IALrge tubes :md heavy trmlsformers must still be

used if the load is appreciable. With a 60-cycle power frequency the
transformers and filter chokes and condensers needed are particularly
bulky and heavy. Since considerable power is dissipated in the tubes,
the problem of cooling them must be considered. The most important
consideration in the design of a vacuum-tube power-control circuit for
the control of an a-c motor is its output impedance. If the motor-
control circuit is designed for a particular motor, the output impedance
should be matched to that motor under normal load conditions. If the
amplifier is to be used with any of several unspecified motors, the output
impedance is generally made as low as is convenient. Because of the
relatively low impedance of most a-c motors, it is usually necessary to
use an impedance-matching transformer in order to obtain the desired
amount of power in the load with the vacuum tubes that are available.
Very low impedance tubes, such as the 6AS7G (r= of 280 ohms at e, = O),
may sometimes be used without transformers.

A second important consideration in the design of power-control cir-
cuits for a-c motors, and in particular for control of two-phase induction
motors, is the question of phase shift. Where frequency is sufficiently
constant, it is convenient to tune the load—the load in this case being
the control winding of the motor as seen through the impedance-matching
transformer. The tuning may be done by connecting a condenser either
across the motor winding or on the primary side of the motor-driving
transformer; the advantage of the latter connection is that a smaller
size capacitance is required. The tuning also attenuates harmonics of
the carrier frequency.

It is appropriate at this point to warn the reader of the complexities
involved in a complete understanding of the phase and amplitude rela-
tions in the two windings of the motor as speed, torque, and control
voltage are varied. A particularly troublesome point is the change of
power factor and impedance due to back emf. In practice, it is usual
to determine the optimum shunt capacitance empirically. Under some
conditions, the optimum capacitance will differ considerably from that
which tunes the motor-winding inductance for the a-c frequency used.
Maximum torque is produced when the currents in the two windings
differ in phase by nearly 90°. Factors that must be considered are the
complex characteristics of the motor itself, the source impedance, the
shunt or series capacitance, the load conditions that will be imposed on
the motor, and sometimes nonlinearity in the operation of the control
element or motor. Most of these difficulties may be resolved by simple
s.xperimental study, and those remaining are minimized in importance
by the fact that the control circuit and motor are part of a feedback
loop in which high gain and accurate linear feedback minimize irregu-
larities in the u-portion of the feedback loop.
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In circuits where the alternating current applied to the controlled
winding of the motor is obtained from amplification of the error signal,
the necessary phase-shift network is occasionally introduced in the error
voltage circuits prior to the power-control stage.

There are many methods by which a-c motors may be controlled by
vacuum tubes, a few of which are listed and described below. Figure
12.55 shows the circuit for a general-purpose amplifier and a general-

r *+255

–105V

1 CT \

I u., u+ R.= I r

FIe. 12.55.—General-purpose servo.

purpose all a-c servo circuit, capable of driving a variety of motors and
of working smoothly with a wide range of loads and speeds. It consists
of a 60-cycle carrier stabilization network, the constants of which may
be changed to fit the particular load used; a three-stage amplifier with a
gain of 200,000 (106 db); a phase inverter; two push-pull 807 output
tubes; and an output transformer. Negative feedback is employed
across the transformer and amplifier to cut the gain to 12,000 (82 db)
and to reduce the output impedance to about 33 ohms. Any @cycle
two-phase induction motor with a voltage rating for the control phase
of less than 150 volts and of less than 50 watts rated output may be used,
although the specific motor for which the stage was designed was the
Diehl FPE-49 low-inertia two-phase squirrel-cage induction motor.
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Figure 12.56 shows the output stage of a 400-cycle airborne servo driving ~
a Diehl FPE-25-9 induction motor. The plates of the push-pull output
tubes are connected through the output transformer to the control
winding of the motor. The grids of the output tubes are fed with push-
pull alternating voltage proportional

115V
409 Cps

L9$

i

P&h;

sign IIE30~::
FPE 25-9

g-h?.hr=
115V4(XICps

1’IG. 1256,
4oo-cps

—Airborne servo power stage
operation of induction motor.

to the error signal. The load is
tuned, by a condenser across the
primary of the transformer.

Figure 1257 shows the output
stage of a small 400-cycle servo.
The two output tubes act as mod-
ulators for the output current, the
phase of the output voltage de-
pendhg on the phase of the a-c in-
put error signal. The condenser
across the motor field serves to
smooth out the a-c wave shape as
well as to tune the motor.

Figure 12.58 shows a typical
single-ended output stage used in
a ship-borne 60-cycle s .Yst e m.

Feedback around the transformer is used to-provide additional stability
and linearity of control.

Figure 12.59 shows how vacuum-tube control may be applied to
field-controlled universal-type motors. The output tubes are connected
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FIG. 12.57.—Output stage of Brown Instrument Co. 400-cPs servo.

differentially to the split field of the a-c motor. Brush noise is apt to
be troublesome in this circuit. Brush life should be carefully checked,
as wear may be rapid.

12.23. Alternating-current Control with Saturable Reactors. ~The
major disadvantages associated with vacuum-tube control of a-c motors
are inefficiency and rather great space and weight requirements. These
disadvantages result from the fact that in this type of control all the

I Section 12.23is by S. B. Cohen and I. A. Greenwood, Jr.
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power delivered to the controlling winding of the motor must pass through ‘
a vacuum tube or tubes. Elimination of this condition is a feature com-
mon to saturable reactor, saturable transformer, and relay control of
a-c motors. In these types of control small amounts of power may be

FIG.
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FIG. 12.58.—Single-anded motor power-control stage,
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12.59,—Vacuum-tube control of split-field universal-type
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60 Cp5

motor operated on a-c,

used to control the large amounts of power necessary to operate motors.
Relay control of a-c motors is discussed in Sec. 12.2-I. Saturable trans-
formers followed by contact rectifiers are sometimes used for the control of
d-c motors.

Both saturable reactors and saturable transformers are used for con-
trolling a-c motors. Figure ] 2.60 shows in a simplified form one type
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of saturable reactor. This unit has a core with three legs; the outsilh,

two have a-c windings which are wound either in series aiding or in parallel

opposing, while the center leg has a d-c or control winding. Sometimes
an additional winding is also put on the center leg to produce a flux bias
to set the operating point of the B-H curve. The flux of the two a-c
windings cancels in the center leg. As the d-c control current increases,
the two a-c legs will saturate. This saturation causes the reactance of
the a-c windingi to be reduced. Thus, when the d-c control current is
varied, the reactance as seen at the a-c terminals will vary over an

D-c winding

Y ?
Control voltage

Reversing
from servo amp

Slgna[ 77

~
I:I,;. 1?61 .—LTseof saturable reactor in

writ.s with load.

appreciable range 1 The r:~tiu of maximum to minimum reactance

(Jbtxinab]e ~~ith this type of sat~lrahle reactor is about 25/1, although

l~rger ratios have been obtained ~vith very special core materials and

coil arrangements. The ratio of the d-c polver used in a saturable reactor

tu the po~ver controlled by it may run from 1/15 to 1/35.

Fig{u-e 12.61 is a block diagram sho]ving an application of one of these

reactors in a servo system. The reactor is in series with the motor load.

As the d-c control voltage from the servoamplifier is varied, the reactance

of the saturable reactor \raries and th~ls the voltage across the motor
varies. The motor may be a two-phase induction motor ~vith onc
winding excited b.y a voltage 90° out of phase with the controlled phase,
or other a-c motors may also be used. If bidirectional operation is
desired with this type of control, a relay and sense-detecting circuit
must be used to make the motor operate in the proper direction. With
these limitations the circuit as showm }vould be appropriate for velocity
control but not for ~osition control.

Since the reactance varies smoothly over its range, smooth but nut
necessarily linear control may be obtained with this type of power-
control element. The time constant introduced by the reactor sometimes
limits the speed of operation of this type of system. A serious limitation

I l’unrirzrnental i$’t tidi~s in ,SerUo7rIerhanis7rIs, III IT Servo mechanmms Laboratory,
VOI. II, Sec. 3.
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in the application of linear servo theory is encountered in connection with
saturable reactors, for they are usually quite nonlinear.

The disadvantages of using a relay to reverse the motor rotation may
be eliminated byusinga type of con-
trolshown in Fig. 1262. Thissystem ~_–_–=
consists of a conventional servoamp-

d![ b

I

lifier which drives two separate satur-
1

Amphiler 1
able transformers so connected that at “~{~~eand phase , Servo

motor

balance the’ output voltage to the
detector ,

motor is zero. In operation, the out-
—

I
put voltage will reverse its phase --

relative to the line voltage as one trans- A-CSU@Y
former becomes more saturated than FIG. 12.62.—UseOf saturable t~a,,S-
the other. A saturable reactor servo- formerin servosystem.

mechanism used extensively in airborne application is shown in Fig. 1263.
These units are produced under the trade name of Torque Unit and Torque

Saturable transformer

T===L”’wr‘4+’”!‘“
@

(
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II

0.001

0.1 IOk

‘T@2ZjT-
L-#. —--- Synchro control
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Output shafi

Input / generator transformer
shan

FIG. 12.63.—A 400-cPs servo using Bend.x saturable transfor]r,er.

Amplifier’ and were used in the AAT~APS-15 and Ah’/APQ-l3 radars, in

the Fluxgate Compass system, and in other airborne applications.
The saturable transformer unit, in the plate cn-cuits of tubes V~ and

1Trade names of the lMipse-Pionrw Division of the Bendix Aviation (’orp..
T~@-}mro, N.,J,
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1’,, consists of two transformers with separate “cores connected so that
under balance conditions no voltage is applied to the controlled winding
of the induction motor. Any error signal present is amplified by tube
VI and further amplified and phase-detected by tubes Vi and Vt. The
resultant direct current flowing in the saturable transformers tends to
increaee the voltage outp~~t of one transformer and decrease the voltage
of the other transformer, resulting in voltage being applied to the con-
trolled winding of the induction motor. The parallel capacitor shifts

Z6v.d,

5L-S3h

1’ ‘

O“twt
---$0

2 Ph,se
-- :$0 ,mdwtmshafl motor

FIG. 1264.-Bendix “ Torque Amplifier” using saturable transformer and Magnesyn.

the phase of the current in the controlled winding. The saturable

transformer unit, consisting of the two separate transformers mounted

together, weighs approximately 18 oz and may be used to control a
Bendix CK-1 or CK-5 motor. For stabilization purposes, the motor

usually includes a small magnetic damper, the equivalent of viscous

damping on the output shaft. For highest performance, stabilization

may be achieved by an induction-type a-c tachometer used with its

output signal added to the error signal by series connection.

A number of variations of the servo shown in Fig. 12.63 are available,

including that shown in Fig. 12.64 which is a servo system using a Mag-

nesyn as the input data device and an Aut osyn as the data output device.

Transformer Tb removes signals at the exciting frequency from the

Autosyn.
from tube
which the

A double-frequency signal for reference purposes is derived

V,, applied to the diode bridge formed by tubes V, and V,, to

amplified signal from tube VI is also applied. The resulting
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direct current isamplified in tubes VsAand Vs~and controls the relative
saturation of the two transformers 2’6, thereby controlling the rotation
of the motor.
~ 12.24. Relay Control of A-c Motors. ~Relays offer additional methods

for the control of a-c motors. In general, their use is much the same as
that described in Sec. 12”20 for the control of d-c motors. Relay control
haa the advantages of less power dissipation in the control unit, less
weight, and smaller size as compared with vacuum-tube, thyratron, or
saturable reactor control of a-c motors. On the other hand, as before,
smoothness and accuracy are less than are obtainable with these other
methods. Nevertheless, there are a great many servo applications
where the requirements can be more than adequately met by relay control.

The problem of proportional control in a-c servos is somewhat com-
plicated by the relation between the power frequency and the frequency
of vibration of the relay contacts. Unless the difference between these
two frequencies is large compared with the frequency at which the motor
can respond, erratic motion may result. Consequently, if the power fre-
quency is 60 cps, the contact frequency would have to be quite low, say
10 or 15 cps, or considerably higher than 60 cps, say 100 cps. Most
commercially available relays are incapable of the higher frequency, an
exception being the Western Elect ric D-168479 relay discussed in Sec.
12.20. Another possibility, however, is to have the contact frequency
the same as the power frequency. As before, the proportionality is
achieved by variation of the length of the power pulse.

Except for its effect on the frequency of contact vibration, the use of
, a-c power has little effect on the design of the amplifier and relay control

circuits. Protection of the relay contacts is easier than with direct
current, since alternating current does not sustain an arc. As a further
refinement of contact protection, it is even possible to do the switching
when the instantaneous current through the contacts is zero.

Figure 12.65 illustrates a cent rol unit comprising two 2D21 miniature
thyratrons and two Western Electric D-168479 mercury contact relays
of the type discussed in Sec. 12.20. This control unit is designed for a
servo application that does not require highly accurate positioning or
particularly fast response to input error signals. The entire unit is
extremely compact and can be built to fit into a 4-in. cubical space. It
can be used to drive a large variety of a-c motors, although the particular
motor for which it was designed is a Diehl FPE-49 two-phase 60-cps
squirrel-cage induction motor, which has a rating of 11 watts mechanical
output.

The plates of the thymtrons are energized from the center-tapped
secondary of a step-up transformer, and the grids are energized by the

1Section12.24is by W. Roth and W. D. Green,Jr.
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60-cYcle error voltage. The voltages on the respective plates are 180°

out of phase while the grid signals are in phase; therefore, one thyratron
will conduct during the time that its plate voltage is positive for one
polarity of input signal, while the other one will conduct for the opposite
polarity of input signal. ,Since a relay coil is in the cathode circuit of
each thyratron, one relay will be actuated for input signals of one phase
while the other relay will be actuated for input signals of the opposite
phase. Thus, if the motor is connected to the relays so that each relay

115v? 760CPS

~ N=7 1
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+ 250v

~_________

lM

Zeroset
v

115V
m Cps

FIG. 12.65.—Simple thyratron and relay control for a-c motors.

controls one direction of rotation of the motor, the motor will be driven
in a direction that is dependent upon the polarity of the input error signal.
The pulse-rate control shown is an adjustment cent rolling the number
of times per second the tubes conduct for a given amplitude of error
signal.

The operation is as follows: The capacitor of the RC time constant

that is placed in the cathode of either tube receives an increment of charge

each time the tube conducts. This causes an increase in cathode voltage

which prevents tube conduction for several cycles until the cathode volt-

age decays to a level that permits the grid again to fire the tube. Since

the increment of charge per conduction cycle is nearly the same regard-

less of the size of the grid signal, for small grid signals the cathode voltage

must decay for a longer period of time before conduction can again occur

as compared with larger grid signals. Thus, the rate of pulses per second
for small signals is less t,lmn ihat for large grid signals. The effect of this
is to give J throttling action roughly proportional to amplitude of error,
s() t,llai, (,I)c rat,c ~t lvhirh the motor decreases the error is proportion:il
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to the error. Such a proportional response system is desirable, since it
has greater inherent stability than a system whose rate of positioning is

constant.
In addition, ,a control action approximating derivative control is

present, forthe lag of the cathode voltage with respect to an increasing
or decreasing grid’signal is proportional to.the rate of change and hence
introduces a bias term roughly proportional to the first derivative. For
example, a fairly large, rapid increase in error signal will turn the system
full on until the cathode condenser has charged up to the point where the
normal throttling action operates. This is the behavior obtained with
the more conventional proportional plus lagged-derivative types of con-

troller characteristics. By adjusting the dual potentiometer, the
time constant can be varied and the pulse rate adjusted for different
applications.

In order to compensate for variations in tube characteristics, two

zero set adjustments are provided. They are included so that a d-c
bias may be applied to the cathodes to prevent tube conduction with
zero input signal.

The wiring of the motor and relay contacts is self-explanatory if it is

understood that only one of the relays is closed at any instant. The
O.1-pf capacitors across the relay contacts are included to protect the
mercury contact.

Figure 12.66 illustrates a relay unit capable of higher positioning
accuracy and faster response than that of Fig. 12.65. The error input
device for which this was designed is shown for the sake of clarity,
although other input devices may also be used. The servo motor is

required to position the output shaft to correspond to the position of the
shaft of the5Ginputsynchro. Intheusual manner error voltage propor-
tional to the sine of the angular difference between the shafts of the 5G
and the 5CZ’synchros is developed at the rotor of the CZ’synchro. This
voltage is series-added to a stabilizing voltage obtained from an a-c .

induction tachometer, and the sum is applied to the input stage of the
servoamplifier.

Two stages of amplification are provided so that high sensitivity can

be obtained for applications that demand high positioning accuracy.
The output stage is similar to that shown in Fig. 12.65 with the excep-

tion that the relays are in the plate circuits of vacuum tubes. Again,

the plates are fed with a-c signals 180° out of phase while the grid signals

are in phase, so that each relay is actuated for only one phase of input

signal. The connections between the motor and the relay contacts are
identical with those of Fig. 12.65..

A feature of this unit that makes for good stability is the velocity

voltage feedback. By employing an a-c tachometer generator as shown,

a voltage whose amplit,l]rlc is approximately propm-tiorml t,c) the speed of
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the servo motor is injected into the input circuit. This is roughly

equivalent to the addition of viscous damping to the output shaft. For

further discussion of this subject, see Chap. 11. The ratio of velocity

feedback voltage to error voltage can be adjusted for the optimum

damping ratio by means of the potentiometer shown. A gain control

adds flexibility to the unit.

1

Cps

49

FIG. 12.66.—A-c tachometer-stabilized servo with relay control of a-c motor.

A third servo is shown in Fig. 12.67. This servo was designed to

operate from 400 cps power. The motor is a Bendix CK-1, a two-phase

induction motor. Usually, 26 volts, 400 cps are put across the low-imped-
ance motor winding, and the output of a servoamplifier, phase-shifted

roughly 90°, is applied to the high-impedance winding. ‘l’he motor in

this application turns a synchro-type resolver, described in Vol. 17, in

such a way that the a-c voltage across one of the rotor windings is nulled.

The error signal taken from this winding is amplified in two stages and

then applied to the grid of the lower 6C4. A 400-cycle, 200-volt refer-

ence signal is applied to the grid of the upper 6C4. Consequently, the

current through the two triodes and the coil of the relay is approxi-
mately proportional to the sum of the reference voltage and the amplified
error voltage. This means that a signal of the same phase as the refer-
ence voltage will produce more than normal current, thus operating the
D-168479 mercury contact relay, while a signal that is out of phase with
the reference ~;oltage will not operate the relay. This servo operates in a
very unusual fashion. No provision is made for achieving proportional
control. Instead. by using a very high gain, the hllnt, freq~lenc,v is ma~o
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high and the hunt amplitude low. In a linear system, this would be
impossible, but nonlinearity here is such that the amplitude can be kept
low. In addition, a viscous damper is used, geared down 30 to 12 from
the motor shaft. The gear ratio between the motor and the resolver is
1000/1. With these features the servo hunts at approximately 15 cps

400V 4

0.25 z z

,0.01
+6J6 l\

6C4

signal

470k

6C4

Bias voltage
W.17, D-168479
Relay contacts

470k

331115V4oocps
(j&---- ..~_. v

Damper

Squirrelcage
inductionmotor

FIG.12,67.—Relay servo for Bendix CK-1 motOr. This somewhat unusual servo is oper-
ated at high gain, hunting steadily at about &O amplitude.

with an amplitude of less than T1~Omeasured at the resolver shaft. The
success achieved in this instance with this simple but highly irregular
method suggests that it could be used more frequently than it is.

12.26. Step, or Impulse, Motors. I—Step, or impulse, motors operate
to give a fixed rotation of the output shaft for each input impulse. Some
types may be controlled to give either direction of output rotation as
desired; others must be installed in duplicate with the necessary means
to energize the correct unit for the desired direction of rotation. Step and
impulse motors are of particular interest for low cost, low performance,
and servo drives or for those installations where inaccuracies will be
averaged over a long period of operation and so cause no trouble. For
exacting requirements, they are usually unsuitable.

Probably the simplest electrically operated step motor is the type with
a solenoid-operated ratchet-type drive, so constructed as to advance the
output shaft through a fixed angle each time the solenoid is energized.
If drives in either direction are desired, two mechanisms are needed,
and the operating pawls must be kept away from the drive wheel when
not in use. Rapid wear of the mechanical parts may be expected under

1Section 12.25 is by J. R. Rogers and I. A. Greenwood, Jr.
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continuous duty and is one of the major disadvantages of this type of
design for use in servomechanisms.

The ratchet wheel and pawl construction is avoided in the “ Dynatrol”
step motor. 1 This inexpensive motor was used in motor-driven automatic
radio receiver tuning. In this design, illustrated in Fig. 1268, the ratchet
wheels are replaced by a drum around which arc mounted two solrnoid-
operated elastic belts to which cork friction surfaces have been cemented.

Flexible belt, ~ Drums

screw —
FIC. 12.68.—Crosley ‘‘ Dynatrol” motor.

When either solenoid is energized, the band for the desired direction of

rotation is tightened around the drum, rot sting it by an amount deter-

mined by the solenoid plunger travel. When the solenoid is unenergized,

the tension of the stretched belt returns it to its starting position. Inertia

and friction of the drum on its shaft keep the drum from slipping back.

As normally used, it is driven by appl ying 60 cps a-c power to the solenoid

giving the desired direction of drive. The output is a series of small steps

at 60 cycles equivalent for practical purposes to a continuous shaft rota-
tion. The unit was incorporated in a contactor type follow-up with the
power applied to the motor until it drives into a dead zone. This
results in an extremely simple system but is adequate for the job required.

1Dynatrol is a trade name of the Crosley Radio Corp.. Cincinnati Ohio.



CHAPTER 13

EXPERIMENTAL TECHNIQUES

BY J. R. ROGERS AND I. A. GREENWOOD,JR.

13.1. Introduction.—The purposes of the experimental techniques to
be discussed are (1) to obtain rough quantitative data on which to base
a choice of components, (2) to determine accurately component charac-
teristics for use in servo-system design, and (3) to provide experimental
data on performance of over-all systems. The performance data will
tell how closely the requirements have been satisfied and will also give a

necessary check on the assumptions and values used in the analytical

treatment, as well as checking the analytical computations. This

chapter will discuss measurement first of components and then of system
performance, in rough order of increasing complexity.

Available data on components adapted to servomechanism use are
usually inadequate. Motor manufacturers, for example, publish data
covering the normal operating conditions for their motors but they rarely
give or have available data on performance under other operating condi-
tions. As a result of the different source impedances, voltage and current
waveforms, loading cycles, etc., encountered in servomechanism service,

it is usually necessary to check motors with the proposed servomechanism

drive circuit. The effective characteristics of motors may be drastically

modified by feedback techniques; this fact also argues for checking with

the proposed drive circuits.

Similarly, potentiometers and other input and output data devices

are not completely described in available catalogues. Measurements of
deviation from linearity (or from a required function), of resolution,
of noise, of reproducibility y, of temperature coefficients, etc., may often
be necessary.

Amplifier design and the measurement of gain and phase character-
istics are treated in Vol. 18 and in a number of textbooks. 1 For practical

purposes it is usually sufficient to calculate an approximate gain for the

1F. E. Terman, Radio Engineers’ Handboak, lat cd., McGraw-Hill, New York,
1943, Sec. 5, pp. 947, 964-971; Radio Engineering, 2d cd., McGraw-Hill, New York,
1938, Chaps. V and VI; H. J. Reich, Theory and Applirutian of Electron Tubeu, 21i
cd., McGraw-Hill, New York, 1944, pp. 156-164, 23.5-237, 665, 666; H. W. Bode,
Network Analy9ti and Feedback Ampli&r Design, Van Nostrand, New York, 1945, pp.
2S8-291, 479, 497.
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amplifier, checking to determine whether and under what conditions

this gain is actually obtained Reduction of amplifier gain by such things

as parasitic oscillations and electrical noise (e. g., tachometer ripple or

motor brush noise) should be looked for experimentally.

iWotor characteristics of interest may include armature inertia; static,

coulomb, and viscous friction; speed-torque curves for various conditions

of drive (supply voltage, error signal to the control circuit, and sometimes

power-supply frequency); temperature rise of the motor windings and

frame over ambient; and other characteristics for particular applications.

As will be discussed, a simple set of parameters may be used to describe

a motor for the purposes of engineering analysis of accuracy and sta-

bility. Not all of these need be measured to narrow the choice of a

motor and control circuit to a few units, but complete data are essential

for adequate design of the over-all servo system.

COMPONENT TESTS

13.2. Motors.—In analysis of a servomechanism for stability and

accuracy, it is necessary to assign definite values to a small number of

physical constants in order that a representation of the system be

obtained which is suitable for the mathematical manipulations of ordi-

nary engineering calculations. It has been found convenient to repre-

sent motors by the following three constants: inertia, viscous friction,

and a constant relating torque 10 applied current or voltage. Although a

very complicated series of nonlinear relationships would be necessary

to specify exactly the characteristics of the usual motor, it is believed

that these three simple constants represent a sufficiently good approxi-

mation to actual physical characteristics to satisfy the demand of most

servomechanism engineering calculations. Reduction of the character-

istics of a motor to three simple constants is possible by so choosing these

constants that they include not only the magnitudes of the physical

quantities to which their names refer but also modification as necessary

in order to include the effects of other factors. While these three factors

suffice for most of the purposes of stability and accuracy analysis, it is,

of course, necessary to obtain data on a number of other characteristics

of motors in order to engineer a servo system properly. It is usually

found that other factors, such as static and coulomb friction and the

effects of voltage fluctuations, frequent y, temperature rise, etc., enter

the calculations principally by way of modifications or limitations of

range of the three constants listed above. Thus, for example, temperature

data may be used to define the regions of the family of speed-torque

curves that may be safely used in design. This section will first discuss

the three constants listed above and then the experimental methods by

w-hich the data necessary for their calculations may be obtained. This
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will be followed by a discussion of other factors of importance in engineer-

ing a motor and control power circuit in a servomechanism,

The most important characteristic which may be modified in order

to represent more than the physical quantity to which its name refers is

the viscous damping constant,l usually designated as j or j~. In the

case of practically all motors used in servomechanisms, torque decreases

as speed increases for a given applied voltage. The effect of viscous

friction is to decrease the available torque by an amount that is directly

proportional to speed. Because of this analogous behavior, the speed-

torque characteristics of a motor may therefore be conveniently repre-

0

FIG. 13 1.—Speed-torque curves at various d-c control voltages for Elinco Midget typs
MS-1 motor. Broken straight lines show assumed linear characteristics.

sented mathematically by a suitable modification of the viscous friction
constant of the motor. In the ordinary servo this decrease in torque

with speed constitutes an important part of the servo damping. In

some servos, this damping action alone may be sufficient for operation

at low gain.

In choosing voltage-torque and viscous friction constants for a motor,

it is convenient to plot torque as a function of speed for various values

of applied voltage. A graph of this type is shown in Fig. 13’1 which

represents the characteristics of an Elinco Midget MS-1 split-field motor.

The average slope of the various curves is taken as the viscous damping
coefficient. A constant relating stall torque and applied voltage must
now be found such that the actual speed-torque curves will be approxi-

1The importance of this effect has been discussed by several authors; see, for
example,H. Harris, “The Analysis snd Design of Servomechanisms,” OSRD-454, 1942.



454 .EXPERIMEN TAL TECHNIQ UIIS [SEC. 13.2

mated by a series of straight lines of slope equal to the chosen viscous
damping coefficient and with zero-speed (stall) torque intercepts given
by the constant times the applied voltage corresponding to each of the
respective speed-torque curves. One convenient method of finding the
right voltage-torque relationship is to draw a best-fit set of parallel lines
representing the speed-torque curves. The torque intercepts of these
lines at zero speed may then be used, together with the control voltages
of the curves that the lines approximate, to find the constant relating

-1: I
50 100 150 200

D-c control voltage

FIG. 13.2.—Stall torque vs. d-c control voltage. The broken line indicates the assumed
linear characteristics.

stall torque and applied voltage. In Fig. 13.2, graphs of stall torque vs.
control voltage are shown. In this figure, the solid line connecting the
small circles represents the actual stall-t orque vs. applied voltage char-
acteristic, the small triangles represent the zero-speed intercepts of the
best-fit parallel lines shown in Fig. 13.1, and the broken line represents
the assumed torque-voltage relation. The broken lines of Fig. 13.1,
whose zero speed intercepts are based on this relationship and whose
slopes are the same as the bestifit set of parallel lines, represent a fair
fit to the actual speed-torque curves over the working range of the motor,

In Fig. 13.2, the vallle of torque for the solid line corresponding to an
applied voltage of zero may be taken as an indication of friction, either
static or coulomb. The exact interpretation of this intercept, and in
fact of any direct stall torque data, is complicated by the fact that friction
may either add to or subtract from the torque produced by the motor,
depending on the exact details of the experimental method used in taking
this d:~ta. For this reason, it is preferable to measure coulomb and
si,:lti{, frictional forces directly.
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Itwilllx Ncallwl lh:Lt +1LLtI{ and C,IUIOIUII f~ictml am occusiona!ly
used in the then-y presented in Chaps. 9 to 11. In view of this, it may
be inquired why the assumed stall torque vs. voltage relationship of
Fig. 13.2 is taken so as to pass through the origin when an obviously bet-
ter fit to the triangular data points could be obtained by a straight line
intercepting the torque axis below zero. The answer to this is that most
of the equations of Chaps. 9 to 11 become unnecessarily complicated
when account is taken of such a zer~voltage torque. For certain steady-
state error calculations, however, static or coulomb friction, the equivalent
of this zero voltage torque, may be taken into account.

From the curves it is thus found that this motor maybe approximated
reasonably well by the following assumed parameters: torque constant,
1.8 X 10–2 oz-in. per volt; and viscous friction, 3.8 X 10–4 oz-in. per
rpm. The inertia of the motor need not be modified.

In many cases it will not be possible to obtain fits to actual data by
linear approximation as good as those just discussed. In such cases it,
is best to fit the portion of the cur~-es rerulting in approximations that are
conservative. Specifically, tire torque constant should be chosen 10W,
znd the coulomb friction and J-iscous friction coefficient high. Choosing
the viscous friction coefficient high leads to conservative estimates of
velocity errors (i. e., actual errors less than estimated errors) but opti-
mistic estimates of the damping properties of the motor. In analyzing
nonlinear devices such as motors on the basis of linear approximations,
the extent of the approximations must always be kept in mind. The
effects of nonlinearities are discussed in Sec. 11.11,

The method j~wt presented may be compared with a method reported
by Ferrellj’ in ~vhich a constant relating stall torque and applied voltage
and a constant relating zero-torque speed and applied voltage are meas-
ured and the ratio of these constants taken as the viscous term j (in his
notation, R). Farrell’s method has the disadvantage of not taking into
account curvature of the speed-torque characteristics between their
intercepts on the speed and torque axes and is also subject to possible
confusion regarding friction ~vhen taking stall torque data. The latter
dkadvantage is not serious if careful technique is observed. The method,
however, is somewhat faster and simpler than that given above,

Measurement of Inertia. —Armature inertia can be measured easily
by the torsion pendulum method. A steel or other spring lvirc is fastened
coaxially into one end of a cylinder of brass or other metal, of dimensions
(and inertia) comparable to the armature to be tested. A hole in the
other end of the cylinder should just fit the shaft of the armature in
question. The torsional period TI of the brass cylinder alone is meas-

I E. B. Ferrell, ‘‘ The Servo Problem as a Transmission Problem,” Proc, 12?II, 33,
No. 11, 763-767, November 1945.
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Ilred; the armature is fastened inl[) I,lw {,vlind[~r; :md tl)c torsional pcrio(l
T! of the combined mass is mcas:lrml. ]ror :Lgiven suspension }vire the
periods andinertias are related’ asshownb=y Eq. (l); J,isthe moment of

(1)

inertia of
armature
cylinder,

the cylinder alone, and J, = J, + Ja, where Ja is the required
moment of inertia. If the standard or comparison mass is a
its moment of inertia can be calculated from the formula

.~ = mr2/2. Usually the mass of material removed from the hole for
chucking’ the armature can be neglected; “if not, its inertia can be cal-
culated and subtracted from that of the cylinder. It. may be desirable
also to calculate or to measure the inertia of the shafts in the gear train
driven directly by the motor and to refer it to the armature shaft. To
do this, divide the value obtained for each shaft by the square of the
reduction from the motor to that shaft. z If the value obtained is one-
fifth or less of the motor armature inertia, it may usually be neglected for
practical purposes

It is, of course, necessary to calculate or measure the load inertia as
well as the motor and gear-reduction inertia. Often in instrument servos
the load inertia reduced to the motor shaft is small compared with the
motor inertia itself.

Torque.—A number of devices of all degrees of complexity are avail-
able for measuring torque. The field divides itself into those devices
which measure torque transmitted and those which can produce a known
or measurable torque loading. In the first class are calibrated spring
couplings which may be viewed while rotating by means of stroboscopic
illumination, pie zoelect ric devices, and resistance strain gauge devices
which measure strain of some part under torsional stress. Indirect
measurements of torque can be made by substitution methods, details
of which will vary with the individual problem.

Typical torque loading devices are the prony brake, whose couple is
measured by a spring deflect; on or weight lifted at a known distance,
and the eddy-current brake or other electromagnetic dynamometer,
which must be independently calibrated. One of the simplest and most
practical methods, requiring no external measuring equipment, uses only
a brass pulley with a flat groove, some cord, and a spring balance. Good
quality linen fishline is very satisfactory for the cord, although almost
any cord can be used if necessary. Unless a considerable length of the

1See almost any mechanical engineering handhook or college experimental physics
manual for a discussion of this measurement.

z Section 11.12 further discusses the effects of gear reduction on inertia.
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cord is in contact with the pulley surface, there is a tendency for it to
grab at high tensions and low speeds, causing vibration of the spring
balance and uncertain readings. For higher torques, a larger pulley
should be used or an extra wrap of the cord around the pulley taken.
Lubrication is unnecessary, but the pulley surface should be smooth.
An arrangement of this type is suitable for torque measurements between
a fraction of an ounce-inch and several foot-pounds. For the higher
torque values other methods are generally to be preferred because the
pulley-cord arrangement has limited heat-dissipating ability.

Friction brakes of the shoe type are illustrated in all the mechanical
engineering handbooks. For instrument-t ype motors they offer few
advantages other than larger power ratings over the spring-balance
device just described, particularly as many of these brakes are designed
for use with one direction of rotation only.

One useful design of torque loader combines a mechanical dyna-
mometer torque-measuring device with a graphite on steel friction-plate
torque. loader. This device may be coupled directly to the unit to be
loaded. It has the advantage of relative independence of speed and the
ability to maintain its settings over a reasonably long run. Care must be
taken to keep the friction surfaces clean.

An auxiliary motor may be coupled to the shaft to be loaded and so
connected and energized as to oppose the rotation of the shaft. Calibra-
tion of the torque output against input power at tbe speeds of interest
must be made, but once calibrated it is a convenient and useful test
instrument.

Eddy-current brakes have certain advantages, particularly at low
speeds. Like ordinary motors, they require calibration or the use of a,
torque-measuring device.

These torque-loading devices differ in their operating characteristics.
The torque produced by the spring balance may exhibit “ stick-slip”
characteristics of serious magnitude at low speeds. A loader of the fric-
tion-plate type using graphite against steel can be made to have a torque
load that is constant much closer to zero speed and does not have the same
high starting friction. By use of a stiff spring and very sensitive dis-
placement indicator such as a dial micrometer, this device can be made
to have very little of the dead space or apparent backlash of the spring
balance.

Because of the difference in characteristics of the various torque-
loading and torque-measuring devices described, care should be taken in
the choice of a torque-measuring means for attachment to an operating
servo system. Fortunately, measurements of motor characteristics out-
side a servo system may be made much more conveniently.

occasionally it is necessary to measure torque at low temperatures tc
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determine lubricant and other loads. If an extension shaft can be run
out of the cold chamber and mounted on ball bearings lubricated with
very light oil, such as Univis 48, it may be coupled to the motor with a
flexible coupling and the torque measurements made on the shaft exten-
sion. It is, of course, desirable to make a measurement on the shaft and
its bearings with the motor disconnected but with all other conditions
the same.

Speed.—Motor speed may be measured stroboscopically, by timing
and counting the revolutions of a geared shaft, by measuring the voltage
from a tachometer generator, by use of a spring drag device like the
automobile speedometer, or by measuring the frequency of any waveform
associated wit h the motor rotation. In practice, the first two methods
are preferred for measuring motor characteristics. For low speeds (below
500 rpm) or for erratic speeds, stroboscopic methods are sometimes diffi-
cult, and it is easier to count (usually with a Veeder-Root type counter)
the rpm of a shaft running at a known reduction from the motor. For
speeds from 600 up to 14,000 rpm the General Radio Strobotacj model
631B, is satisfactory; it can be calibrated directly against 60-cycle line
frequency and is easy to use.

A direct reading of the speed in rpm is given by the highest frequency
setting at which a single distant image can be obtained of the shaft or gear
being observed.

Special pattern disks can be attached to the rotating part which
permit extension of the range of measurement to lo~ver speeds. Twofold
or fourfold symmetry will permit a proportionate reduction in measured
speeds. The common stroboscopic disk for 33+ and 78-rpm phonograph
turntables gives an idea of the low speeds to which stroboscopic measure-
ments may be extended.

If the stroboscopic light is run at 60-cycle line frequency, the motor
shaft will appear to stand still at 3600 rpm, at 7200 rpm, and at higher
multiples of the line frequency. At 1800 rpm the single pattern will
appear double. Higher symmetry patterns will stand still at lower
speeds. It is possible to design a stroboscope disk with several patterns
so planned that one ring stands still every 100 rpm, another every 400,
etc., making it possible to determine motor speed to a few rpm when the
card is viewed under light from a stroboscopic source. Figure 13.3 shows
such a disk. 1 When illuminated at 3600 flashes per minute, as by a
General Radio Strobotac, successive rings appear to stand still at the
following speeds, starting at the outside and going to}~ard the center:
every 100, 400, 600, 720, 900, 514, 1200, 720, 1800, and 3600 rpm. At
3600 rpm the entire card appears to stand still. If the illumination is at

1This is :1 copy of a tnchom?tcr test rzrd dcs(,rih(xl ill ‘1’l~eC,,ncral Radio llzpcri-
vwrder-,August 1943.
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7200 flashes per minute as, for example, from a neon lamp flashed twice per
cycle from a 60-cycle supply, these speeds will be doubled. Similar
cards can be designed for special purposes and pasted on a pulley or gear.
Where a Strobotac is not available, a 3-watt neon lamp with internal
resistor, GE type Ne-40, for example, can be used from the 60-cycle
supply, although care must be taken to prevent room illumination from
masking the stroboscopic effect. It is not completely satisfactory, how-
ever, since the flashes are long compared with Strobotac flashes.

FIG. 13.3.—Stroboscope disk for speed measurements,

Another method of speed measurement makes use of a calibrated d-r
or a-c tachometer generator whose output voltage (or frequency) i~
known as a function of speed. One must take into account the additional
friction load imposed by the generator, which may be a considerable
fraction of an ounce-inch for units commonly used. Once calibrated, a
voltmeter can be adjusted to read speed directly and may result in an
appreciable saving of time and effort when many measurements must be
made. Where greater accuracy is desired, a precision potentiometer and
null indicator (e.g., galvanometers) may be used to match the tachometer
voltage, thus eliminating the meter errors. Measurements of speed may
be made with tachometers to an accuracy of + &to 5 per cent, depending
upon the equipment used. It is convenient to measure power input to
the motor at the same time speed-torque curves are taken. This gives
enough data to determine power output and efficiency under all condi-
tions. Power output may be accurately computed or estimated by the
following approximate (6.5 per cent low) formula:

Horsepower = speed in rpm x torque in ounce-inches x 10–6,

which is easy to remember and easy to use.



460 EXPERIMENTAL TECHNIQUES [SEC. 132

Measurement of Friction.—It is usually desirable to measure directly
static and coulomb friction, since these measurements are extremely simple.

Friction may be caused by bearings, lubricant, brushes, or slip rings.
The simplest way to measure running friction is to drive the motor
through a calibrated spring coupling from another motor, observing the
displacement of the coupling at the operating speed by stroboscopic
illumination.

At low speeds friction can be measured by a spring balance or a pan
of weights, a cord, and a pulley of known diameter mounted on the motor
shaft. The cord is attached to the pulley rim, and weights put in the
pan or tension applied through the spring balance to cause the motor to
maintain a given initial speed withcut acceleration or deceleration.
The product of the weight or tension required and the pulley radius gives
the coulomb friction torque. Static friction (stiction) may be measured
with the same equipment in an obvious way. Although providing a
simple way to measure static friction, weights are difficult to use for
measuring running friction, since it is not possible to average easily with
the weight method, and because with this method a momentary increase
in friction may stop the armature. With a spring balance, a slight added
pull suffices to keep the armature turning slowly, and with a little practice
the observer can learn to average the results or take the maximum as
desired. Results should be easily reproduced to within 10 or 15 per
cent with these methods of measurement.

Temperature.—Temperature rise can be determined in a number of
ways. Surface temperatures can be measured approximately by a small
mercury thermometer whose bulb is covered with putty to hold it in
close thermal contact with the surface. Thermocouples can be installed
in less accessible locations but require more equipment and are more
difficult to use. If temperatures must be measured at several places on a
motor, thermocouples are probably the best method. Surface thermom-
eters are available from several manufacturers. 1 Such a device is placed
in contact with the surface and gives a direct reading with only a few
seconds delay.

Of greater interest than surface temperatures are the winding tempera-
tures. The windings are not accessible, but fortunately an average value
for the winding temperature can be calculated easily from the change in
winding resistance between some known temperature (windings and
frame at room temperature at start of test, for example) and at the
temperature to be measured. The temperature coefficient of resistivity
of copper wirez is approximately 0.004 part per degree centigrade.

1A representative instrument is made by Illinois Testing Laboratories, 420 N.
LaSalle, Chicago, Ill., and is sold under the trade name Pyracon,

ZPcnder and McIlwa in, Electrical Engineers’ Handbook, 3d ed., W’iley,New York,
1936, pp. 2+4.
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Motor Time Cmtant.—A simple and useful quantity specifying the

dynamic response of a motor is known as the motor time constant T.
and is experimentally measured by observing the time required for a
motor to reach 63 per cent of steady-state speed for any given applied
voltage. The reciprocal of T~isthe angular frequency uin radians per
second at which the asymptote to the feedback transfer function on a
decibel – logo plot breaks downward at 12 db/octave. For further
details, see Chaps. 10andll.

13.3. Data I.nput and Output Devices.-One is interested first in the
accuracy of input and output devices, such as synchros and potentiome-
ters. Several other characteristics are also of importance in servo-
mechanisms; this section will outline tests for these characteristics as well.

Synchros.-For a given pair of synchros for use in a servo, the depar-
ture of the control transformer position from that ‘of the generator can be
measured in degrees with relatively little difficulty. An accurate vernier-
type dial is attached at each shaft. One unit is set to successive readings
at desired intervals on the dial. With an oscilloscope across the output
of the control transformer it is adjusted to the best possible null, and the
angle is read. A plot of deviation against angle will show any periodic
components as well as the limiting accuracy of positioning possible for a
servo using the pair of elements tested, when connected as in the test.
If one calibrated unit is used, the absolute accuracy of the other can be
determined; otherwise the measured deviations apply only for the par-
ticular pair tested and on]y for the particular stator connection used.
Alternatively, the two units may be coupled, adjusted to be at or near
null, and the amplitude and phase of the CT output then measured for a
number of angles. Care should be taken that any (flexible) coupling
used does not introduce periodic errors in the relative position of the two
rotors and that the shafts are not bent by a lateral stress due to misalign-
ment of the rotors. For precise synchros where measurements must be
made to a tenth of a degree or so, ordinary flexible couplings may intro-
duce angular errors large enough to mask the actual instrument errors. 1

Potentiometers.—Potentiometer linearity can be measured most con-
veniently by comparison with a linear potentiometer in a bridge circuit,
using a microammeter, galvanometer, or oscilloscope as a null indicator.
It is not difficult to arrange to display the curve of deviation on the
oscilloscope screen as a function of rotation. 1 Special fixtures can also

I Satisfactory results can be obtained by using a coupling made of a ~-in. diameter
metal bellows with five or six convolutions. The end convolutions are soldered into
collars bored to fit the shafts to be connected. This coupling has negligible periodic
error; it can stand misalignments of the shafts as high as 5° and shaft offsets Of UPto
& in. If beryllium copper bellows are used, the units may be run at speeds up tc
8000 rpm.

2See Chap. 18 and Vol 17 for detailed descriptions of such setups.
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be devised to lock Lhe standard potentiometer to the one being testetl.
For small quantities it is usually easier to use a dial on each unit and to
compare dial readings at the null balance.

Most potentiometers, d-c generators, and other data devices are
characterized by discontinuous output. For design purposes it is
important to know the resolution, that is, the magnitude of the dis-
continuities. This subject is discussed in Sees. 12.1 to 12.8. Potentiom-

eter resolution may be determined by counting the turns per unit of
winding length and calculating the number for full scale. If a servo
system has already been set up, as for measuring sealed units, it may be
easier to use a sensitive voltmeter (perhaps coupled through a large
condenser) to indicate the wire-to-wire increments of potentiometer
voltage, counting the steps as the system is turned slowly through a
measured angle. An oscilloscope with a fairly high gain amplifier may
also be used for this observation.

Tachometer ripple may be conveniently observed with an ordinary
oscilloscope or may be recorded on a recording oscilloscope for more care-
ful studies of small irregularities and a permanent record.

Other Y’csts.-A characteristic of importance in many data input

devices is the mechanical loading imposed by the device. Techniques

applicable to the measurement of these loads may be essentially those

discussed under torque measurements of motors in Sec. 133. Because

of the very light loads involved, however, techniques must, in general, be
more delicate. Pulleys, for example, should be very light. Thread

should be used rather than linen cords.

The accuracy-measuring techniques discussed above in connection

with synchros and potentiometers form the basic test for measuring the

effects of electrical loading and for the interaction of parallel units. It is
necessary only to repeat the simple tests described with the electrical

Ioading or paralleled unit(s) present.

Other characteristics of interest affect amplifier performance and

include waveform distortion, a-c pickup, potentiometer contact noise,

thyratron transients, andmotor brush noise. observation on an oscillo-

scope of the error input to the amplifier or of the output of the data device
will help to S11OIVtrouble of this sort. In some cases it maybe necessary

to IIse a wave analyzer or sound analyzer to determine the frequencies
present.

TESTS OF COMPLETE SERVO SYSTEMS

13.4. Inspection Tests.—The tests described above apply primarily to
component parts of the servo system but do not cover performance as a
system. The following sections outline quantitative tests of the over-all
servo system, including methods of determining both static and dynamic
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characteristics. A number of simple inspection tests are available by I
which the servo designer may rapidly estimate servo performance and
locate major trouble. This section will deal with such tests.

By turning the data input device through the angle necessary to pro-
duce motor rotation; first in one direction and then in the other, an
estimate of the “dead zone” is rapidly obtained. A scale, preferably a
vernier scale, on the data input device makes this an excellent quantita-
tive test of servo performance under these conditions. An alternate
method of measuring dead zone is turning the motor shaft by hand
(keeping fingers away from gear meshes) and counting the number of
revolutions between control action in one direction and control action
in the other. This method is particularly convenient, since it utilizes the
gear reduction between motor and data output device as a vernier. A
fraction of the angle through which the motor turns must be attributed to
backlash and must be determined and subtracted in order to determine
the dead zone width as referred to the data output device. Counting
the motor revolutions to reach maximum motor current gives a figure of
use in velocity and/or torque lag calculations.

13.5. Quantitative Tests.—Positioning accuracy is determined mainly
by the linearity and accuracy of the data input and output devices,
accuracy of gearing, gearing backlash, width of control dead zone, com-
ponent drifts, and sensitivity to temperature, line voltage, frequency, and
other changes. Positioning accuracy is often referred to as a static
characteristic. The measurements necessary to determine it are usually
obvious; most of the special tricks have already been mentioned in
Sees. 133 and 13.4. Accuracy and error are usually expressed in terms
of per cent of full scale value; for some applications its absolute value is
important. The application will determine Jvhether maximum error,
average error, or probable error should be specified. It is often helpful
to give both maximum and average errors. Static characteristics are
greatly affected by “ buzz” or high-frequency superimposed oscillations,
as discussed in Sec. 12.20.

A second set of characteristics, referred to as dynamic cha~acteristics,
describes the system response to changes in the input data. Included in
this category are the various steady-state rcsponws, the most important
being velocity errors, acceleration errors, torque errors, and responses to
sinusoichd steady-state excitations. Also included are the important
transient characteristics.

Velocity error cocficicnt or velocity lag relates the error of a position servo

in following a steady velocity input to the input velocity. It is expressed
in degrees per degree-per-second or volts per volt-per-second, and its

dimension is therefore just time. If specified in seconds no information is
given as to the conditions of test; consequently it may often be preferable
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to specify the Iagindegrees and the speed. Velocity error coefficient is
measured by recording the speed as a function of input voltage with the
loop open for inputs above and below the data output device setting,
carrying the measurements up to the point of maximum motor speed.
Toopen the loop, the data output device shouldbe disconnectedso that
the motor can operate the load continuously without changing the error
signal. The motor will run at a speed dependent upon the actual net
error signal.. This error is then the error necessary for the servo system
to follow an input signal changing at the rate corresponding to the motor
speed.

It is of some general interest to consider the increase of error caused
by an increase of torque load and of great importance when the servo is
to be subjected to large external torque loads. This increase may be
directly calculated from the speed-torque curves of the motor and control
circuits, together with a knowledge of the gain of the amplifier. It is
measured in terms of error increase per unit of added torque load.
It may be directly determined by measuring the error signal necessary to
maintain a constant speed as torque load is varied, For servo systems
whose motors can be approximated by the linear characteristics of the
type shown in Fig. 13.1, thetorque error constant insubstantially inde-
pendent of speed; however, increasing torque loads will mean lower top
speeds and lower maximum torques available for acceleration.

Application of a step-function input to the operating system will
give data from which damping characteristics and time constants can be
determined. Ifthere isavailable acurvetracer orrecording oscillograph
of adequate frequency response, these data can be most conveniently
studied. The procedure consists of recording theservo output response
and/or error followinga sudden change in input data. If the system is
underdamped, the amplitude of overshoot, the frequency of oscillations,
and their decrement can be determined from the plot. Time constants
of the system can be obtained, and magnitudes and characteristics of
any positioning irregularities can be measured.

A curve tracer’ will be found particularly useful for studying transient
responses. It is capable of varying the position input data to the servo
under test at constant rates and of switching rapidly from one value of
input rate to another. Apencil orinkplot ismadeof servo error against
input position. The unit can be driven out and back at constant speed;
the difference between the error tracings for the two directions is then
equal to twice the velocity lag for the speed of operation. other data
from this plot are dynamic fluctuations while foI1owing a smooth rate,

1Section 12.1!] cont~ins the circuit for the servo used with one such unit, the range-
fraclcing calibrator.



SW. 13.5] Q(IANTITATIW TESTS 465

roughness or noise or steps in the data output or reference element, and
time for reversal at the speed of drive.

By switching the inp~t rates, the transient response can be plotted
to give damping, natural frequency of the system, and time constants.

For many servo systems data can be obtained with simple input
switching and a slow-sweep low-frequency oscilloscope, particularly if
the latter has a persistent-trace tube (P-7 phosphor such as 3BP7 or
5BP7).

Observation of the error amplifier output or of the data output device
will give much of the information obtainable from a curve tracer. For
d-c input servos, a slow-sweep generator capable of generating a d-c
voltage varying linearly with time between the required limits will
give helpful information on smoothness of following. Fixed voltages
from a divider supplied from the same source as the data output device
can be switched to provide convenient step inputs.

As discussed at length in Chaps. 10 and 11, introduction of sinusoidal
waveforms into the feedback loop of a servomechanism will provide
information on the resonant frequencies of the system, on damping, and
on response to spurious signals and noise, as well as the expected input
signals.

Valuable information is obtained from the response to sinusoidal
excitation either with the loop closed or with the loop open. Response
with the loop closed gives a direct measure of the frequency and amplitude
of the resonant peak, thereby giving an indication of the “speed of
response” and damping characteristics of the servo. Data taken with
the loop open are important in the determination of modifications that
can be made to improve stability and accuracy; in this case it is often
desirable to measure phase response as well as amplitude response,
although one is theoretically sufficient to determine the other for the
minimum phase-shift networks used in servomechanisms. In the simplest
technique for sinusoidal excitation one connects a small variable-fre-
quency a-c voltage in series with either the input or output data device
and observes servo response to this input. Oscillators suitable for this
purpose are commercially available with frequency ranges from 2.0 cps
upward. 1 Simple RC-oscillators can be made that will operate satis-
factorily at frequencies down to a small fraction of a cycle per second.
A beat-frequency oscillator using two high-stability RC-oscillators should
be easy to construct for the frequency range up to 10 or 20 cps and would
be equally useful.

P&haps the simplest and most useful source of low-frequency excita-
tion is a sine potentiometer, such as the RI, 1l-C, 2 turned by a small

I Hewlet&Packard model 200D.
2see vol. 17.
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geared-down motor. For very wide speed ranges this could be driven
by a velocity servo; otherwise variation of motor voltage and/or change
of gear ratios are usually sufficient to cover the range desired. This
device has the additional advantage that it may be used to generate
either an a-c or d-c synthetic error signal whose magnitude is varied
sinusoidally at the low frequencies at which the system response is to
be measured.

Motion of the servo output may be changed to a voltage suitable for
observation and recording either by the data output device, if this hap-
pens to be satisfactory, or by an auxiliary potentiometer mounted on
the output shaft or on a shaft intermediate between the motor and the
output shaft. This potentiometer should be, chosen for particularly
high resolution, asit is usually of interest totakeaccurate data at fre-
quencies where the output amplitude is extremely small. For those
applications where the mechanical load of a potentiometer would be
excessive, other data devices may, of course, be used.

In regard to sinusoidal steady-state data, a caution is in order.
Sinusoidal steady-state anal ysis is based on the assumption of a linear
system, If considerable nonlinearities are present and are entering the
test data, such data are completely useless as far as this type of analysis is
concerned, Practically, this means that amplitudes of sinusoidal excita-
tion must be small enough so that all components are operated with nearly
linear characteristics. A convenient test for this condition is to change
the input excitation and observe whether or not the output changes
proportionally. If there are system discontinuities such as potentiom-
eter steps, their size will limit the minimum signal input for which a
clean-cut, reliable set of data can reobtained. Ifitisdifficult to observe
amplitudes accurately for low signal inputs, this may indicate the need
for better data devices or for cleanup of noise, microphonics, a-c pickup,
or other disturbances. When taking open-loop data for transfer char-
acteristics, it is essential that all elements work into the same impedances
as with the loop closed.

There is much to be said for the practice of taking all sinusoidal
response data with the servo loop closed, recording input, output, and
error signal or only the last two. This has the advantages that conditions
are not changed at all from normal operation and that the drifts and
random effects which normally interfere somewhat with low-frequency
open-loop measurements will cause less or no trouble. The feedback
transfer function is the ratio of the output to the error, whether the
loop is open or closed, Ii input, output, and error
feedback transfer function and
same test rlln.

Thrrc arc several methods

over-all response are

of measllring system

are recorded, both
available from the

phase shift under
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operating conditions. Phase shift, as a function of frequency, is most
convcnientl y measured at the same time as amplitude response. Phase
measurements are normally associated only with feedback transfer char-
acteristics. If a d-c coupled amplifier oscilloscope is available, phase
shift between the electrical synthetic error excitation and a voltage indi-
cating the output shaft position can be easily determined. Phase shift
can then be determined by the usual methods, for a number of frequencies
in the range of interest. 1

If a multichannel recording oscillograph is available, recordings of
input and out put waveforms on adj scent traces will give a permanent
record from which phase shift can be measured directly.

Another method which may be useful is the use of an electronic switch
and an oscilloscope capable of responding to the low frequencies of
interest. Both input and output can be observed simultaneously, and
phase shift observed directly. A motor- or vibrator-operated switch will
suffice here. Mechanical comparison methods are possible, but the
problem of correcting for varying amplitude of the output makes them
relatively unsuited for phase-shift measurements.

A simple and useful method of obtaining data regarding the response-
frequency characteristics of a servo system involves temporarily con-

1 netting an RC time constant of knowm value into the system and
observing the change in the natural frequency. Since the effect of the

I t,irne constant can be easily computed, such a measurement can yield

I information regarding the shape of the feedback transfer function.

i

I F. E. Terman, Radio Ilngineers’ Handbook, 1st cd., McGraw-Hill, New York,
1943, p. 947.



CHAPTER 14

SPECIAL SERVO SYSTEMS

BY J. R. ROGERS, W. F. GOODELL, JR., I. A. GREENWOOD, JR., D.
MACRAE, JR., AND J. W. GRAY

14.1. AN/APG-5 Range FO11OW-UPServo.l Description. —This air-
borne servo system converts a d-c voltage representing target range, as
measured by radar, into shaft rotation linearly proportional to the input
voltage. This shaft rotation is used as the range input of a gunsight

computer. A scale factor of 1.33 revolutions of the servo output shaft

per volt change of the input is specified. The input voltage varies

between +28 and +43 volts relative to ground. Direct-current power

for the amplifier and for a motor-driven data output potentiometer are

supplied by the radar system. The circuits require 10 to 12 ma of accu-

rately regulated plus 250 volts and 2 ma from a VR-tube-stabilized

minus 150-volt supply. In addition, the servo system requires approxi-

mately 65 watts of 115-volt, 40@cps power, regulation uncritical, and

10 watts of plus 26.5 volt d-c power for the motor field. For lower power

consumption, a permanent-magnet field motor (Elinco type B-35 or

PM-l-M) may be substituted for the Elinco B-64 wound-field motor,

eliminating the need for the 26.5-volt supply.

The servo system consists of a two-stage d-c differential amplifier;

a motor control circuit using type 2050 thyratrons; a gear box containing

the wound-field motor, a potentiometer, and a power take-off; and the
necessary intercabling. The amplifier weighs 5 lb, the gear box 3; lb,

and the cabling junction box 3 lb. The servo system is integrated into

the AhT/APG-5 radar range-measuring system in such a way that the

motor can be switched to manual control for emergency operation, a

manual-automatic relay being located in the system junction box through

which the various elements of the servo are cabled. Figure 14.1 is
a photograph of the servo gear box, junction box, and amplifier. Figure

14.2 is a simplified schematic, indicating component values but neglecting

the junction box and other cabling provisions. A number of points are
of interest. The negative feedback network of Fig. 14.2 provides a

convenient means of adjusting the servo gain as well as contributing to

the servo stabilization. This network results in the negative feedback

decreasing in magnitude with increasing frequency. The amplifier char-

1Section 141 is by J. R. Rogers.
468
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acteristic thus obtained is equilalenl, 1n that of a phase-lead ne( worli

and an amplifier Iviih 11:11Itxx[lit,nry rcsl)fmsc.
The characteristics of the thymtron lnott~r-(~orltr{)l”circllit, (Irsrril w(1

in Sees. 13.17 and 1.3.18, are such that smooth C(JIltI’01 of motor pol~rr is
possible from zero to the maximum value md speed is rwlghly propor-

‘W*
(a) Motoratrest,posttloning on

stationary input, both thyrahons
firingforsmallangle

(b) Samebutonetubefiringoverlarger
andtheotheroversmallerangle,
correspondingtosmallerrors!gnal.

(c) Samebutfullerrors!gnalonetubecut
off entirely,theotherfullon.

FIG. 14.3.—Waveforms of voltage across
AN/APG-5 servo motor armature, (a)
Motor at rest, thyratrons firing for small
angles; (b) small error signal present; (c)
full error aignal, one tube off, other full on.

tional to error signal magnitllde up
to the point of amplifier satura-
tion. Figure 143 shows arma-
ture voltage waveforms with this
circuit.

With armature voltage f’eed-
back as provided by this circuit,
motor speed is roughly proportion-
al to error amplifier output signal
over a range of motor torq(le loads.
A decrcasc of error voltage ca[lscs
reduction of the firing angle for
the next fcw positive half cycles or
a complete reversal of po~vcr to thr
motor, even though the inpllt error
voltage may not have }wrn re-

versed in polarity.
Provision is made for dynamic

braking of the motor upon opera-
tion of the limit switches to re-
duce overtravel at either end of the
allowable range. A selenium rec-
tifier mounted in the system junc-
tion box is switched across the
armature to provide what is essen-
tially a short circuit for the gener-
ated armature voltage, thereby

opposing continued rotation. Such a rectifier does not interfere with drive
~awa y from the Iimit switch, since in this case it acts as a high-resist ante
shunt.

The data output device is a 20,000-ohm DeJur model 292 potentiom-
eter chosen to have less than f 0.3 per cent of full-scale deviation from
linearity. A divider supplying direct current to this potentiometer is
composed of all wire-wound resistors. The divider circuit permits of
nearly independent adjustment of zero and scale factor. Voltage supply
for this divider is obtained from the same regulated supply as the voltage
to be measured, thus minimizing errors due to fluctuating line voltage.

Perforrnance.-Static positioning error is 0.1 to 0.2 per cent of full
scale. Nonlinearity of the reference element gives a maximum error of
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+0.3 per cent of full scale. With the nornml gain setting to give slightly
underdamped operation, positioning is smooth with average fluctuations
of f 0.05 per cent of full scale and maximum fluctuations of A 0.15 per
cent of full scale about the correct position, at all speeds up to 10 per
cent of full scale per second. Maximum speed unloaded is 3,5 sec for
full-scale travel, corresponding to approximately 350 rpm of the power
take-off shaft. The recommended maximum connected torque load of
10 oz-in. on this shaft reduces the maximum speed to approximately
250 rpm. Stall torque is above 35 oz-in. at the output. Velocity error
coefficient is approximately %lVsec at speeds of 180 rpm.

The gear box is equipped with a thermostat and 28-volt heater
which the thermostat turns on whenever the temp&ature of the gear
box drops below – 16°C. The gear box is lubricated with a low-tem-
perature grease, and it represents a negligible load on the motor above
this temperature.

The following criticism of the present system is intended to aid the
designer in making use of this or similar circuits. The d-c amplifier
drive to the control circuit requires that the motor and motor-control
circuit operate at a potential of 125 volts above ground and requires
that there be low leakage from the motor armature to ground. No
trouble is encountered with the motors used, Elinco type B-64 or B-35,
if they are fitted with straight carbon brushes and if the brush holders
are so constructed (or modified) as to minimize the collection of carbon
particles on the terminal boards. Carbon can collect across the terminal
from the brush holders to ground or to the motor field terminal and cause
leakage, making both thyratrons fire when the system is at balance.
Current production motors have baffles installed around the brush
holders, but some of the early units must be modified in order to give
satisfactory operating life between brush-cleaning periods.

Any circuit in which the center tap across the motor is at ground
potential will be less critical in this respect; for this reason a circuit with
a-c amplifier and a-c error signal to the same control circuit is preferred.
Such an a-c circuit has the further advantage that semipermanent read-
justments of the tube elements under vibration or shock do not affect
the calibration as they do with d-c amplifiers. This is of value for precise
work where long-term stability of calibration is essential.

14.2. PPI Follow-up Servo. ~The plan position indicator (PPI)
follow-up servo described in the present section mechanically rotates a
sweep deflection coil around a cathode-ray tube in synchronism with
radar antenna or other source of information. The major problem
encountered in the design and construction of such a servo is the high
degree of smoothness and accuracy required under conditions of large
input velocities and accelerations and relatively high torque and inertial

1Section 14.2is by W. F. Goodell, Jr., and I. A. Greenwood, Jr.
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loads on the motor. The specific servo system described was designed
forairborne useandis one of the best of its kind. With minor modifica-
tions in the phase-lead network and gear train, this servo may be used
over a wide range of antenna speeds with a high degree of accuracy.
Development of this circuit was a joint effort of the MIT Servomecha-
nisms Laboratory, the General Electric C,ompany, and the MIT Radia-
tion Laboratory.

The operating specifications to be met are

1. Continuous antenna rotation at 6 rpm maximum.
2. Sector scanningl with maximum acceleration 90°/sec2.
3. Torque load of approximately 20 oz-in. at a 10-speed drive shaft

at 6 rpm antenna rotation speed.
4. Error of 0.5° maximum at constant velocity and 0.7° maximum

when sector scanning.
5. Power frequency of 400 cps.
6. Compactness and lightness appropriate for airborne use.

The data input system consists of a Bendix AY-102-D synchro
generator on the flux-gate compass indicator (necessary for azimuth
stabilization’ of the PPI) driving an AY-131-D differential synchro on the
antenna mount, which in turn drives an AY-101-D control transformer
on the PPI coil assembly, this last synchro being the data output device.
The over-all accuracy of the synchro system when used in this way is
about +0.3°. The entire system operates at one-speed, since this
provides sufficient accuracy and eliminates extra phasing devices.

The electrical circuit for the amplifier and output stages is shown in
Fig. 14.4. The rotor voltage of the AY-101-D synchro control trans-
former is fed to a phase inverter consisting of two halves of a 6SL7
triode and the balancing network R,, Rc, and Cz. Resistor R6 is made
slightly larger than RA to compensate for the finite gain of VIE and the
loss of gain due to the divider action of C’* and RS. The plate and grid
leads indicated are shielded to minimize pickup of unwanted power
frequency voltages which might give rise to spurious signals. Capacitors
C~ and CA bypass to ground high-frequency pickup and high-frequency
harmonic voltages which may be generated in the synchro system.

The a-c error signals are fed into a phase detector consisting of two
halves of a 6SN7 triode VZ4 and V,,, two plate transformers Z’z and !f’i,
and the filter Rlz, R13, C’T, and Cg. The primaries of the plate trans-
formers are connected to the 400-cps line which supplies the excitation
for the synchro system. The operation of one side of the circuit will be

1See Vol. 6 for explanation of thiz radar term.
* cf. sec. 12.2.
3 See Vol. 6 for explanation of this radar tsrm.
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described, operation of the other side being equivalent but of opposite
phase. When the plate end of T, is positive, current flows through
V,. and RI,, charging CT negatively to provide a bias for V,. The
amount of current and hence the voltage to which CTis charged depends
upon the potential on the grid of VZ,4 during this period. With no
external error signal the common cathode resistor R.11provides a bias of
– 1.7 volts, ~vhich permits a current through the tube sufficient to main-
tain the bias on V, at – 19.5 volts. If the error signal is in phase with

+3m

1:

( \,!.—-—______ L--- —–._..’ I —.81 82 B3
FIG.14.4.—Schematic of PP1 follow-up servo.

the plate voltage, the average grid potential of V*A during the period of
conduction is more positive and the average current is therefore increased.

This results in a more negative bias for ~a, and c, becomes charged to a

higher negative value. If the error signal is lSOO out of phase with the

plate voltage, the average grid potential of V2~ during the period of
conduction becomes more negative, the average current is decreased,
CT charges to a smaller negative voltage, and the grid voltage of Vs

becomes more positive.
The above action is duplicated inversely by the other side of the

circuit consisting of V2~, Ts, Rlt, Ce, and V1 and so furnishes a push-pull
input to the driver tubes Vt and VA Since the operation of VzA and
V2B is push-pull, no bypass condenser is needed for R1l. For an error
signal corresponding to an angular error of 10, the bias on Vt rises to
– 13.5 volts, and the bias on Vi falls to – 25.5 volts.

Capacitor C, is placed across the output of the filter to balance the
voltages applied to the driver grids. For filter output voltage compo-
nents of frequency lower than 150 cps this condenser will charge and
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discharge, dlr)wing an unhalancp to occur on l,IKJ(lri\,er grids, V’()I’y
mpi(l cllangcs of rrrvr signal sII(,II as nli~ht, r(w[lltjfrom noise pirk(tp will,
(m the ot,hm hand, not callsc an ~mhalancc on the driver grids. It is
found that the error si~nal under normal operating conditions contains
only negligible components of greater than 100-cps frequency.

The rectified and partially filtered error signals are then fed through
a two-channel phase-lead network consisting of R14, RIC, and C~ and
R,3, R,T, and C1l. This network stabilizes the servo in the manner
discussed in Chap. 11. The two pairs of resistors also serve as dividers
to scale down the voltages appearing across CT and Cg to the correct
values for the driver tubes.

The phase-lead circuit has an attenuation factor of approximately
20 db (10). This results in a maximum phase shift of approximately
55°, occurring at a frequency of approximately 3 cps. The magnitudes
of condensers CT and CE are chosen sufficiently small so that ~vith the
plate impedances of tubes ~zA and VM in series with these condensers,
the voltage across the condensers will be reduced by approximately
1 db at 10 cycles and approximately 6 db at 50 cycles, falling off at
6 db/octave at higher frequencies. This characteristic represents a
compromise between the maximum filtering of the signal from tubes
VZA and V*B and the minimum interference by way of introduction of
lagging phase shifts in the servo response frequency range, zero to roughly
20 Cps.

The driver stage consists of two 6L6 beam power tetrodes driving an
output transformer push-pull. The secondary of this transformer is
connected to one phase of a Dieh 1 FPE-25-9 twe-phase, four-pole,
400-cps, squirrel-cage induction motor, rated at 7 watts output. The
other phase of this motor is connected through C18 to the common WO-
cycle line. C13 is adjusted to give maximum output torque when an
artificial error signal is introduced into the amplifier and thus compensates
for any phase shifts that may occur in the synchro system or the ampli-
fiers, as well as introducing the necessary phase angle’ (nominally 90°)
between the currents in the two motor windings. The plate and screen
voltages of the 6L6 drivers are supplied from a transformer whose pri-
mary is connected to the 400-cps line. The phasing is such that the
plates and screens of the drivers are positive and are drawing current
at the time that Vz~ and VNi are nonconducting. This is done because
during this time the bias voltages on the drivers are changing relatively
slowly due to the smoothing action of the filter. When VZ. and V?. are
conducting, the filter is charging up rather rapidly through the low plate
resistances of the tubes; but when they are nonconducting, the filter is

1cf. sec. 12.22.
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discharging rather S1O]VIYthrough the much larger resistors RI, and R ,3.
This connection gives more stable operation.

)f tlwrc is no error signal, the bias voltages on Vs and VA are equal
and the tlro tubes conduct equally. Since the plate currents oppose
each other in the primary of the output transformer, there is no resultant
voltage applied to the control phase of the motor. If an error voltage is
introduced, the bias on one of the drivers ~rill increase and that on the
other ]~ill decrease, thus allowing more current to pass through one of
the tubes than through the other. This unbalance causes a voltage
to Ix: appliccf to the control phase of the motor through the output
truusf’ormer.

‘1’hc motor used is a special Diehl motor designed for servo use, and
itstorque-speec lanclvoltage-speed curves arethesame for both directions
of rotwtion. The motor has a rated speed of 11,000 rpm and a rated
stialltorque of 2,60z-in. The gearing issuch that themotor runs at1000
speed and therefore is normally operating at 6000 rpm. This allo}vs
sufficient excess speed and torque to follow the required accelerations.

The gearing in one of the models of the gear boxes is as f’ollo}vs:
A small 18-toothg earontllem otorshaft drives a72-tooth bakelitegcar.
This gear is made light to reduce the inertial load on the motor. ‘I%e
rest of the gears in the train are metal, as their effective inertia throug!~
the step-up of the train is not important. The shaft with the 72-tooth
gear also holds a 16-tooth gear driving an 80-tooth gear. On the shaft
of the latter gear there is another 16-tooth gear driving an 80-tooth
gear. The shaft for this last gear is the power output shaft at 10 speed
and is connected through precision worm gears to the deflection coil
mounts. Also on this shaft is a 32-tooth gear driving a 61-tooth split
spring mounted gear. This shaft again has a I&tooth gear driving

another 80-tooth split spring mounted gear. This final shaft is the one-

speed output to which is coupled the AY-101-D synchro. The split

gears are used to ensure as little backlash as possible between the one-
andten-speed shafts. .411 gears except the first 72-tooth gear are metal

32-pitch commercial gears.
The operation of the amplifier, motor, and gear train #escribed is

satisfactory for the prescribed use, that is, for followinga ntennarotation
with a PPI sweep, the accuracy being somethat better than that specified.

Theservo wllpullintopos itionuponlvarm-up withverylittle hunting

and will also follow the required velocity and acceleration smoothly.

14,3. Resolver Servo.l-The lightweight, low-power} position servo

described in the present section wasdesigned toposition the rotor of an
Arms resolver.! It is of special interest because of the variable loop

‘Section 14.3 is by Duncan \lacRac, Jr.
lChap. (i and Vol. 17, (%lp. 10.
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gain problem involved. This servo was designed largely by experi.
mental methods. It uses a Bendix CK-5 induction motor and a saturable
transformer for power control and requires three miniature tubes. It
will operate with errors not exceeding 0.3°, without the use of any con-
trols; if a balance control is inserted, this accuracy is improved. Because
of the way in which the resolver is used, accuracy criteria and perform-
ance specifications for the servo are, however, best expressed, not in
terms of a fixed angular error, but rather in terms of a “ position” error,
as will be described in detail.

Problems of Resolver Servo Design.—A resolver having two stator
windings that produce fields perpendicular to each other and two similar
rotor windings may be used to transform rectangular coordinates to
polar coordinates. z This is accomplished by impressing on the stator
windings voltages that represent two rectangular coordinates z and y
and by orienting a rotor winding with its axis perpendicular to the
resultant magnetic field. The error voltage from the rotor winding is
made the input to a servoamplifier, the output of which is connected to
a motor that turns the rotor to a position of (nearly) zero error voltage,
thus achieving the desired rotor orientation. The second rotor winding
then has at its terminals a voltage r proportional to the magnitude of the
vector sum of x and y.

In applications of this coordinate transformation to radar naviga-
tion and bombing computers, the error requirement usually specifies
that the errors resulting from the circuit shall not exceed a fixed position
error on the earth’s surface, 100 yd being a typical value. A fixed angular
error results in position errors that depend on the range of the point
represented by the rectangular or polar coordinates; if the angular error is
A@, the distance error is TZId. The quantity rA$ is available as the servo
error signal, since the error signal is proportional to both the angular dis-
placement’ from the position of zero error and the magnetic field produced
by the vector addition of z and y, that is, to r. The result of this is that
if in the circuit there is a source of error equivalent to the addition of a
fixed voltage to the servo error signal, this corresponds to a fixed error
measured as a distance on the earth’s surface even though the angular
error from this source will vary inversely with range. It ii seen that
this is a fortunate circumstance when the preferred method of error
specification is in terms of a fixed distance error.

The fact that the error signal per unit angular error is proportional
to r does, however, introduce a difficulty in the design, for this corre-

1Sec. 12.23.
2Chap. 6.
I Nlore precisely, the sine of the angular displacement, but if Af3is small,

sin ~@ = A@.



SEC. 143] RESOLVER SERVO 477

spends to a variation of servo loop gainl with r. If the range varies
byafactorof20 (from lto20milesj forexample), theloop gain will also
vary by this factor. If at the lower limit of r the loop gain is made suffi-
ciently high to overcome the effects of friction and of d-c level variations,
there may then be enough gain at the upper limit of r to cause serious
oscillations. This problem also arises in the case of other devices for
converting rectangular to polar coordinates, such as sine potentiometers
used with servos.

Reference voltage

y Resolver

{~

b

A-c Phase-
sensitive

amplifier detector

VI

k-y--z—
26v ;
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i’
&

Induction
motor

Saturable transformer

——
1 I&

——

4oocps — — =

n

*

--- ---

FIG. 14.5.—Detailed schematic of resolver servo.

It is possible to compensate for this variation in loop gain by the

insertion of an automatic gain control if the variable T is available in the

system. A straightforward but cumbersome method of doing this uses

a servo to produce a shaft rotation proportional to 1/r, with a potentiom-

eter on this shaft used as a gain control for the amplifier. An accurate
solution such as this is usually unnecessary. A variable-gain tube Can

be used in the amplifier with the r-voltage being rectified and used as a
grid-bias gain control. The method used in the present design omits
the automatic gain control altogether, in the interest of economy of
parts. This results in somewhat inferior performance as compared with a
constant-gain servo but nevertheless is satisfactory for the desired appli-
cation. In the final design some oscillation is observed at large values
of r.

1Variation of servo loop gain is diewed in Sec. 11.9.
2Chap. 6.
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Design Procedure.—.-l schematic diagram of the circuit type C11OSCI1is

shown in Fig. 14”5. An induction motor is controlled by a saturable
transformer’ ~vhichin turn is driven by the d-c plate current of two triodes
in push-pull. This control circuit, as originally used by IJendix,’ received
a-c signals at the grids of the tIvo triodes; an alternating reference voltage
(the 400-cPs line) constituted the plate supply for the triodes, which there-

n13,
L L-. d —.—.—.

FIG. 14.6,—Arms resolver assembly.

fore acted as phase detectors. This method is modified in the present
circuit in order that a phase-lead network may be inserted to reduce
loop instability at large values of r. In general, phase-lead networks
may be used with either a-c or d-c error signals; in the case of an a-c
signal, however, the carrier frequency must be very nearly constant.
The carrier frequency forwhicht hiscircuit is designed, the output of a
400-cps aircraft power supply, is subject to variation of about ~10 per
cent, so that a-c phase-lead methods cannot be used. Thus a phase
detector is used to make a d-c error signal available before the control
stage. An a-c amplifier preceding the phase detector decreases the per-
centage effects of tube asymmetry and drifts in the phase detector.

Themechanical load of this servo isshown in Fig. 14.6. It consists
of the resolrer, :~ 500/1 gear train, find T synchro for transmitting the

Icf. sec. 12.23,
2lMipsc-Plonecr Division, Jlwdix Aviztion Corp., Teterboro,N..J.
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Ijcig]lt (wrnponcnts is shulvu in l’ig. 1!)21,

The (~K-5 induction motor is also SIIOIYUin Fig, 14.6. When full
power is supplied to the motor, it dra\vs O.2 ampin its 26-volt winding.
[n Fig. 145, a condenser is shown connected in parallel with the controlled
motor winding; this has the functions of phase-shifting the fundamental
component of the saturable transformer signal so that the induction motor
~vill have a rotating field and of filtering the output ~va,~,eform f’rom the

Bendix

J-

t 26v400CPSI
-150V

‘to

I
CK-5

Injuc:on

= i
o“6&

FIG. 147.-Detailed schematic of resolver servo.

saturable transformer. The phase shift produced by this condenser varies
~~ithfrequency, however, so that the motor can be controlled satisfactorily
only over a frequency range of approximately 350 to 450 cycles.

The saturable transformer used (Bendix Pioneer No. PBX-22741)
requires approximately 2 ma of direct current to saturate one winding,
in which case the filtered output from the secondary is about 60 volts
rms. The d-c windings in the plate circuit of the triodes have many
times the number of turns of the winding connected to the 400-cycle line.
Therefore, even though the magnetic circuit is approximately balanced,
400-cycle voltages as great as 300 volts rms may be observed across the
d-c windings when they are open-circuited. A serious limitation imposed
on a circuit of this type by the use of a saturable transformer as a control
element resuIts from the time lag associated with the relati}’el y large

inductance of its d-c windings. This time lag, if large, tends to make the
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servo loop unstable. One method of reducing this time lag is to use
pentodesas control tubes ;the action isthenmore nearly that of current
generators, and the reactor time constant L/R is accordingly reduced.

Miniature tubes, 6,J6’s and a 6AK5, are used in the design for com-
pactness. The a-c amplifier uses the 6AK5 miniature pentode. A
plate circuit transformer produces “ floating” push-pull voltages for the
phase detector, as shown in Fig. 14.7. The low primary impedance and
high secondary impedance of this transformer make the gain from pentode
grid to phase detector grids roughly 20.

The reference voltage for the phase detector is supplied from a
~athode follower to avoid nonlinear loading of the source of reference
voltage with consequent introduction of harmonics into the a-c computing
voltages that supply z and y. The reference voltage allows current to
flow on each half cycle when the cathodes of the phase detector 6J6 go
below ground potential. Depending on the sense of the error signal, one
or the other triode conducts more during this interval.

In each of the two output channels of the phase detector is a phase-
lead network consisting of two 330-k resistors, a 39-k resistor, and a
0.02-pf condenser. Either the T-network of resistors shown or the
equivalent r-network may be used. Resistance values of the T-network
are lower, however, so that high impedances can be obtained without
using high resistance values.

The performance of the system was checked by substituting a number
of 6J6’s in the circuit. The error rAO was observed on a calibrated
oscilloscope screen with the aid of an amplifier. A voltage scale of 3
volts rms = 2000 yd was used. Systematic errors of rA@ = 100 yd
were observed. At maximum range (40,000 yd) the servo oscillated with
an amplitude of f 270 yd, or ~ 0.4°. This could be observed easily
on the oscilloscope. At a range of 20,000 yd the servo did not oscillate.
The constant error of 100 yd then corresponded to an angular error of
0.3°.

14.4. Velocity Servos. 1 lrztroduction.-A velocity, or rate, servo is a
servomechanism whose output speed, rather than position, is controlled
by an input quantity, such as d-c or a-c voltage or current, the frequency
of an electrical waveform, or a mechanical displacement. Many velocity
servos may also be referred to as integrators, since the total output of a
velocity servo is the time integral of the input quantity. This aspect
of velocity servos is discussed in Chap. 4.

A velocity servo comprises a motor that drives the output, a speed-
measuring device (tachometer) attached thereto, and an amplifier. The
tachometer produces a quantity that is proportional to or otherwise a
measure of the speed and is generally of a nature similar to the controlling

1Sections14.4 and 14.5 are by J. W. Gray.
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quantity. The amplifier receives the difference (error signal) between
the crmtrol!ing quantity and the tachometer output and controls the
speed of the motor so as to minimize the error signal or some function of
the error signal.

Most generally the control signal invariable, and the output speed is
required to be an accurate measure of this over a fairly wide range, often
including negative values as well as positive. In some cases, however,
the velocity servo is simply a constant-speed device with a constant input
signal. The control signal might not even exist as such, the error being
developed by the action of the tachometer output on a special device
such as a frequency-sensitive bridge.

Peculiarities. —T’he “error signal, ” unlike that of a positioning servo,
is not necessarily a measure of the error of the servo. The error signal
could be an appreciable part of the input signal; but if it were linear with
respect to the latter and stable at any given speed, the device could be
calibrated so that the signal would not matter.

If the speed is required to pass through zero, so that static friction
reverses, or if the output torque is to vary at any given speed, the error
signal will be subject to considerable deviation from linearity and sta-
bility. For high precision, therefore, the amplifier gain should be as
high as is permitted by considerations of freedom from oscillation.

In the analysis and prevention of oscillation the same principles
apply as in the case of positioning servos. Velocity of the motor takes
the place of position, however, and acceleration replaces velocity. Thus,
the rate of correction of an error is measured by the acceleration or
deceleration rather than by the speed of the mechanical system. In this
respect the prevention of rate servo oscillation is easier than in the case
of a positioning servo, for while the mechanical inertia prevents any abrupt
change of speed, it does not prevent abrupt changes of acceleration.

To clarify the significance of this difference, consider a simple posi-
tioning servo and a simple rate servo, each having amplifiers with no
time lag and no corrective networks, which provide motor torque pro-
portional to the error signal. Now, if a small abrupt change of input is
made (not suficient to drive the amplifier beyond its linear range), the
feedback voltage of the rate servo, which is a measure of the velocity,
begins immediately to approach the input. As it does so, the error and
torque decrease, with a resulting exponential approach to equilibrium.
The positioning servo feedback, on the other hand, being a measure of
the position, which is the integral of velocity, will not immediately start
toward the new input. Unless the viscous friction is high and the ampli-
fier gain is small, at the time the error becomes zero the velocity is not
zero, with resulting overshoot of position.

Another way of expressing the difference is in terms d the transfer
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locus from motor input to feedback voltage, as explained in Chap. 10.
If there is no time lag between motor input and electrical torque, the

B

FIG. 14.8.—Servo motor transfer loci.

transfer function is expressed as

KG(s) = #&

rather than the expression of Eq.
(10.5), since the feedback quantity
is here proportional to dO/dt in-
stead of d. This transfer function
corresponds to a locus as shown by
Curve A in Fig. 14.8 as compared
with Curve B, which applies to the
positional’ feedback. This differ-
ence allows more additional time

lag to appear in a servo loop in the case of a velocity servo before oscilla-
tion will occur, as revealed by Nyquist’s criterion. Just such an addi-
tional phase retardation may be imposed, however, by the necessity to
filter the output of certain types of speed-measuring devices.

In many cases the performance with the amplifier saturated, i.e.,
full input power to the motor, is of critical interest. Some types of
control operate normally in this condition, with the power alternating
between full ahead and OHor full reverse. In any case, saturation obtains
if the input signal changes more rapidly than the available acceleration
or deceleration. The quality that distinguishes the saturated behavior
of velocity servos from the similar condition in most positioning servos is
the lack of symmetry in the former
—deceleration is there greater than
acceleration. The two curves of
Fig. 14.9 show how the speed may
change after a complete reversal of
power one way or the other. The
abrupt change in rate at zero speed

‘OE
FIG. 14.9.—Typical acceleration curves at

rate servo motor with load.

is due to the reversal of static friction. If the servo is operating in the
neighborhood of a given speed, as that of the dashed line, the rate of error
correction with the amplifier saturated in one sense will be measured by
the slope of Curve A where it crosses the dashed line, while with satura-
tion in the opposite sense the slope of Curve B applies.

This pecdiarity of rate servos may cause considerable error in a
simple power-reversal type of servo even though the amplifier sensitivity
is very high. In Fig. 14.10 the distance from the input level to either
dashed line represents the error required to cause a power reversal.
But after the speed, as measured by the tachometer output, has crossed
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either of these limits, a certain time lag ensues (e. g., relay closing time

or motor field inductance effect) before actual reversai occurs. The

difference between acceleration and deceleration results in the average

speed being below the input signal, as shown, and this difference will be

a function of mechanical load.
Types of Velocity Servos.-The choice of motor and control circuit for

a velocity servo is largely the same as for positioning servos and depends

on various factors, such as available power sources, requirements as to

mechanical load (including tachometer), acceleration, speed range,
precision, smoothness of operation, etc. If the range of speeds embraces
zero and if precision and smoothness are desired, the motor should be
as homogeneous as possible with respect to rotation; i.e., it should have
the minimum of “slot lock” due to magnetic saliency.

The form of the input signal is usually predetermined by the kind of
service to be performed. The input narrows the choice of tachometer,
method of comparison, and amplifica-
tion of the error signal. Types of ta-
chometers suitable for use in integrating
rate servos are discussed in Chap. 4 and
in Sec. 12.6 and include those develop-
ing d-c voltage, d-c current (condenser
tachometers), a-c voltage, and mechan-
ical displacement. Other types of ta-
chometers, which are applicable in rate

Input

-

I:ICJ.14.10,—Action of power reversal
in rate servo with time lag.

servos for purposes other than integration, include those whose frequency
output measures the speed and nonlinear devices like centrifugal gov-
ernors, which operate within a small speed range.

Production of ETTOTSignul.—In the case of a voltage control and a
generator tachometer the error signal may be developed by means of a
simple series addition, as both generator terminals are generally avail-
able. In some circuits parallel resistance adding may be more con-
venient, although this reduces the error scale factor. If a commutated
condenser tachometer is used in conjunction with a d-c voltage input, the
speed is made to be such that the current passed by the device is sufficient
to produce across a resistor a voltage equal to the input.

There are a large number of possible ways to develop electrical error
signals from mechanical-output tachometer. The simplest is a con-
tactor between the controlling position (which may or may not be vari-
able) and the tachometer output, which switches the motor power on or
off (or reverse) either directly or via a relay. other possibilities include
photoelectric pickoffs, capacity-change devices, flux-linkage devices, and
electric strain gauges. Any method that gives “ proportional” error
signal, i.e., a signal that changes continuously and roughly proportionally
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with the error, is capable of greater precision than one that does not, for
the reason illustrated in Fig. 14.10. This may be achieved even in the
case of the contactor type, by superimposing on the normal contactor
motion an excitation that causes rapid opening andclosing in the vicinity
of zero error, in such a way that the ratio of time closed to time open
varies continuously with error.

A frequency type of tachometer may be an actual synchronous gen-
erator, a simple contactor on the motor shaft, or simply the use of some
electrical ripple characteristic of the motor. The input control frequency
may not exist as a voltage or current, being instead a characteristic of
some network, such as an RC-bridge, upon which the measured frequency
is impressed and which develops the error as an output voltage. If there
is an input wave whose frequency is to be followed, the error might be
derived either from the frequency difference or from the phase difference.
The latter is, of course, much more precise but has the difficulty that if
an appreciable frequency error ever exists (e.g., following a transient of
some kind), the algebraic average error signal during each “slip” cycle
is zero, so the operation is incorrect. It is possible to add the phase
error and frequency error together so as to obviate this difficulty. A
frequency error may be developed as the difference between the rectified
output of two equal frequency-sensitive networks which receive respec-
tively the control and the measured waves, these having been equalized
in amplitude by the use of AGC. Another possibility is to run a syn-
chronous motor from the input wave and compare its position with the
output rotation.

Amplifiers.-The output or power stage of the amplifier is dictated by
the type of motor and the available power. Various types are discussed
in Chap. 12. In general, smooth control of the motor is preferable, and
the rate of response, in terms of change of accelerating torque, should
be as great as possible.

The voltage amplification is largely affected by the same considera-
tions as in the case of positioning servos (cf. Chap. 12), Where the error
is a d-c voltage, the simplest amplifier is direct coupled, but this is subject
to considerable drift, and in certain applications requiring high stability
a modulator or ‘f chopper” is used, with a-c amplification.

One very useful device, which is also occasional] y applicable to posi-
tioning servos, is the division of the amplifier into two parts, with RC

feedback over the first part, as described in Chap. 4. This serves a
double purpose: It stores, or “remembers,” the integral of any large
error that may accrue during rapid acceleration, causing this to be can-
celed by a measured overshooting of the speed, and it affords an excellent
means of damping and inhibiting over-all oscillation. The memory
feature operates by Miller feedback integration and is explained in
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Chap. 4. This feedback also prevents any appreciable amount of the
tachometer commutator ripple from appearing at the grid; such a ripple
could decrease the effective amplifier gain by saturation.

The damping action is that of integral control, as explained in Chaps.
10 and 11. If the part of the amplifier over which the RC feedback
exists has infinite gain by itself (as, indeed, it may have if positive feed.
back is employed), its transfer 10CUSwith the feedback is as shown in
Fig. 1020 for the ‘(ideal integral controller. ” This locus is multiplied
by-that of the rest of the servo loop, giving a very high loop gain at low
frequencies and still avoiding the point of oscillation as the frequency is
increased.

14.5. Examples of Velocity Servos. Thgratr-on Rate Servo.—ii
medium-precision motor-control system of extreme simplicity, yet having
all of the aforementioned elements of a rate servo, is shown in Fig. 14.11.
The motor has constant field excitation or a permanent-magnet field,
so that when the thyratron is not
conduct ing, the armature voltage
is proportional to its speed. The
error signal or difference between +
thk and the control voltage ap- Input

pears between cathode and grid, DCvoltage

Whenever the armature voltage -?
drops to within a volt or two if ~
the grid potential, the thyratron ~]o. 14.11.—Thy,stmn rate servo employing

back emf as tachometer.
will conduct on the next positive

swing of the plate slightly accelerating the motor. Conduction ceases
when the plate drops below the cathode, and the armature voltage again
is a measure of speed. Thus, at equilibrium, voltage produced by-the
motor while it acts as a tachometer is slightly above the input control
voltage by an amount depending on the thyratron characteristics.

The erratic effect of commutator ripple upon the firing of the thyra-
tron may be objectionable in some applications; it may be eliminated
or reduced by an appropriate condenser across the motor.

If it is desirable that zero speed correspond with zero input, a small
amount of a-c voltage of the proper phase may be added at the grid.
This may also be used to obtain a slower minimum speed, by permitting
firing late in the positive half cycle and thus reducing the energy delivered
to the motor. Ratios of minimum to maximum speed of the order of
1 to 500 are obtainable, and the linearity may be as good as 1 per cent
between control Dotential and sDeed.

This is a unidirectional rate servo, but if the control potential is from
a rectified a-c voltage, a reversing relay may be employed similar to that
described below. On the other hand, if the input is alternating voltage
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of tllc smue froqucncy as the power source, and if unidirectional operation
is satisfactory, the input need not bc rectified. With the input voltage
roughly in phase with or somewhat leading the power voltage, the speed
\villbe such that the back emf is about equal to the peak of the input.

If the motor has a wound field, the field current should be made inde-
pendent of temperature by the use of a constant-current circuit or by
compensation. If a fixed d-c voltage is employed across the winding,
the field current will decrease with temperature rise, at about 0.4 per cent
per degree centigrade, with an equivalent speed increase resulting.
Permanent-magnet fields also have temperature coefficients; for example,
0.03 per cent per degree centigrade for Alnico V.

Rate Seruo with A-c A mpli@r.—l?igure 14.12 shows a much more
elaborate rate servo, used in radar trainer equipment, in which the error
voltage is converted to an a-c error voltage by a vibrator (such as a Brown
Converter), amplified as such and used to control a two-phase induction
motor, whose speed is measured by a tachometer generator. A rectifier
and a switching circuit are provided, permitting the use of an a-c control
potential if desired.

The relay circuit is phase sensitive, causing reversal of the motor
when the a-c input becomes negative with respect to the reference.
Tachometer output must be reversed as well.

The rectifier is of the balanced type, having an auxiliary diode in
series with the detector output, to cancel the effect of heater voltage
variation and to produce zero d-c output at zero a-c input (assuming
equal &lode characteristics). The rectifier output is the rate servo d-c
input, from which the tachometer voltage (or a certain fraction of it) is
subtracted to produce the error voltage.

The error voltage is converted to a 60-cycle square wave by the
Brown Converter. This is amplified by a multistage Class A amplifier
having over-all negative feedback to reduce its output impedance. The
output drives one phase of an induction motor, whose other phase is
excited from the O&cycle source. These voltages are in quadrature by
virtue of a phase shift at the converter. The amplifier gain is about
15,000 (84 db) with feedback, so the error voltage need be only a few
millivolts for full power to the motor.

The resistances and condenser at the converter input attenuate the
high frequency ripple of the generator by a factor of 1000/1.5, without
attenuation of the d-c error voltage. The 1.5-k resistance preserves a

I

small amount of a-c gain without phase retardation—enough to keep the
time lag of this filter from causing oscillation. The stabilizing action is

that of integral control, as explained in Chaps. 10 and 11.
Rate Servo with RC Feedback.—In the rate servo of Fig. 14.13, a

direct-coupled amplifier is employed to drive a pair of relays that control
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thepower delivered toasma1128-volt motor. Smooth or’’proportional”
control of the motor is obtained by vibrating the relays at 00 cps by
use of auxiliary coils (Sec. 12.20). A continuous change of power to
the motor is obtained, from full powerin one direction to full power in
the reverse direction, as the input E, to the relay control tube is moved
through a range of about 7 volts.

Mercury relays

ro~a~:n~

3.3M

Input

~
240k

\ -105V
FIG, 14.13.—Rate scrvu employing RC feedback for damping mid error integration.

The first stage of the amplifier has two triodes arranged so as to
cancel the drift caused by heater voltage variation (c~. Vol. 18). Positive
feedback is provided to the second grid, such that the first grid voltage
E, will remain within a few millivolts of zero as E, moves through a
considerable range.

The network between E,, E,, and the error input El prevents the first
stage from being saturated by commutator ripple or sudden changes of
input, stores any error at El which might result from inability of the
mechanical system to follow rapid input changes, and prevents hunting.
These functions are explained in Chap. 4. This type of network was
apparently first reported for use in velocity servos by F. C. Williams. 1

Pitot Marine Log System.—The pressure produced by a centrifugal
pump when the water is not permitted to flow bears the same relation-
ship to the speed of the pump as the pressure from a pitot tube bears to
its speed through the water. Thus if the pump pressure and pitot pres-
sure are made to be equal by adjusting the pump speed, the latter will
be proportional to the pitot speed, and total rotation will be a measure
of distance traveled. A rate servo may be used to correct the pump
speed on the basis of difference-of-pressure data.

1F. C. Williams,“ The Velodyne,” TRE Report No. 4035.
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Such a system* is shown schematically in Fig. 14.14. The comparison
of pressures is done by a bellows, exposed internally to the pitot pressure
and externally to the pump pressure. If the former exceeds the latter,
the bellows expands and pushes a contactor which closes the circuit of
one of the shaded poles of a single-phase induction motor, causing this to
turn a variable auotransformer so as to increase the power delivered to
the pump motor, thus increasing its speed. If the pump pressure is too
great, the opposite action takes place. In the vicinity of equilibrium
between pressures, the contactor is caused to vibrate between the two

17

Input = pitot Feedback = pressure
pressure from pump

115V
60 CPS

l’1~. 14.14.---Sl1sp’slog us:IIgm:c servo.

positions, by the magnets A and l), each of which tends t,o pull the con-

tactor arm away from the contact that is made. This rapid vibration
gives a “ proportional” control characteristic to the error input and
counteracts an over-all tendency to hunt. Limit switches in the shaded
pole circuits are mounted on the variable autotransformer to prevent
the induction motor from overdriving.

The cascading of time lags as a consequence of the means used to
achieve a high power gain is stable in this velocity servo, but a similar
cascading of time lags in a position servo would necessitate considerably
more in the way of stabilizing circuits or devices. The explanation has
been given in Sec. 14,4.

1This type of log is made by the Pitomctcr Img Corporation A somewhat similar
device for aircraft, using air instead of water, is called an “ Air hlileagc Unit” znd is
made by the Eclipse-Pioneer Division, Bendix Aviation Corporation.
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CHAPTER 15

REGULATOR ELEMENTS

BY A. JACOBSEN AND .J. V. HOLDAM, JR.

15.1. Introduction.-In the design of electronic instruments it is
often necessary to maintain voltage or current constant within specified
limits or to have voltage or current determined within specified limits
by some controlling voltage, current, or mechanical displacement. To
achieve this result devices known as voltage or current regulators are
commonly used.

Regulators may declassified as``simple'' or ``degenerative. '' Degen-
erative regulators depend on a negative feedback loop to provide power
at low impedance in voltage regulators and at very high impedance in
current regulators. Simple regulators do not use feedback but simply
combine nonlinear elements with linear elements to effect a low output
impedance for voltage regulators and a high output impedance for cur-
rent regulators.

Most degenerative regulators contain these basic elements: a refer-
ence element which may be a voltage source, a current source, an electro.

mechanical device in which a spring or mass is used for reference, or a
nonlinear element in which a small change in voltage or current is realized
for a large change in current or voltage; a sampling circuit yielding some
desired function of the regulator output; a comparison circuit to provide
an error signal representing the deviation of the output from the output
desired; and a control element. These divisions are convenient because
they are clear-cut for a number of the most important regulators, but in
others two or more of these functions may be performed by the same
element.

Factors of importance in specifying the performance of regulators
include voltage, current, and power-handling capacity; impedance of
output; output ripple; range of inputs and outputs; long-time stability;
short-time or dynamic stability: absolute accuracy; and frequent y
characteristics.

Long-time Stability .—Long-time (static) stability may be defined as
the constancy over a period of hours of the output averaged over periods
of seconds. Long-time stability is impaired principal y by slow changes
in the characteristics of the sampling circuit, the comparison circuit, or
the reference element. The extent to which these effects must be elimi-
nated depends upon the performance required of the regulator.

493
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L)ynamic Stahilit~.—Short-timc, or dynamic, stability is defined as the
co~stancy of the instantaneous output. Dynamic stability may be
impaired by noise or microphonics effects in one of the elements or by
inadequate stabilization of the degenerative loop.

A degenerative regulator may be considered as a negative feedback
amplifier for which the input function is a constant. The theoretical
principles for the design of stable high loop gain degenerative loops are
presented in Vol. 18 and are similar to the principles of servo stabiliza-
tion treated in Chaps. 9 to 11 of the present volume. See, in particular,
Sec. 10.4.

15.2. Reference Elements.—Refcrcnce elements can be divided into
three broad classes: constant-voltage elements, constant-current ele-
ments, and networks containing nonlinear impedances.

Constant-voltage Elrmcnts.-Sourccs of emf that are nearly constant
with time are used as reference elements for regulators. The most
important characteristics are constancy of voltage with aging, change of
temperature, current drain, vibration, and change of position. Other
characteristics important in the practical ~wc of a reference clement are
voltage magnit~ldc and effects of momentary short circuits.

Batterir<s.—l)ry b:lttlcries can, for laboratory puvposcs, provide a volt-
age reference that is accurate to about 0.05 pcr cent for a period of
several months when operated under specified conditions. The impor-
tant requirements are fresh batteries, operation at all times ~vith very
low current drains (less than 1 ya), maintenance of constant temperature
(within a few degrees), and maximum temperatlwe not much above
25”C. Low temperatures do not damage dry batteries; in fact, their
“shelf life” materially im”proves at 0“(’. High temperatures (50° to
70°C) materially reduce the life of batteries and hence should be avoided.
The temperature coefficient of 45-volt Z30N small Ilurgess batteries is
about 0.02 per cent per degree centigrade over a range of —55° to 700(’.
Batteries have a thermal time constant of 15 to 30 min cfepcnding on
size, construction, and material,

The most important requirement for constant potential of dry bat-
teries is the complete absence of short-circuiting or even of appreciable
current drains. If short-circuited briefly, a battery will recover to a
steady potential of somewhat lower vallle, but its life as a constant,
potential element is materially reduced.

A series of testsl on Burgess 5156 batteries showed them to be con-
stant to better than 0.05 per cent over a period of 1 to 3 months. Current
drain was less than 0.1 pa except during periodic measurements when the
current went up to a few microampere. ]hlring these tests, the tem-

I 11. Sack, (’onskznq of EMF’s oj Dry Batkrim, (“ornrll ITniversitv, Oct. 2, 1945,
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perature ranged from 20° to 25°C. An electronically regulated power
supply using several Burgess Z30N batteries as a reference when checked
over a period of 20 days was found to be constant to about 0.05 per cent.

Because of the large potentials available from dry batteries a com-
paratively insensitive ~ornparison
circuit can often be used with a
dry battery reference element.

Standard Cells. ‘—In applica-
tions where a more precise volt-
age reference is required than that
provided by dry batteries, unsat-
urated cadmium cells (Weston
type) are of value. These cells
(Fig. 15.1) have a potential of
slightly over 1 volt which is con-
stant within + 0.1 per cent of the

CdSO,+AU

Cdso, crystals CdSo, crystal,

PasteHg Cd amalgam
+

FIG. 15.1.—Standard cell.

original voltage over a temperature range of – 16° to 50”C. This cell
can be tilted to 110° without introducing errors; but when inverted, the
cell is open-circuited. Currents of the order of 100 pa for a short time
do not cause permanent damage.

The most serious difficulty in the use of standard cells as reference
elements is the requirement of better than ~ 1OO-AWstability of the
equating circuit.

Glow Tubes. —Glow tubes of the neon-bulb and VR-tube variety
are very popular regulator voltage reference elements in electronic
instruments.

Glow tubes are very nonlinear resistance elements; for a consider-
able current range, the voltage across the tube is nearly constant. The
construction of glow tubes is very simple. Two electrodes of iron,
nickel, aluminum, or magnesium in a low-pressure gas or mixture of
gases (usually hydrogen, nitrogen, helium, neon, or argon) make up a
glow tube. By choice of gas mixture and electrode geometry a range of
50 to several thousand volts operating potential is obtainable. The
ordinary commercially available tubes (Fig. 15.2) have operating poten-
tials of 55 to 150 volts. Glow discharge tubes require a potential 25 to
50 per cent higher than the operating potential to initiate the glow dis-
charge and require a minimum current to maintain the glow discharge.
These tubes generally function in a satisfactory manner over a wide
temperature range, in excess of – 65° to +80°C. Vibration and change
in position do not adversely affect the stability of these tubes. The
striking potential is in some cases affected by the photoelectric proper-

L‘(Eppley Stfindard Cells,” Bull. 1, The Epplcy I,al~ormtory, Inc., Newport, R. I,,
July 1941.
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ties of the electrode material. Table 15.1 is a summary of the charac-
teristics of neon bulbs and VR tubes.

Neon bulbs vary considerably in characteristics from tube to tube,
whereas VR-tube characteristics are constant within a few per cent due
to more careful construction and more thorough testing. The useful
current range as given in Table 15.1 is conservative and, in general, is
the range over which the tube should be used as a voltage reference.
Currents between 5 and 40 ma are acceptable for the VR-75, VR-105,

Fxa. 15.2.—Gas discharge reference elements.

and VR-150 tubes. Higher currents shorten tube life, and lower currents
result in erratic operation.

The desirable characteristics of glow tubes as voltage reference ele-
ments cliffer somewhat from those for simple regulators. Effects of time

and temperature on the voltage at a constant current are of primary
importance in applications of glow tubes as reference elements. The

exact operating voltage, if large, is of relatively little importance in the
choice of a glow tube for a voltage reference. Wide range of current

and low dynamic impedance are the important features of glow tubes for
simple regulators.

The volt-ampere characteristic, of priine importance in simple regu-
lator elements, is of secondary importance for reference elements.
Although a small slope is desirable, one may compensate for greater
slope by more gain in the amplifier to obtain the desired degree of regu-
lation. Figure 15.3 shows the modes in a typical volt-ampere curve for
a VR-105.



TABLE 151.-SUMMARY OF GASEOUS DISCHARGETUBES

‘me

Neon
NE2

Neon
NE16

Neon
NE29

Neon
NE32

991

OA3
VR75

0C3
VR105

0D3
VR150

VR105
! S860

Siie

0.04W

*W

*W

lW

. . . . .

?egular
octal

%egular
octal

legular
octal

Miniature

No.
xxtec

1

1

1

1

.,

8

34

9

10

Average
voltage at

current

58v0,2ma

52v0.5ma

95vlma

58vlma

55v0.5ma

73 v 10 ma

105 v 10 ma

150 v 10 ma

107 v IOma

Useful
current
range,

ma

0.2-1

0,5-10

1-1o

1-20

0.5-2

1*3O

llX313

lC&30

10-30

%
ncrease

over
Usefuf
current
range

8.00

18.00

15.00

22.00

3.17

0.70

0.40

0.67

Mini-
mum

startiug
voltage

75

85

125

73

87

105

133

185

135

Temp.
:oef. for
Lverage
>pm/°C

. . .

– 50

+30
–50

–200
+70

+20
–SO

Current
for drift

test,
ma

0.1

{

15
30

15

15

15

4veragt
rift rat,
or aver.
Lgetubf
it 15 hr,
nv/min

50

0.12
0.20 }

0.20

0.20

0.25

h’otes

Characteristics quite variable

Characteristics quite variable

Characteristics quite variable

Characteristics quite variable

Same size as ~ w neon A8-67 v,
Voltage limits for 0.5 to 2 ma

. .

. . . .
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I’igure 15.4
current (lower

(scope
trace

trace) on the modes of

IWl<’liRl<N(,’liIJL1!J$4lJN7’S +)(J

picture redrawn) shows the effect of increasing
left-hand side) and decreasing current (upper
operation.

The volt-ampere curve (Fig. 153) was chosen as an example of the
characteristics of a glow tube with very distinct modes in order to show
more clearly the effects of chang-
ing from one mode to another.
The voltage difference between
two modes for a VR tube is of the
order of 0.1 to 0.5 volt. This
change in mode of operation oc-
curs when the tube is ignited, when
the current is changed, or for other
reasons which are not always ap-
parent. Mode changing is prima-
rily due to time variations in the
spatial distribution of the glow dis-
charge on the electrode system
and to variations in the current.

Figure 15.5 shows the effect of
mode changes over a period of
time during which the tube was
turned off every 4 min for 20 sec.

106.5

106

f 105.5

x~
$ 105

104.5

104

I I

Discontinuous
at low currents

A
L ~ “

— 4

“o 5 10 15 20 25 30
Current,ma.

F]u, 15.3.—OC-3 (VR-105) glow tube volt-
ampcrccharacteristics.

An unusual characteristic of this effect is the very low frequency of the
occurrence of large changes, although these changes may amount to ~

106 volt for a 105-volt tube. A statis-
tical analysis of considerable data
on VR-1 05’s indicates that the
probability of any random 1y
chosen instantaneous v 01 t a g e

~
differing from the mean by more

104.5 than 0.1 volt is less than 10 per cent.
~~ Changas in modes

Temperature effects on glow

104 tubes are of two types: a reversible
Current-ma

o
~~ change of the voltage with tem-

F]m 154.-Volt-ampere characteristics perature and an irreversible
of VR-I 05 for increasing and decreasing change. The former is produced
current. by rsducing the temperature of the

glow tube from room temperature, while the latter occurs when the glow
tube is heated to 80°C. The time-voltage curve of Fig. 15.5 shows such an
irreversible temperature effect. An interesting feature of the VR-105 and
many other tubes is the fact that the temperature coefficients are of oppo-
site signs for deviations above and below room t,cmperatu rc. A small



500 REGULATOR ELEMENTS [SEC. 15.2

number of tubes tested had variations of less than ~ per cent over the

temperattme range from 25° to – 50° and less than ~ per cent from 25° to

80°C.

2

g
!?

I“ v

I I

w
a

Temp. 25°C - ~ -
‘Mm$ -

— Temp. 25°C
1 t 1 I

012s45 7 8 9 10 11
Time- ho;rs

FIG. 15.5.—Time, voltage, and temperature characteristics of a glow tut)e. Tube SW,tched
off for 20 8ec every 4 min.

Since temperature variation does not affect the current at which

changes in modes occur, the appropriate current for a VR tube as a

reference element can fortunately be chosen to minimize to a great

extent the possibility of error due to changes in mode of operation.

VR-105 tubes have been found to have maximum stability when oper-

ated with a steady current of 12 ma.

2.5

2.0

g 1,5
:

:1.0

0.5

0
o 5 10 15 20 25 30 35 40 45 50

Time-hours

FIG. 15.6.—Drift data, for RCA OA-2 (Vlt-150).

Drift of voltage with time is of considerable importance in the use of

glow tubes for reference elements. The effect of age upon the voltage

of a glow tube is shown in Fig. 15.6. The drift is less for lower currents
for an average tube. These typical characteristics show a large initial

drift followed by a rather steady drift of 200 pv/min continuing for the

operating life of the tube. From all available information the drift

appears to be statistical with a tendency for positive drift for the first

part of the tube life.
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Conwam-current Elements.—Any one of a number of filaments of
various metals may be operated at elevated temperatures as a nonlinear
element that may be used in series with a load as a current regulator or
in a bridge or divider network as a reference element. The filament is

usually placed in a vacuum or in an inert gas atmosphere to reduce

oxidation and to realize more nearly the desired thermal properties.

0.(!8–

;
~ 0.06-
E

~
~ 0.04-
$
5
E
Y 0.02
$v

o I I
o 5 10 15 20 25 30 35 40

Potentialacrosstube,volts
FIG.15.7.—Volt-amperecharacteristicsof Amperiteballasttube.

There are two classes of filamentary elements. One class, consisting
of an iron filament in an atmosphere of hydrogen, provides good current
regulation, but its characteristics vary considerably with ambient tem-
perature. These elements depend on the heating of the filament for
change in resistance and have a
time constant, depending on con-
struction, of a fraction of a second
to several seconds. Typical volti
ampere characteristics for an Am-
perite current regulator (ballast)
are given in Fig. 15.7. The ap-
proximate curve for any other
Amperite can be obtained by ap-
propriate change of current or
v 01t age scale. Amperite tubes
are commercially available to reg-

50, !
J

40-
g
a30-
E

-1o-

0
0 10 20 30 Kln550 m 70 so

FIG. 15.S.—Volt-ampere characteristic of
110-volt Mazda lamps.

ulate at current values from 0.050 to 8 amp and have threshold values from

0.4 to 60 volts. After being aged for approximately 12 hr the tubes show

no further appreciable changes in characteristics.

The other class of filamentary elements has a Klgh-temperature tung-
sten tiament in a vacuum, resulting in a reduction of the effect of ambient
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temperature on the volbampere characteristics. This cl%% of filamen-
tary elements is often used in resistance-capacitance oscillators to stabilize
the output amplitude, an ordinary 3- or &watt 1lo-volt Mazda lamp
being used in a divider to adjust the amount of negative feedback auto-

FIG 159.-Filamentary reference elements.

25 -

20 -

2~ 15 -

10 -

5 T

o~
O 2 4 6 8 10 12

E volts
FIG. 15 10.—Volt-ampere characteristics of Victoreen filament-type reference tube.

matically in a majority of the circuits. Volt-ampere characteristics for
these two Ivlazda lamps are shown in Fig. 15.8.

An experimental tube was developed by the Victoreen Instrument

Co. (Fig. 15.9, center) in an effort to obtain an efficient stable reference

element for regulated d-c supplies that must be better than TIUper cent.

The voIt-ampere characteristics are given in Fig. 15.10. When operated
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at 10 volts and 24 ma in a suitable resistance network across a 250-volt
d-c SUPP]Y,53-rev output is realized for each per cent change in the SUPPIY.
For an output accuracy of ~ per cent a comparing circuit used with such
an element would have to have stability of better than 5 mv. A number
of the resistance elements may be connected in series for a larger output.

Miscellaneous Nonlinear Impedances. —There are two broad classes
of nonlinear element: those which are nonlinear resistances due to other
thanthermal effects, such as Thyrite and glow tubes, and those which are

I

I

o
———+———~

I’IG. 15.11.—Typical Thyrite units.

nonlinear due to thermal effects, such as Thermistors, diodes, and fila-
mentary elements.

In the use of nonlinear reference elements, the volt-ampere charac-
teristic is very important because it shows how effectively the element
may be applied to a particular circuit. Other important characteristics
are current requirement, temperature coefficient, temperature limits,
change of volt-ampere characteristics with age, voltage rating, effects of
vibration, size, weight, and frequency response.

Z’hyrite.-Thyrite is the trade name of a nonlinear resistance mate-
rial produced by the General Electric Company. Figure 1511 shows
various commercial units. 1 This material is made of silicon carbide with
a ceramic binder. A metal coating is sprayed on the surfaces to provide

electrical contact. The instantaneous and steady-state voltiampere

characteristic of Thyrite is given by the equation

I = KE”. (1)

The quantity K depends on the resistivity and dimensions of the par-
ticular Thyrite unit. The exponent n is at least 3.5 and can be as high
as 7 in special cases. Figure 15.12 shows volt-ampere characteristics of

a number of commercially available types.
The volt-ampere characteristics are the same for impulses of micro-

seconds duration as for direct current and there are negligible polarizing
1From GE Thyrite Bull. GEA 4138. Western Electric Co. Vw-i.@Orsare similar

in composition and characteristics.
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effects. Voltage and current are almost exactly in phase, and the volt-
ampere characteristic is symmetrical for both positive and negative
polarity.

A continuous rating of ~ watt per square inch is allowable in still air.
A short time temperature rise of 80”C results from an input of 2000
watt-see per cubic inch.

The most serious limitation to the use of Thyrite for reference ele-
ments is its high temperature coefficient. At constant voltage, current

100,000-

1O,wo /

~

:1000
g
=
:
. 100 /
g
~
2 10.-
g
~

1

0.1
10-7 10-6 ,.-5 10-4 10-3 10-2 10-1 1 101 lo?

Amperes,instantaneous (log, scale)

F] o. 15. 12.—VoIt-ampere characteristics of Thyrite.

increases 1 per cent per degree centigrade. Thynte may operate at
110”C continuously. Humidity has very little effect on properly impreg-
nated units. 1

Z’her-rnisto~s.-Thermistors2 are nonlinear elements that depend on
power dissipated in the element to raise the temperature and decrease
the resistance. There are many types with widely varied characteristics.
Thermistors are made by Western Electric of a mixture of metallic
oxides. While there are many possible combinations of materials,
nickel oxide appears in most mixtures with manganese, uranium or

1Considerable information on circuit applications may be found in T. Brownlee,
“The Calculations of Circuits Using Thyrite,” Gea. Elec. Rev., April 1934, pp. 175-179,
and May 1934, pp. 213-23.

2J. A. Becker, C. B. Green, and C,. L. Pearson, ‘‘ Properties and UXS of Ther-
misters—Thermall y Sensitive Resistors, ” Met. Ew., 66, Trans. 711–725, November
1946.
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copper oxides, and other materials for binders. The very small bead
onits are made in a number of mechanical variations of which types
D-163903 and D-166382 aretwoexamplcs. Curve sfortypiea lunitsare

FIO. 15.13.—Typicd Thermistor characteristicsat 25°C in still air.

FIQ. 1514.-
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Currentin milLmrwes

-Variationsin Thermistor characteristics with ambient 1
data are for D-163903 and D-166382 units.

~emperature. These

shown in Fig. 15.13. Figure 15.14 indicates the variations in charac-
teristics with ambient temperature of type D-166382.

The variation of the resistance of a Thermistor with ambient tempera-
ture and power dissipation may heindicated bythe following formulas:
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~ = &@B/r)-(BJTd, and

W = C(2’ – To), }
(2)

where Ro = resistance, ohms, at temperature To, degrees Kelvin,
B, C = constants, and

W = power dissipation.
The thermal time lags vary from a small fraction of a second with

the small bead type D-166382 to several hours for large units.
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FIG. 151 .5.—Typical plate current vs. filarnel)t voltage characteristiccs
limited reference element.

of 5Y3 as

The ratio of voltage output to change of voltage input of the bridge
or divider sampling circuit utilizing Thermistors of course depends greatly
on the circuit and component details. In a specific case where all factors
were carefully chosen the ratio of percentage output change to percentage
input change was 4:1.

Thermistors, like nearly all nonlinear elements, cannot be manufac-
tured to very close specifications. A typical Thermistor D-166382 has
tolerances at a particular temperature of 25 per cent for resistance at no
current and at 25 ma. The power level tolerance at 250 ohms is also
as high as +25 per cent. However, as the result of considerable develop-
ment effort by Bell Telephone Laboratories, Thermistors are very stable
in their characteristics even though characteristics may vary from unit to
unit.

Thermionic Vacuum Tubes as Rejereme Elemeni?s.-A diode may be
used as a reference element in a regulator circuit. Figure 15.15 shows the
plate-current change for a small percentage filament-voltage change.
A plate current of about 100 pa and a filament voltage of 1.33 volts
are suitable operating conditions. Ten tubes were checked, and filament
voltages for plate currents of 100 pa were fairly evenly chstributed over
a range of 1.20 to 1.35 volts.

As a reference element a diode should be operated in a bridge circuit



SEC. 153] SAMPLING CIRCUITS 507

such asisili~strated in Fig. 15.16. To obtain the greatest ratio between
a-c voltage into the diode and the voltage out to the control tube grid
a high resistance should be associated with the diode and a high voltage
should be used across the bridge. The time constant of this circuit
depends on the thermal lag of the filament; it may be a fraction of a
second to several seconds depending on construction. Such oxide-coated
cathode thermionic elements operated
at heater voltages below manufactur-

&

+

ers’ ratings are apt to have short life 5M
The lW

cO&l
unless current is kept very low.

explanation for this lies in the fact
---

that at low heater temperatures the
=

——
cathode coating has a tendency to be _

destroyed at the surface faster than
7

Dode
replacement molecules of the oxide can

diffuse to the surface. Any such low-
A-cv~t:::mg

voltage application should therefore be 1~1~.1516.-lluidgc eirc,uitfor diode
enlissionreferenceelement.

subject to careful life tests. As with
other nonstandard characteristics of vacuum tubes, such tests should be

made on representative samples of tubes made by all or at least many
manufacturers.

15.3. Sampling Circuits.—Thc function of tlm sampling circuit is to
provide a fraction of the regulator output or to provide some other voltage
for comparison with the olltput of the reference element in order to
derive an error signal that may be used to operate the control element.
In some regulator systems, the functions of the sampling circuit; comp-
aring circuit, and reference are all performed by one nonlinear network,
and any division of this type of circuit into the above circuits is artificial.
h“evertheless, there are a sufficient number of circuits that divide logically
into these subcircuits to make the system of classification a useful one.

In typical regulators, the regulator output is varied in such a way as
to make the sampling circuit output equal to the reference element out-
put, (consequently, any variation in the percentage of the regulator

output that is talien as a sample is reflected directly in the regulator

output. Since most sampling circuits talie only a portion of the output

for comparison with the reference element, small variations in the sam-

pling circuit may lead to rather large (absolute) variations in the output.
There are three broad classes of sampling networks: Iincar networks,

nonlinear networks, and compensating circuits. The term “ compen-
sating circuits” is here defined as a net!vork introducing into the sampling
circuit a voltage proportional to or at least a direct function of the
input voltage and/or load cllrrent in such a way as to incrcasc the regula-

tion factor and/or red~lcc the smlrre impedance. Many reglllator eir-
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cuits employ more than one class; for instance, compensating circuits

may be used in conjunction with linear networks to reduce the output

impedance of the regulators. In general, linear networks have the best

static stability. Nonlinear networks are of value because they have less

d-c attenuation than linear networks; hence, for some applications, the

increase in gain may more than make up for the poorer stability. Com-

pensating networks are very useful when regulation is required over a
large range of input voltage; by proper sampling of the input voltage

the requirements on the regulator output sampling circuit are reduced.

Linear Networks.—Voltage dividers made Up of resistors are the usual
sampling circuits. Figure 1517 shows two examples of this type of

T

c= Y WirewoundR
c; ~

Equating
ctrcult

E:~qua~g

+ Reference
v

=

(a) (b)
I~lG.15.17.—Iteprese11tativesampling circuits.

circuit. For maximum s~ability it is necessary to use ;vire-wound

resistors, both for the fixed and for the adjustable components. If a
potentiometer is used, it should be no larger than is necessary to provide
the required range of control; this precaution minimizes the effect of the
discrete values of resistance obtainable from wire-wound potentiometers
and the effects of the temperature coefficient of the potentiometer.

In practically every case, sampling circuits cause a loss of gain around
the degenerative loop, but this is normally not a serious matter. Since
most comparison circuits require the outputs from the sampling circuit
and the reference element to be at approximately the same voltage level,
higher reference voltages mean smaller sampling circuit gain reductions.
The loop gain at audio frequencies can be increased by capacitively
coupling directly from the output of the regulator to the input of the
comparing circuit. Such an arrangement does not affect the d-c attenua-
tion but does greatly reduce the a-c attenuation. This reduces the output
ripple at these freq~lencies and in nddition contributes to stability of
the loop if correctly- designed.

For certain applications, partic(llar]y for lo;v-voltage, high-cllrrent
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regulation s solenoid or induction device is useful as a sampling circuit.
For these applications a spring may be used as a reference element.

Nonlinear Networks.—Figure 1518 shows two applications of non-
linear networks as sampling circuits. In circuits such as these it is
meaningless to separate the sampling circuit from the reference element.

_ +Input

t

R

(—

v

T=Non-linearelements

r + lnDut

mRI T2

A-c.
tamer =

T= Non-linearelements

FIG. 15.18.—Sampling circuits with nonlinear elements.

Compensating Networks.—In many degcnerwtive regulators the regu-
lation factor and the output impedance may be improved by the use of
suitable compensating netlvorks associated Jvith the sampling circuit.

.4 compensation circuit has been defined abo~-e as a circuit that intro-
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duces voltages proportional to input voltage and/or load current into
the sampling circuit in such a way as to increase the regulation factor
and/or reduce the source impedance.

Compensation is most practical in electronic regulators that have rela-
tively low loop gain and are operated over a limited range of line and
load variations. Linearity of sampling, comparison, amplifier, and con-
trol circuits determines the extent to which compensation can improve
the operation of a regulator circuit,’

,U1=8
G~=4700Amho

-L-
FIG. 1519.-Compensated regulator

Circuits, analysis of operation, and results of use of compensation of a
regulator for line and load variations have been described in the literature.

The following equations of conditions to make the regulation factor
infinity and the source impedance zero have been taken from Hill’s
article.

Tomakethe regulation factor high with the circuitof Fig. 15.19 the
following relation between Ri and Rsrnust be realized:

R, ~

R,+ R,

+ __F?Ii,
Tp, + RI.)

(2-W-
(3)

If R~ is chosen to be 100 k and with other values as shown in Fig.

I F, I,. Hogg, “Rr@ated Power Supphcs,” kf’iretess World, N“owmbcr all~]
I)ecember 1943; W. R. Hill, Jr., “.bdysis of \’oltag(>-Regulator Operation, ” Proc,
IRE, 33, 38-4.5, Jan(lary 1945; F. V. Hunt and R. \l’. Hickmwl, Reo, SCI’. Inst., 10, c
(1!)39).
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15.19, an optimum value of Rsof l,1600hms was foumi cxperimcrrtal]y,

in reasonably good agreement \vith the calculated value.

With compensation, the regulation factor of this circuit was improved

by more than a factor of 10 over an input range of 25 per cent with a
40-ma load current.

The use of a compensating circuit to reduce the effective source

impedance of a regulator to nearly zero by a series resistor R6 in the

sampling circuit is also shown in Fig. 15.19.

The value of Rt is low, usually less than 10 ohms, and may be calcu-
lated by the equation 1

(4)

The computed value of R6 for the values given was 6.05 ohms, and
the experimental value was 7.0 ohms at a load of 40 ma. At an input
of 500 volts and a current range of O to 100 ma the source impedance
was negative over part of the range and the value was of the order of
2 ohms. The source impedance without compensation was about 6
ohms; the improvement of a factor of 3 is probably not worth while in
most instances because RG would have to be adjustable and there is
danger of oscillations occurring.

The main disadvantages of compensation methods are that circuit
adjustment may be required when tubes are replaced and, in the case
of the lowered source impedance circuit, a “floating” supply is required.

15.4. Comparison Circuits.2—The comparison circuit in a degenera-
tive regulator produces a signal that is a measure of the magnitude and
sense of the difference in potential between the sampling circuit and the
reference element. There are two broad classes of comparing circuits:
direct-coupled amplifiers and modulators. The direct-coupled ampli-
fiers have two inputs, one for the output of the reference element and
one for the output of the sampling circuit; the output of the direct-
coupled amplifier is the amplified d-c clifference bet ween these quantities.
A modulator performs the same discrimination function except that the
output is an a-c error voltage whose amplitude is at least roughly pro-
portional to the magnitude of the error and whose phase indicates the
sense of the error.

The most important characteristics of comparison circuits are the
dynamic response and static stability, sensitivity, and effects on

] This corrects an error in Hill’s paper.
2See Vol. 18 for detailed treatment of d-c amplifiers.
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the reference element and sampling circuit. In d-c amplifier circuits
the sensitivity is usually much better than the static stability; hence the
static stability determines the utility of the circuit. Static stability
is measured quantitatively by the change in grid-cathode bias necessary

+

--&output
From
sampling ---

circuit

(b) m
+

*

output _ _ _ __ output

--- --- From

T

—-- sampling

R:~::~e
circuit

(c)
& 1

FIG. 15.20.—Direct-coupled ampli-
fier comparison circuits. (a) Single-
ended amplifier; (b) cascode amplifier;
(c) balanced amplifier,

to maintain constant plate current as

the tube ages or as heater voltage

changes. Static stability is usually
expressed, somewhat arbitrarily, as

change in bias (A~,) per unit time or

for a 20 per cent change in heater volt-

age. For tubes used in dlfferential-

amplifier c i r c u its t h e differential

change in bias is more important than

the change in bias of either tube. T)i-

rect-coupled amplifier comparing cir-

cuits have good dynamic response,

Modulator comparing circuits, while

having excellent static stability, are

limited ,in their dynamic response,

since the error information is available

only at the carrier frequency.

Direct-coupled Amplifiers.-Figurc

15.20 is a schematic of the three prin-
ciple types of direct-coupled ampli-
fier circuits used as comparing circuits,
The amplified output of each of these
circuits is a measure of the difference
voltage between the sampling circuit
and the reference element.

The single-ended amplifier (Fig.
15.20a) usually employs a multigrid
tube to provide high gain. The
single-ended amplifier has the charac-
teristic of passing current through
the reference element, an undesirable

feature with many reference elements. A further disadvantage is that
no compensation is provided for changes in cathode-grid voltage due to
heater voltage fluctuations and aging.

The cascode amplifier (Fig. 1520b) has the same inherent disadvan-
tages as the single-end amplifier but has the advantage of very much
higher gain. The increased gain reduces the effective output impedance
and hence improves the regulation. The static stability is limited by
the AEC characteristics of only the lower tube.
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The balanced amplifier (Fig. 15.20c) loads neither the reference ele-
ment nor sampling circuit and balances out a large percentage of the
effects of changing heater voltage and aging. The use of a dual tube is
hence recommended, where possible.

Table 152 is a summary of the results of tests on a number of tubes
to illustrate the effects of heater voltage variations for a comparison
tube. The desirability of keeping the plate current low is shown by the
lower values of AE. and AAE~ for lower currents.

TABLE 15.2.—SUMMARYOFTUBESFOR I%CJUATINGCIRCUITS

Type of
tube

6SJ7

6.4C7

6AG7
(RCA)

tisIi7

6V6
6SL7

6SU7
Tung sol

Single
No. tested or bal-

anced

l—

10
{
s
s

10
{

s
s

10
{

s
s

10
{

Both
(20 sections) Both

s

“la’””” B
(36 sections)

67 B

Plate
urren
rp,ml

25
10.0
2.0
8.0

10.0
40.0

2.0
10.9
56.0
0.1

0.1

AE. for 20% change
in E*, mv

Min.

182
212
lSII
204
197
231
183
228
111
189

Max.

ma
936
336
700
375
663
313
624
677
228

Aver-
age

216
410
210
310
230
317
210
470
400

AEC*for 20 TOchange
in E*, mv

90y.
inder

30
lWI

“%

25

Max.

40
1s0

,..

Lver-
age

,.

14
83

YOTE: All grou PB of tubes are of amorted makes, except as noted.
* DiKerence between aeoti ona of a twin tube in balanced amplifier,

Fluctuating effects have about the same magnitude for diodes, triodes,
tetrodes, and pentodes; for high and low p’s; and for high and low trans-

conductances. In fact, these effects appear to be common to all oxide-

coated unipotential cathode structures. At or below 25 per cent of the

allowable average current, the fluctuating voltage is about 0.25 volt

(measured at the grid or cathode) for a 20 per cent change in heater

current. Aging effects are similar to the effects of changing heater poten-

tial. From the standpoint of this fluctuating potential the 6SL7 is as

low as or lower than any other common tube. Since it is a dual tube,

the differential fluctuation voltage is quite low. Tests indicate that

after proper aging, 90 per cent of 6SL7’S or 6SU7’S operated at low plate

currents-+. 1 to 0.4 ma—have differential errors under +25 mv for a

20 per cent change in heater voltage and under errors +25 mv differential

over a period of one week at constant heater potential.
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Permanent changes of E. of the order of 10 to 20 mv may result
from mechanical shocks which cause permanent changes in the tube
geometry. This effect is small compared with other factors in single-
ended Circuit$ but may be important in balanced circuits, as these other
factors tend to cancel out and one tube may go plus and the other go
minus; hence AAE~ may be 20 to 40 mv.

Change in E. with time, even when Eh is constant, is due primarily
to changes in the oxide-coated cathode. This effect is quite serious and
in a period of 7 days may amount to as large a change in E. as would be
produced by a 10 per cent change in Eh.

Drift tests on five pairs of 6SJ7 ‘s, connected in a differential d-c
amplifier circuit operating at about 0.1 ma, constant Eh, and at about
100 volts between plate and cathode, showed an average differential
drift rate of about 7 ~v/min for 40 to 00 hr. Thus, for a period of 50 hr,
differential drift of less than +50 mv should be realized.

Modulator Equating Circuits. —There are three classes of modulator
discriminator circuits. Triodes (or multigrid tubes) depend on curva-
ture of tube characteristics; diodes depend on discontinuity between two
(nearly) linear characteristics; and moving contact vibrators and break-
ers depend on switch action. Each produces, when actuated by a
carrier, an a-c signal that indicates by its phase and amplitude the voltage
difference between the sampling circuit and reference voltage.

Tube modulators have essentially the same limitations of stability
as have d-c amplifiers, as nearly all instability is due to the characteristics
of the oxide-coated cathode.

Three balanced-modulator circuits are shown in Fig. 15”21; two use
double diodes, one a double triode. These circuits have two cathodes
each which tend to balance out E, fluctuations, giving about the same
stability as direct-coupled amplifiers. Figure 1522 shows a typical cir-
cuit using a modulator to obtain a d-c voltage that is an amplified meas-
ure of the voltage Ez — El and may be used to operate a control element.

Mechanical switch modulators used as comparison circuits provide
a much higher order of stability than electronic tubes. U“nder favorable
conditions it is possible to detect a voltage difference of the order of
10-9 volt at 5 ohms impedance level with the General Motors Research
I.aboratory modulator circuit. 1 For regulator applications, because of the
higher impedances involved, accuracies of the order of 1 mv arc usually
realized with switch type modulators.

The Brown Converter vibrator and the Leeds and Northrup vibrator

~W. P. Wills,. “ D-c to A-c Collvcrsion System s,” Elec. .k’ng., 66, 39-40, January
1947; M. D. Liston, C. E. Quinn, W, E. Sargeant and G. G. Scott, “ Contact IIodulated
Amplifier to Replnce Sensitive Suspension Galvanometers, “ Ziiw.sci. 17LSI.,17, 194-196,
May 1946.
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are examples of single-pole two-position switches which may be used in
comparing circuits similar to @lg. 15.221 These units (Fig. 15.2% and b),
are especially desi~ed to obtain a high order of accuracy and stability.

The Brown Converter consists of a vibrating reed which forms the
center contact of a singl~pole two-position switch. The reed is driven

electromagnetically and makes intermittent connection to two contacts

The complete unit is encased in a metal shell to provide mechanical,

A-c output

.& E2

1

(a) Diode modulator

-h-c
output

kc carriei

(b) Diode modulator

A-c+
carrier

(c) Tricde modulator

UI~. 15.21.—Vacuum-tuhe modulators.

electrical, and dust shielding and is
designed to plug into a standard tube

socket. The commercially available
unit has a reed with a resonant

frequency of approximately 90 cycles

and is designed to operate at 50 to 60

cycles, 6.3 volts. The outside con-
tacts are normally shorted together

through the reed for 7 per cent of

the operating cycle, although they

may be adjusted for other types of

operating conditions. Figure 15.22
illustrates normal c ont act shorting.

The unit is insensitive to tempera-

ture and mounting position. Its life

is long when required to break no

Carriw
t 1 4.

-ii--

Vibrator
K contacts

E, E,

I z+ s
A-c Phaaa g

amplifier deteclor o

:

lrlG. 15.22.—Switch-type modulator
comparison circuit.

more than 10 volts, but contact life is materially shortened if operated at
more than 16 to 18 volts.

The limit of the sensitivity of the Brown Converter is determined by
the impedance of the circuit in which it is used. Even with considerable
shielding there is capacitive coupling between the coil and the reed
of the order of 5 pgf; this gives, for instance, 1 mv of “noise” for an
input im~edance of 100,000 ohms.
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Switch-type modulators give the maximum static stability of all
comparing circuit designs; but as with all modulator comparing circuits,
they are limited in dynamic response by the rate at which the informa-
tion is gathered. For the Brown Converter this limit is 60 cycles.
Vibartor modulators have been built to operate at higher carrier
frequencies, but they are still experimental.

Miscellaneous Devices.-Another modulator-l of particlllar interest
because of its ~igh frequency and accuracy is based on the elements of a

,-
—

t

FIQ. 15.23.—V~brator equating devices,

condenser microphone and has been used by RCA and others for equating
and as a linear modulator in computers. Figure 15.24 shows the RCA
unit disassembled, and Fig. 15.25 shows the use of this unit in a modulat-
ing circuit. When d-c potentials are applied to the plates through high
impedances, the change in capacity between the plates and the diaphragm
causes an a-c potential to appear at the plates. The amplitude of the
alternating current is proportional to the d-c potential difference between
the diaphragm and the plate and the amplitude of the diaphragm vibra-
tion, The diaphragm is driven by the “ voice coil,” and the amplitude is
controlled (the amplitude can be constant or controlled and variable)
by a feedback amplifier with one of the plates at fixed or variable potential
as a reference.

In the circuit shown in Fig. 15.25 the diaphragm is designed to be
operated at ground potential. The diaphragm is mechanically resonant

1Ike, for example,S. Rmenfeldand W. M. Hoskins,“ ModifiedZisman Apparatus
for Measuring Contact Potential Difference in Air,” Rev. Sci. Inst.,16,WXM5,
Decerqber 1945; J. A. Williams, “ Crystal Driven Modulator for D-c Amplifiers,”
Electrunirs, 18, 12S-129, December 1945. See also references, Sec. 3.10, p. 44.
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at 2615 cps, and there are four separate pickup probes or plates. The
alternating current induced by the diaphragm vibration is approximately
1 per cent of the d-c potential, and the accuracy is better than 0.1 per
cent.

FIG. 15.24.—Vibrator multiplier, disassembled view.

An equating circuit that is capable of very high precision, particularly
for laboratory use, is shown schematically in Fig. 1526. A sensitive
galvanometers, a lamp, a double photocell, and a difference-taking d-c,
amplifier are connected in such a way that a small current in the coil
causes a mirror to move, changing the photocell balance and giving a
large d-c output voltage. This is sometimes called the “ Roberts gal-
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vanometer” and is discussed more fully in Vol. 20. This principle has
been used in a circuit to regulate the beam current of a cyclotron.’

In applications where the peak value of an a-c signal is compared
with a d-c reference, a diode demodulator (detector) may be used as a
comparing circuit. The loading on the peaks of the output by the diode

Permanent magnet

~?

(OA-co,tPu:

Probes

i DC input

I 1 I

(J
D-c input

FIG. 15.25.—Modulation circuit eulploying vibration multiplier.

R:feren: Samplmg cwcuit
voltage

Utpd

~
FIG. 1526.-Use of galvanometers and photocells in comparison circuit.

detector may generate harmonics in the a-c output; such loading is
minimized by using high-impedance circuits and by providing a low-
impedance a-c source for the detector (see Figs. 15.27 and 16.20).

Summary oj Comparison Circuits.—Some of the features of comparison
circuits described in this section are summarized in Table 15.3.

1Ridenour and Lampson, ‘(ThcrruionicControl of Ionization Gauge,” Reo. t%.
lnsf., 8, No. 5, 162–164,May 1937; G. Asset, “ Photmlcrtric (3 Anmometer Ampli-

fier,” Elecfron;c.s, 18, 12&l 29, Fcbrltary 1945.
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● For 10 per cent chmge in heater voltage, 100 hr. time.
t Thisrefemto symmetriml circuits in which two cathodes are uwd

16.6. Control Elements.—In a degenerative regulator the element
that modifies the input in order to obtain the desired output may be

called the control element. Modification of the input to obtain the

desired output may be realized by attenuation introduced bv a variable
impedance or by a component added or
subtracted from the input by a device
such as a variable autotransformer.

V aria b 1e impedanc~ control ele-
ments may be resistive or reactive.
Vacuum tubes, thyratrons, potentiom-
eters, rheostats, and carbon pile ele-
ments are resistive control elements.
Variable inductors in which impedance
variation is accomplished by n~echanic-
ally changing air gaps or by magnetic

From
control
element

T\

c

*

TOd-c

10flk amplifier

A-c
D-c

:;~ 3M

Tc /

:output

—----L’
FIG. 15 27.-—Diode detector equating

circuit.

saturation are reactive cent rol elements. Variable transformers provide
means for adding to or subtracting from the input.

Vacuum tubes are used in series or shunt to regulate d-c supplies.
Vacuum tubes used as control elements usually have fair linearity and



520 REG([LA7’OR ELEMENTS [sm. 155

very short time constants. Their high input impedance for the con-
trolling voltage results in very high power gain. Their ~vorst feature is
low efficiency, sometimes less than 50 percent.

The choice of a control tube for a specific application is influenced
byanumber of factors. Theallowable plate powerloss,m aximurn plate
current, and minimum voltage for rated plate current are veryimportant
limitations, Less important are heater power loss, allowable heater-
cathode potential, and the desirability of keeping the number of separate
tube types as low as practical in a particular instrument.

FIG. 1528. =AS7-G control tubes,

In general the series control tube should have high transconductance
and high plate dissipation rating and should pass rated plate current at
low plate-cathode potentials. Popular control tubes for direct current
regulators include the 6V6, 6L6, 6B4, 28D7, 26A7, 6Y6, and 6AS7-G.
The 6AS7-G (Fig. 15”28) is an excellent new tube of high current-rating
(200 ma) and low voltage drop developed especially for series control use.
Its low p, 2.1, requires a rather large control voltage range from the ampli-
fier, but this is not serious.

Circuits incorporating shunt control tubes are usually less efficient in
regulator circuits than series control tubes, particularly for high-current
regulators. A shunt regulator using a specially developed tube to
regulate a high-voltage, low-current supply is shown in Fig. 16.54,
Sec. 16.8, and is described in detail in Vol. 22.
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Thyratrons can be used m controlled rectifiers to provide a rcgulatml
supply at higher efficiency than that obtainable with high vacuum tubes,
Thyratron controlled rectifiers usually require extra filtering and shielding
for satisfactory operation.

Saturable reactors* are the basis for simple a-c regulators ~ridely used
to provide reasonably constant voltage from power lines. ~~ommercial
versions are described in Sec. 16,3. The power efficiency of saturable
reactor a-c regulators may be high compared with tube d-c regulators, as
the variable impedance introduces reactive voltage drop instead of
resistive (hence dissipative) drop. Saturable reactors are characterized
by time constants. ranging from milliseconds to seconds, depending on the

i ‘“c L
Control w!nding

FIG, 1529.---Saturahie renctor ~vitlld-c rolltrol

design and the driving impedance. In a typical cwse, a simple :L-C

regulator provides full correction after 2 cycles at 60 cps.
Saturable reactors, being very nonlinear, introduce harmonics into

the output potential that may be undesirable and complicate the design
of a regulator for a specific application.

Figure 15.29 is a sketch of a saturable reactor in which the introduc-
tion of the alternating current into the d-c control winding is minimized
by a balanced construction. In most designs the d-c control ~vinding
has a large number of turns in order to obtain the maximum NI ~vith a
minimum current. The time constant resulting from this high-imped-
ance control winding may be a disadvantage in some applications. It is
minimized by pentode drive.

One simple application of a saturable reactor is in the so-called’
‘‘ swinging choke” for power supplies.

A transformer with an.adjustable slider electromechanicall~ activated
by a solenoid or a servo mot;r can be used as a control element. Motor-
operated regulators in which transformer taps are changed are widely

I

1See Sec. 12.23.
z Regulation of rectifier power supplies can be improved by the use of an input

choke in which impedance decreases with increase in load current. This tends to make
the filter look more like a condenser input filter for higher currents, resulting in an
improvement, in regulation for load changes.
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used in pouwr applications ]rhcrc rough rcglllation l~ith high efficiency
is desired.

A carbon pile variable resistance clement, in Jrhich resistance is an
inverse function of pressure, is used as a control element for directly
regulating high-current low-voltage d-c sl!pplies (see Fig. 15.30). The
carbon pile is actuatccl by a solenoid ]vhich samples the output, a spring
acting as a reference element. Vibration of the mechanism of a carbon
pile regulator and its relatively S1OJVresponse limit the smoothness of
output under practical operation conditions. A variable resistance,
mechanically actuated by a servo motor, a solenoid, or other electro-

Carbonode
●

L#$gulated

Spring mechanical
reference

FIG. 15.30.—Carbon pile voltage regulator.

mechanical devices can be used as a regulator control circuit. Variable
resistance elements have the advantage of controlling alternating current
without wave shape distortion but are not so efficient as elements like
saturable reactors. The primary disadvantage of variable resistance
elements is the slow response due to the mechanical motion required to
actuate the element. These characteristics are particularly troublesome
in high-current units.

In many applications the use of an electromechanically actuated
control element to provide slow control, combined with a vacuum tube
or saturable reactor control element to provide a small amount of rapid
control, may be of advantage. This dual arrangement may be more
efficient and provide much better regulation than any single control
element regulator.
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CHAPTER 16

PRACTICAL REGULATOR DESIGN

BY A. JACOBSENAND J. V. HOLDAM,JR.

16.1. Design Considerations. —Chapter 15 contains detailed informa-
tion on the characteristics of the four major parts of regulators: reference
elements, sampling circuits, comparing circuits, and control elements.
This chapter is a study of the over-all characteristics of regulators, and an
attempt is made to show how these characteristics influence regulator
design.

In general, regulators are required for circuits or systems whose
satisfactory operation depends upon constancy of ~-oltage or current and
that operate under conditions wlmre there are ~ariations in supply
voltage and load. Since regulation is required for specific purposes,
specifications can rewritten precisely. The type of regulator called for is
determined by the input voltage, ~vhether it is alternating or direct
current, how much the input voltage fluctuates, and the required
range and accuracy of output. The actual circuits used in the regulator
are determined by more detailed specifications such as the type of opera-
tion: whetherit is industrial or military; shipborne, airborne, or ground;
mobile or stationary; or laboratory. Even more detailed specifications
include such information as the magnitude of the output voltage and the
per cent regulation required; the upper limit of the output impedance,
usually determined by the range of load (current) variation; the degree
of dynamic stability, determined by the character of the transients
expected and the sensitivity of the circuit following the regulator to such
transients; and the required static stability, usually determined by the
length of time that the equipment must remain stable between adjust-
ments. For the sake of classification, regulator specifications have been
divided into two main groups: a-c regulation and d-c regulation. Each
group is subdivided into several classes of regulators, the distinction
between classes depending primarily upon the power level available
from the regulator and whether the regulating action is simple or degen-
erative. Admittedly, this division is arbitrary; in some cases the classes
overlap, and there are many omissions. It is impossible in the space
available to include circuit diagrams, operating characteristics, and a
theoretical discussion of all common regulator designs. Examples of

523
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most of the various classes of regulators are described, and many circuit
diagrams and operating characteristics are included.

A-c Regulation. -Alternating-current regulation may be divided into
four broad classes: the regulation of power generated by a large central
station with well-stabilized frequency, regulation of a local a-c generator
or inverter, simple regulation at low power levels for specific circuit
applications, and regulation of the output of electronic or mechanical
oscillators. Table 16.1 gives ar&um60f theprincipal characteristics of
these classes of regulators.

Simple regulators, employing magnetic saturation, are extremely use-
ful in regulating a-c power, provided the frequency is constant. Com-
mercial regulators, employing magnetic saturation, are available for a
large range of power levels. Because of its importance as a class, this
type of regulator is discussed in some detail in Sec. 16.3. Electro-
mechanical regulators, to which Sec. 16.4 is devoted, are considerably
more flexible. Motor control of a variable transformer provides a-c
‘regulation for conditions that magnetic saturation regulators cannot
meet. In particular, this method of regulation is relatively insensitive
to fluctuations in frequency and output power factors, two conditions
that must meet stringent requirements for satisfactory operation of
magnet ic saturation regulators.

Nonsaturating resonant circuits to provide constant current have
sometimes been used, particularly for controlling the input to high-power
oscillators. Application of this type of a-c regulation is limited to
central station power sources with carefully controlled frequency, since
the resonant circuit has a high Q and hence is sensitive to frequency
variations. The control of the output of local inverters by means of
varying the field current with a carbon pile variable resistor in a degen-
erative circuit has found considerable application in airborne and other
portable inverters. Field control by carbon pile regulators is not too
satisfactory but has found widespread use owing to the lack of a better
system. These classes of regulators, together with simple regulators and
oscillators employing nonlinear impedances as stabilizing elements, are
discussed in Sec 16”5.

D-c Regutator-s.-Table 16.2 divides d-c regulators into several classes,
the classes being determined primarily by the voltage, current, and power
levels, and gives the general characteristics of each class. Field control
of d-c generators is the usual practical way to provide d-c regulation at
high power levels. Carbon pile control elements in a degenerative
regulator circuit are widely used in controlling the field current in low-
voltage, high-current generators. For the regulation of low voltage at
medium current and power levels, the carbon pile can be used as a series
impedance control element in a degenerative regulator circuit. This



TABI.E 16.1 .—A-c REGULATORS

class
Power level,
volt-amps

I 15–5000

Central station power. \
Up to 50,000

(Up to 50,000

Local inverter. 500-2000

Simple regulator. I Up to ,0

Oscillators. ~ (’p to 5

Method

Magnetic saturation simple rl,Rula-
tor

Motor control of variable trans-
former degenerative regulator

Resonant nonsaturating constant-
current simple regulator

Field control, carbon pile, degen-
erative regulator

;~’l 70 i m:eya’:e Static
,. stability

—t

5 Low Good

<1 ~ I,ow Excellent

Nonlinear impedance 10 i High Fair to

I poor

Nonlinear impedance in degcncra- ~ < 1 ~
I

High ~ Good
tive regulator I

Dynamic
stability

2. – sec
f
2. – sec
f
1.
,7 ‘ec

Good to
poor

lX~to + Sec

Efficiency

90%

50-90y.

9070

75~

Low

Low

CT!
r$



TABLB 16.2.—D-c REGULATORS

Class

Low-voltage, high-cur-
rent.

Low-voltage, medium-
current.

Low-voltage, 10w-cur-
rent.

}fedium-voltage, me-
dium-current. 1

(
High-voltage, loJv-

current . . . . . . . . . . . .

Power level,
watts

IVlethod

—1
500-10,000

20-500

1–20

Field control carbon pile degenera-
tive regulator

Carbon pile series impedance, de-
generative regulator

Nonlinear impedance simple re-
gulator

0-5 Bridge regulator
o-w Nonlinear impedance simple regu-

lator
0-50 Electronic degenerative regulator

l---—
0-5 Electronic degenerative regulator
o-5 Stabilized oscillator, rectifier

dE.., ,
dll,n ‘

5

5

5

1-5
1-5

0.01-1

1
1

output
Impedance

Low,

Medium

High

High
Medium

Low

High
High

Stat ic
stability,

Sec

Fair

Fair

Fair

Fair
Good to

poor
Good to
excellent

Good
Good

Dynamic
stabdit y,

sec.

< 1:00
I–ftoo

< 10’06

—

I;fficiency

5(-90 %

5&75 70

3CM0 %

30–50y.
Low

h.

Low
Low
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type of regulation is discussed in Sec. 164. Low voltage at low current

can often be regulated to the required accuracy by the use of nonlinear

impedances in simple regulator circuits. Nonlinear impedances are

available in a wide range of operating characteristics. They can also

be used in simple regulators for medium voltage at low current. These
classes of regulators together with the regulating bridge circuits are dis-
cussed in Sees. 16.2 and 16S.

To provide very precise regulation in the voltage range of 100 to
500 volts, electronic degenerative regulators are employed. Several
useful circuits are described in Sees. 16.6 and 16.7. Section 16.2 contains
some theoretical considerations of the characteristics of degenerative
regulators that are very useful in designing such circuits. Section 168
includes some regulators designed to operate at high voltage and low
current. Volume 22 of this series includes considerably more information
on high-voltage regulated supplies.

Combination oj Re@ators.-.4lthough the various regulators dis-
cussed in this chapter are complete units, it should not be inferred that
improved performance cannot be achieved by a combination of separate
regulators. Indeed, for many applications, using two or more regulator
circuits in cascade gives greatly increased performance. Regulator cir-
cuits, however, may not be put in cascade indiscriminately. In general,
the use of two or more regulators in series improves the output of simple
regulators; this is so because simple regulators contain only passive
elements and tend to divide the input fluctuations by a definite fraction.
on the other hand, degenerative regulators are characterized by active
elements and are limited by the drift and change in characteristics of the
active elements.

The use of simple regulators in series can improve only the regulation;
the output impedance is either unaffected or made worse as is the dynamic
and static stability For example, t]vo a-c voltage regulators of the
magnetic saturation class \vill give a fractional regulation that is
approximately equal to the product of the regulation fractions of the
individual regulators, The output impedance, ho~vever, is the same as
for one regulator; the static stability is somewhat poorer, whereas the
dynamic stability is somewhat improved; and the efficiency is the product
of the efficiencies of the two individual units.

If regulator circuits are combined in other wzys than by cascading,
improved performance can be gained in degenerative regulators as well.
For instwce, Sec. 16.6 includes the description of a degenerati~e regulator
that employs t~vo comparing circuits and two reference elements. One
of the circuits, wholly electronic, is designed to give the regulator a very
shout response time and hence good dynamic stability. The electronic
reference element, holreverj dots not have adequate static stability, and
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this is provided by a separate comparing circuit utilizing a mechanical
converter. The second, more accurate, comparingc ircuitisusedtoc or-
rect the output of the first and, hence, gives the regulator excellent static
stability.

No general rules can be laid down to follow in combining regulator
c i r c u i ts. Combinations will be
useful wherever input fluctuations
are very large and where the speci-
fications on regulation and static
and dynamic stability are very
severe.

16.2. Prediction of Perform-
ante.-The basic purpose of the
present chapter is to enable the de-
signer to choose the appropriate
elements to meet the desired speci-
fications. This section con t a i ns
theoretical treatments of idealized
circuits so the designer will have a

better understanding of the work-

ings and limitations of the various
circuits.

Since the typical circuits that
are anal yzed are idealized, it is
rarely sufficient to predict perform-

o-T&-t-

o 1 I
F1e. 16.1.—Resonant constant-current

circuit.

0 L L 0

(a) Simplified schematic of voltage regulator
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(b] Characteristics for saturable reactor,

FIG. 16.2.—Simplified circuit and char-
acteristics of reactor for magnetic saturable
reactor a-c voltage regulator.

ante wholly on the basis of calculations; it is usually necessary to use lab-
oratory methods to make the final adjustment of variable parameters and
to check the performance.

Simple A-c h?egulators.-There are a great many applications, both
industrial and laboratory, where regulated a-c voltage or current is
required. One of the simplest regulators, the resonant consta?~t-current

regulator, is shown in Figure 16.1. It is easy to show that the average
load current, ~., is equal to 2Eo/r&, where EO sin at is the input from
a zero-impedance source and OJ= 1/LC. Thus the load current is inde-

pendent of the load rew”stanceunder these conditions.
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Since they have found wide application, constant-voltage units arc
manufactured commercially by many manufacturers (see Sec. 16.3).
Although commercial designs differ, they can all be understood from the
explanation of a simplified circuit.

In Fig. 16.2 Eo is independent of Ei provided LO has a characteristic

of the general form LO = LJ(l + d) andL and a are properly chosen.
If all the components are without resistance, the voltage relations

can be written very compactly using only elementary circuit theory.

E. = E. + ~ (1 – a2L.C)E.; (1)
o

Lo is a saturable reactor whose performance can be characterized by the
empirical relation

L.=~
1 + az’

(2)

where L. is the equivalent inductance, and I is the magnitude of the

current through L.. Thus, L. is a real number. Also,

(3)

I and T,. ran lx> eliminat cd from lkls. (1), (2), and (3), giving

[ 1
E,LI = – :8: (1 – dLC) + E. L(l – U2L,C) +L, + E,: (4)

But LC = I/u’, SO (5)
E = E,uL,

o
Lu + aE;

(6)

If Lu << aEi, Eq. (6) becomes (7)

(8)

and E. is independent of E,.
This is only approximate, for the assumptions regarding the behavior

of L. are somewhat drastic. It is also noted that the above derivation has
neglected the load current. The approximation improves as E~ increases.

.4s will be seen later (Sec. 163), balancing terms may be int reduced to

give more nearly perfect regulation by suitable simple connections.

This regulator has esscntiidly the same stability characteristics as the

constant-current regulator. Dynamic response is approximately 2/j see,

and static stability is Iimitcd by the stability of the circuit elements.

Simple D-c liegulators.-Circuits for regulating direct current ~vith
wholly passive elements (simple regulator) usually consists of linear and
aonlinear impedances combined to provide reasonably constant output.
l)etailed characteristics of the most popular nonlinear impedance are
given in Sec. 1.5.2 (Reference Elements),
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Most nonlincm impmlanrcs, of whic]l a glow tlllm is a goo,l exnmlk,
are connected as shown in Fig. 16.3 to form simple regulators. ‘1’hc

regulation and internal impedance are calculable from the values of the
linear elements and the data on nonlinear elements contained in Sec. 15.2.
For example, in the circuit shown in Fig. 16.3, if the glow tube is a
VR-105, the average dynamic impedance is 40 ohms. ‘l’able 15.1 lists
a VR-105 as having a 0.7 per cent increase in EUover the useful current
range of 10 to 30 ma. Hence

0.007 x 105
ih=~= —--—.=&

0.030 – 0.010
= 40 ohms, (9)

and

100 A&,,
100 x ~~R,

40
per cent regulation = ~- =

40RL
—— 100 (lo)

.
R,+—

‘Z R, +40

40 + R~.

if R L is large compared with 40 ohms.
Such calculations are only approximate because the value of R. is

an average value. If dEo/dZo is measured as a function of I., it is not

In
supply

EO Series
RI

IL

Effective
R {Ig “

glow tube
resistance

Load

EG R~

●

40 -

20-

0 -
2
5-.20

*“-40 -

-60 -

FIQ. 16,3.—Slmple gfow tube regu- FZG.164.-Internal impedance of VR-105 vs.
later. current.

constant; in fact it fluctuates rather violently. A typical example is
shown in Fig, 164.

For constant average current ~. the impedance is not independent
of the freq~enc~ of fluctuations of IG. The reactive component
depends on ~~ in an erratic fashion that does not lend itself to
critical analysis. Figure 16.5 shows typical R~ vs. frequency curves for
VR-105’S.

No analysis is made of circuits employing other nonlinear imped-
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antes. Because of their temperature instability other nonlinear imped-
ances have not found so wide applications as glow tubes.

Perhaps the most widely used simple d-c regulator is a condenser.
It is a common practice for designers to place condensers across voltage
buses whose stability is impaired by load transients. Capacity across a

7C0r

Frequencycyclespersecond
IIG. lG5.-Ir,tcrnzd impcdanre nf Vlt-105’s v,. frcquel>(s

source is particularly effective if the source impedance is large. Figure
166 is a schematic of such an arrangement, where R is the source imped-
ance, RL is the load impedance, and C is the filter, or regulating, capaci-
tance. Such a regulator has an internal impedance of R/v’u’R2C’ + 1.
The d-c regulation dE/dE, is obviously RL/(R + R’); whereas the
regulation for fluctuations is

where

(11)

(12)

Electronic Degenerative Iiegulators.—ii simple form of degenerative
regulator is the d-c cathode follower (Fig. 16.7). From the definition

4
Unregulated

Input

m

———

R Reference

Eo=Ee+Et w! d voltage
E

C R,. To load

FIG. 16.6.—Regu- FI~. 16,7.—Cathode-io1-
lation with capacitor lower degenerative regu-
shunting load, later.

of ~ and g~ it is apparent that the per cent regulation is l/~ X 100 and
the internal impedance is 1/gn. If a pentode is used, the regulation is
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very good, since the plate current is essentially independent of the plate
voltage. Pentodes are often difficult to use, however, since they require
stabilized screen voltages in order to obtain the pentode benefits.

The transconductance bridge (Fig. 168) has excellent regulation bllt
very high internal impedance. Balance is achieved when

RI + Rz.
‘m = R,R,

(13)

The bridge may be unbalanced to give either negative or positive regula-
tion.

Rj
+ +

B

Input E Output E
R,

---

R2
Glow

● tube
= *

FIG. 168,-Transconductance bridge.

+ +-m-Input = output

R2 RJ

Glow
tube ●

---
7

t?,

FIG. 16.9.—Degenerative bridge regulator.

The amplification bridge (Fig. 16.9) is similar to the transconductance
bridge in that regulation is good but output impedance is high. The

EB Input

(it-t
lo

R9 Control
element

%2 ~--- ‘-- P2 ~
VP2 2

Comparison
c?;

E.
and amplifier RI output

- T:

{

VI PI ---

VP1

RI and R2- S:;:plJg

E~-Voltagereference

FIG. 16. 10.—Degenerative d-c regulator.

condition for balance is approxi-
mately

~=R,+Rz
R, ‘

(14)

provided RI is small enough so
that Rli, < R1/(Rl + Rz)Ei..

The most popular form of elec-
tronic degenerative regulator is
shown in Fig. 16.10. The follow-
ing analysis neglects the effect of
the internal impedance of the ref-
erence element.

Connecting R~ to E, has been
found desirable, as the amplifier
VI then operates in a more linear

manner and the gain is somewhat higher than if Ra were connected to E..
Using current from the regulated output, as in Fig. 16.10, to keep the glow
tube operating is best practice but requires more control tube capacity.
To find regulation, let
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.v=~ ~lRSG, = —, Tp,
K=—. (15)

R, + R;’ r., + R, TV, + RS

Regulation = ~-~ =
~zK + 1

(16)
1 + M(I + G,N) + ‘;::

If G,N>> 1, y, > 1,
E.
~ > r,,, (17)

.
then

regulation = ~ ~ ‘~–+~.
dE. ~zG1.V

(18)

The output impedance (sometimm called source impedance) is given

by

rP2 (19)r = ~-+ ‘~–+-~~~j’

If G,N>> 1, ,u > 1, then
1

r = ~m7GTN”
(20)

If the regulator is fed through a source impedance R. (rectifier, filter, etc. )
and has regulating factor R against changes in
r-l= RR, + r.

If the preceding approximations are considered,

T, = (P2K + l)& + rp,
p2GlN

In predicting the estimated performance of a

input voltage, then

(21)

regulator more pre-
cisely ~han by ~he preceding analysis, an experime~tal check on ‘the
behavior of the supply source E. with lo should be made for the line
and load variations. From the tube characteristics for the control tube
or tubes, the grid-cathode voltage excursion for the plate voltage and
current can be determined.

The next step is to determine the gain necessary to provide the
required control tube grid-cathode voltage variation for the allowable
difference between regulator output and voltage reference. The com-
paring circuit and amplifier may then be designed with due regard to
d-c levels and linear operation of the amplifier tubes.

Stability Considerations.-In addition to correct d-c conditions degen-
erative regulators require dynamic stability for satisfactory operation.
Dynamic instability appeam as oscillation of the feedback loop if the gain
is more than unity when the phase shift is 180°. A lesser degree of
instability may still cause excessive response to transients. The output
impedance of the degenerative regulator also becomes high when the gain
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goes dot~n and the phase shil’w ill a direc(ion to make the loop less stable,

In general, a wide bandwidth of the amplifier improves the dynamic

stability, provided phase shift remains small over the pass band, Chap-
ters 9 to 11 deal with the necessary stability theory.

Thelong-t,ime stability of regulators is primarily determined by the

effects of aging on the reference element and comparing circuit. This
subject is discussed in Sec. 15.2 (Reference Elements) and Sec. 154

(Comparing Circuits).

Source

Me.chanlcal I
connection I

output

+-

dSamplmg
ctrcwt

bReference
element

connection I

!Q

Sampling
clrcud

r+==
dReference

element

[a) Motor act.ated control element (b) Carbon pile control element

FIG, 16.11,—Mechanical degenerative regulators.

lWechanical Degenerative Regulators. —This class of degenerative regu-

lator is considered separately because mechanically actuated control

elements may differ in many important characteristics from electronic
control elements. As indicated in Tables 16.1 and 162 motor-driven
control elements for alternating current and carbon pile control elements
for direct current are about the only satisfactory mechanisms for high-
power regulation. Carbon pile control elements are used for direct
variable attenuation of the power source voltage or for variable attenua-
tion of field currenti n agenerator.

Figure 16.11 shows block diagrams of the two principal types of
mechanical degenerative regulators. The quality of the static regulation
of the circuit of Fig. 16’lla is determined by the change in output
voltage required to cause the motor to operate. As an example, let the
output E. be 100 volts, the voltage reference be a l-volt standard cell,
andaswitch modulator beused for the comparison circuit,

If the amplifier gain is 10,000 and 30 volts output is required to break
the starting friction of the servo motor, then with the loss in gain of
100 in the sampling circuit the Al?o necessary to make corrections is
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Ah’. =
sampling circuit 10ss X volts to operate motor

amplifier gain
100 X30=030——
-10,000 “

volts. (22)

This is +0.3 per cent, if the output is 100 volts. To realize a deaci
space of 0.1 per cent would thus require three times this gain. The
gain of the amplifier could be increased, the loss in the sampling circuit

could be reduced (by using a higher reference voltage), and/or a more

sensitive motor circuit could be used to achieve a higher static accuracy.

The static stability limitations of reference voltage and equating circuit

&In Taps out

for

115-120-125

Saturable
reactor xInput output

s~gtu:e

(a) (b) (c)
GE circuit Raytheon circuit Sola circuit

FIG. 16.12,—Commercial ronstant-voltage transformers.

are the same as for purely electronic regulators. Dynamically these

regulators, like all electromechanical servos, have a time lag dependent

on the motor and mechanism and may be dynamically stabilized by the

usual phase-advance networks or tachometers. (C’~. Chaps. 9 to 11).
16.3. Regulation Using Magnetic Saturation Constant-voltage Trans-

formers.-i% explained in the preceding section voltage regulators can be

built that depend on the saturation of a magnetic material to produce the

necessary nonlinear impedance. Figure 16.12 shows schematics of three
commercial versions of constant-voltage transformers. 1 Although the
circuits are different in detail, they all operate on essentially the same

principle. There are two respects in which these circuits differ from that

Fig. 16.2 (Sec. 16.2): The output is taken from only part of Lo, and the

output E. is the difference between the voltage from Lo and the voltage

across L.

Since in Fig. 16.2, E. = wLJa, L, must be fairly small to keep E.
to the proper value, and consequently C must be large (L1 > L). If the

1There are many possible combinations of reactore, transformers, and capacitors
that achieve the desired simple regulator effects. For other see K. J. Way, ‘‘ Voltage
Regulators Using Magnetic Saturation,” Electroaica, July 1937;also F. Terman, Zi2zaio
Engineers’ Handbook, McGraw-Hill, New York, p. 615.
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output is taken from a part of Lo then Eo = K(uL1/a), and LO can be

made correspondingly larger.

As shown in Eqs. (6) to (8), the system does not give perfect

regulation for practical values of a. However, a perfectly flat (or even

a drooping) Eo vs. Ej. characteristic can be obtained by connecting the

output of Lo in opposition to a small secondary winding on L. This also
allows a larger LO, since the output voltage is reduced still further. By

giving the secondary of L the proper turns ratio the bucking voltage just

cancels the Eu term of the voltage taken from LO.

For many applications the use of these regulators provides the most

economical and convenient way of realizing satisfactory operation of

electronic instruments. However, the output waveform is necessarily

distorted by core saturation, and
119.

this may be serious in the opera-
117 -

Established stab Illzatlon Im ~si +J& tion of some instruments.g ——--
Probably the most serious dls-~ 115 / / — — — — — —

—.--- --- __ —- --
~113 -7. :i% advantage of these simple regula-

0 tors is the large error caused by

111 frequency change. This is due to

109 the use of resonance to achieve

95 105 115 125 135 regulation. The percentage
Input, volts (EJI cps)

FIG. 16.13,—Output voltage vs. input
change in output potential is ap-

voltage for 500-volt-arnPere “nit at rated proximately proportional to the
unity power factor load. Data subject to
) per cent manufacturers’ tolerance.

percentage change of frequency.
This is satisfactory for large inter-

connected power systems where frequency is within + ~ of a cycle, but the

error may be very serious for small isolated power systems such as are used

in ships and some industrial plants and small communities. For aircraft

power systems the errors due to frequency change would be prohibitively

large.

A test was run on two Sola 120-watt regulators in series to determine

if cascade operation would be of value. For a line voltage change of

100 to 125 volts with a 40-watt load on the second regulator, the first

regulator output changed approximately 1 volt while the second regulator

output changed less than 0.1 volt. The 40-watt load was removed, and

the output increased by 0.1 volt. The wave shape from the second
regulator was somewhat more distorted than the output of the first, but

not by more than a few per cent. This cascade arrangement would not
be any better for changes in frequency than one regulator.

The following information relates to a General Electric Company
regulator but is typical of the performance of all commercial units. ]

The rated output voltage, when operating at rated load and rated

1Data taken from GE Bull. GEA-3634A.
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(unity) power factor, varies less than fl percent. Figure 1613shows

the relation between input voltage and output voltage at rated load

and unity power factor for a typical 500-volt-ampere stabilizer. The

actual variation of the output volt-

age from the rated value is consid-

erably less than +-1 percent.
The variation in output volt-

age resulting from change in load

with unity power factor, from no

load to full load, with the input

voltage constant, is less than + 1

per cent. For simultaneous vari-

ations of input voltage and load

conditions, within the previously

described limits, the output-volt-

age variations are less than ~ 2

per cent. Figure 16.14 shows the
relation between input voltage

and output voltage for various

loads at unity power factor.

117
A 4-: .—/ __~. -— _.

115—B —1-- “
c ~ +--- k.~ 2 ““ 2

113
D / ‘
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E /‘“
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:109 / v

Percentof ratedOUIPUI
i
0107 / A 50%

Open ctrcud

/’
: 11070

105 D Ica 70

/
E 125 %

103 -F
F 154$%

101
W 95 100 105 110 115 120 125 130

Input volts

FIG. 16.14.—Typical regulation curves for
various unity power factor loads for a
standard 500-volt-ampere voltage stabilizer.

The outpu~-voltage relations to load power factor and
shown in Figs. 16.15 and 16.16 respectively. Note that
factors lower than unity decrease the output-voltage

to load are
load power
level. This

117

115

113

g 111
50% load

\ .
> 75% load

~ 109 -
\ I

~ 107
.100% load

105

103 -

101-
1.0 0.9 0.8 0.7 0.6 0.5 0.4

Load power factor

FIG. 16.15.—Output voltage vs. power factor at various loads for a standard voltage
stabilizer.

decrease is considerably less for WI per cent load than for 100 per cent

load. The lowered output-voltage level, however, remains practically

constant with change in line voltage for any given load or load power-

factor condition.
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A (JIMngc of I per cent in tho frcq~lcncy of the inpllt v(Jt:ig[’ (;II IM+ :L

1+ per cent change in the output voltage, the voltage change being in the
same direction as the frequency change. This is a very important
characteristic and a serious limitation in many cases.

115

113

$111

%- 109
~

~ 107

105

103

w 75 100
Percentage of full load Input, volts

FIG. 1616.-Output voltage VU. per- N1@. 16,17.—Harmonic content of standard
centage of full load at various load power voltage stabilizer.
factors for a standard 500-volt-ampere volt-
age stabilizer. Input, 115 volts; nominal
output, 115 vOltO.

Figure 16.17 shows the harmonic content of the output voltage for
115 volts input, full load. Special stabilizers incorporating a harmonic
filter are available for applications that require low-harmonic content,

10 I

$8
kE6
:. - - I I I

Rated output current
~4

22

0
95 115 130

Input, volts

FIG. 16.lS.—Input and output current under sho”~circuit conditions as a function of input
voltage for a standard 500-volt-ampere voltage stabilizer.

An inherent characteristic which makes saturable reactor regulators

very useful is the limited short-circuit current. At 130 volts input the

current is limited to approximately 200 per cent of the rated output

current. This characteristic protects both the unit itself and the load

from excessive damage due to a short-circuit condition. This character-
istic is very useful for applications that require large starting current
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such as motors. Figure 1618sho\vsb othinput andoutput current fora
500-volt-ampere unit under rated and short-circuit conditions.

Table 16.3 is a summary of characteristics of a number of available
units. Many other models are made for other voltages, frequencies, and
incorporating output filters for special applications. The simplicity
of construction of atypical model is indicated by Fig. 16.19, showing the
interior of a Ratheon VR-4 250-volt-ampere unit.

Degenerative Voltage 12egulation.—Simple a-c regulators, discussed in
the first part of this section, are very frequency sensitive because the

——_L-.-~!---!

FIG. 16.19.—Interiorof Raytheon VR-4 250-volt-ampere regulator.

regulating action is closely allied to a resonance phenomenon. How-
ever, magnetic saturation may be satisfactorily used to control an a-c
voltage over a frequency range of one octave when employed in an
electronic-degenerative circuit. Figure 16.20 shows such a circuit. This
regulator was developed to regulate accurately a few watts of power for
an airborne computer.

The output of thki regulator is compared with a d-c signal derived
from the 250-volt regulated bus. The output is maintained at 115 volts
within 0.1 per cent for an input of 115 volts + 10 per cent and for a
frequency range of 380 to 450 cycles. The output wave shape is very
good, with less than 0.1 per cent second harmonic and less than 0.2 per
cent third harmonic when operated from an ordinary aircraft inverter.
The output changes by less than 0.1 per cent for a 20 per cent change in
output load impedance. Since the time constant for making corrections
is of the order of ~ sec., subharrnonics of the input frequent y are not
removed either by the filter or by the regulator control action. This is a
practical difficulty of some importance, since appreciable ammmts of
subharmonic are present in aircraft a-c systems.
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In operation this degenerative a-c regulator depends on the use of a
saturable reactor as the variable attenuator. The input transformer
raises the input voltage; the saturable reactor provides variable attenua-

‘CABLE 163.-DATA ON TYPICAL STOCK VOLTAGESTABILIZERS,60-CYCLE, SINGLE-
PHASE, 9.%130 VOLTS INPUT

Manufacturer

General lHectric Co . . . . . . . . . . . . . . .

Raytheon Manufacturing Co

Sola Flectric Co

tput E, volts

115
15, 120, 125
15, 120, 125
15, 120, 125
15, 120, 125
15, 120, 125
15, 120, 125
15, 120, 125
15, 120, 125

6.30r 7.5
115
115
115
115
115
115
115

6.0
115.0

6.3
115.0

6.3
1150
115.0
1150
115.0

6.0
6.3

115.0
115.0
115.0
115.0

Volt-amperes

50
100
250
500
750

1000
2000
3000
5CK)0

30
30
60

120
250
500

1000
2000

15
15
17
15
15
15
30
60

120
2.5
50

250
500

1000
2000

Weight, lb

16

18

40

68

100

118
210
310
500

8
8

18
26
46
70

140
200

4
4
4+
4;
2
2

11
12
15
10
12
28
40

115
175

tion determined by the direct current from thr control amplifier; and
the filter reduces the harmonics of the input ~vave and those introduced
by the saturable reactor to very smtill percentages. A degenerative
feedback loop is provided by a sampling diode cfrtector, differential com-
parison amplifier. and control amplifier to !wwp the output very C1OSC
to the desired val{i,
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Theloop isstabilized and fWeredby Cland C’z. Theuseof anegative
feedback loop around the amplifier provided by Cl is of advantage in
realizing good dynamic stability. It was found that Cz aided in minimiz-
ing harmonics generated by the saturable reactor. The M-derived filter
using chokes with large air gaps is an important feature in realizing very
low harmonic content in the output waveform. The high-impedance
diode detector is a factor in minimizing the harmcnics and in realizing
stable operation.

—
115V

3SC!-450

— .
6C4 6J6 ; 6AL5

Control amplifler Deferential comparing Diode
ampiit!er detectw

FIG. 16.20.—Degenerative a-c regulator using magnetic saturation.

1
+250

15k

lCOk

.

The most serious effect of temperature on the operation of this circuit
is in the increase of leakage current in the diode detection circuit. The
leakage resistance of many good quality condensers of 0.1 to 0.01 pf
may change by 25 megohms when the temperature is increased from
25° to 80°C. This is a very serious problem, as the diode detector circuit
impedance must be made high, so a variation of 25 megohms will cause
an error of about 0.4 per cent in this circuit, which has an impedance of
about 100,000 ohms. Heater cathode leakage resistance in the diode is
an important matter in some instances as well as leakage resistance of
wiring, terminal boards, and sockets.

The order of stability required calls for the use of wire-wound resistors
for the sampling and level setting circuits and a balanced comparison
circuit.

16.4, Electromechanical Regulators. —An electromechanical degenera-
tive regulator is a regulator in which the control element is mechanically
actuated, for example, by a servomechanism. Mechanically actuated
control elements may be variable resistances (rheostats, potentiom-
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eters, and carbon pile elements are good examples) or variable ti;ans-
formers in which a slider picks off the desired voltage or in which the
coupling between input and output is varied. The degenerative electro-
mechanical regulator requires the usual reference element, sampling, and
comparing circuits in addition to the electromechanical servomechanism
that provides the amplification and mechanical drive for the control
element.

Alternating-current reg~llators using ~-:~riabletransformers for control
elements have high efficiency and very large power-htindling capacity.

IA
125V ~

Power
_______ z0

transformer
.— 4 c

~~ TI O,:\

~1
..

I 1 RM4J-+1”

,S- 1 1 , J 1 1 1(
-i

(A) Minneapolis-HoneYwell motor and gear box td623AY3Xl 60 cycle 162 rpm ~,ith 2k
pot, 2+ induction motor.

FIG, 1621. -I3rown Instnuneut, Co. se]vo-opeuated mgulmto.

In d-c regulators the efficiency is 1ov-, as control is accomplished by
variable series dissipation; ho~i-ever, the power capacity may bc large.
Both high efficiency and large po}ver capacity are realized in the case of a
generator with the output regulated hy field control.

Electromechanical regulators employing motor-operatwl tout rf)l d(,-
ments usually exhibit discontinuit,ies in their outpllt-inpllt f~l~ar:~t,tt,risti{,s.
Such discontinuities arise from the “dead space” of the motor-control
system. The dead space, in terms of volts, is the potential di{feren{,e at
the comparing circuit required to start the motor. In practical circuits
the dead space cannot be eliminated , since reduction to zero rcq~lirrs
infinite gain. As a result of the existence of the dead space the output
characteristic is best defined by the change in output voltage required to
make the motor operate.

LSer~o-op~~at(’dRcq~{la(or.—Figlll(, I(i’? ~ sho}vs a s(’1’v(J-(Jl]cl’:Lt(~tlcon-
t rol-element de~enwut ivc regu]at or. T]lis cmmple is a prwision ~olt:~g(~
folloiv-up po<,t ion wrvo modified t(I fllncti(,n w a volt :IKCrrglllator.
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‘lh uui~ is nla(le up of a Bro!wl [ustmmcub amplifier and Minuc~pulis-

llcmeywell motor and gear box. The gear box has been modified by the
addition of a dial.

The basic parts characteristic of degenerative regulators are easily
recognizable: a series resistance control element, a resistance sampling
circuit, a Brown Converter vibrator comparing circuit, a dry battery
reference element, and an a-c amplifier. The two parallel-connected

7N7 dual-triode tubes provide a power phase-detector whose output is
applied to one phase of a two-phase induction motor which drives the
control element through a gear box, The 50- to 60-cycle carrier is
applied to the vibrator, the phase detector, and one phase of the motor to
synchronize the operation of the circuits,

The vibrator compares the reference and sampling circuit voltages
and produces alternating voltage ~vhose phase and amplitude is a measure
of error. The input transformer supplies gain by efficient impedance
matching. ‘l’he three-stage a-c amplifier provides high gain, and the
gain control allows adjustment for optimum dynamic performance. The
sampling circuit contains only low-temperature-coefficient precision
wire-wound resistors.

The unit is built to operate on 50 to 60 cycles, 110 volts. Similar
equipment is available for operation on 25 to 40 and 350 to 480 cycles
110 or 220 volts and 22 to 28 volts direct current. The control of a d-c
source is accomplished by a series resistance element, a 2-k potentiometer,
and requires a minimum current through the potentiometer to obtain the
necessary voltage drop. The maximum allowable current is limited by
the potentiometer construction to approximately 30 ma. The dead
space for this circuit is of the order of + 50 pv, and with a 4&volt battery
the accuracy obtainable would be of the or’der of 0.001 per cent. How-
ever, pickup in the sampling circuit and dynamic instability of the servo
loop limit the useful amplifier gain and reduce the accuracy to about
0.01 per cent. .ks the battery reference may be in error by 0.05 per cent
due to small temperature changes and aging, the static stability is about
0.05 per cent. The resistance sampling circuit requires very high quality
components to make the sampling errors smaller than the reference
element errors.

The rate at which correction can be made is primarily determined by
the motor and gear mechanism. At full speed the potentiometer turns
at 162 rpm requiring about ~ sec to obtain correction equivalent to full
variation of the potentiometer. This regulator may be used to provide
long-time stability to a smoothed and partially regulated source, the
voltage drop across the potentiometer being made just adequate to pro-
vide the required correction range so that the roughness due to wire volt-
age difference is small compared with the desired voltage accuracy.
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FIC. 16.22.—Wiring diagram for Leland aircraft inverter.



SEC. 16.4] ELECTROMECHANICAL REGULATORS 545

Many servomechanisms of Part II can be used in conjunction with
suitable sampling, comparison, and control circuits to make an electro-
mechanical regulator. This particular example can be used with an
a.c sampling detector and possibly other control elements to regulate
alternating current .’ The substitution of a standard cell as a reference
element in place of the dry battery improves the static stability and makes
better use of the accuracy of the mechanical vibrator comparing circuit.

2;3C-)V
Carbonpile control Alternator A-c

4A
output

.. .

O--J
Spring

-(7“5!.!!
Field Stator

— T]—

~lenoid

I
Transformer

to provide

stabilization

Voltage
adpdstment

Copper oxide
sampling circuil

rectifiers

FIG. 16.23,—Simplified circuit of alternator with carbon pile regulator.

Carbon Pile Inverter Rcyulator.—In many applications of electronic
instruments the prime power source is direct current, and a rotary
inverter provides an economical means of obtaining a-c power. Field
control provides a satisfactory wa,y of regulating the output alternating,
current. Since the field current is large for reasonable size inverters,
electronic control is impractical and carbon pile control elements have
found general acceptance. The example given here is the field control
of an aircraft inverter by a carbon pile degenerative regulator. 1 How-
ever, carbon pile regulators are used extensively to control the field
current of d-c generators and as variable series resistors in low-power,
low-voltage regulators. By proper arrangement of the sampling circuit
either current or voltage can be regulated.

The performance specifications for the inverter shown in Figs. 16.22
and 16.23 are: input, 25 to 28 volts direct current; output, 115 volts
alternating current, t 2 per cent, Oto 13 amp: nominal frequency, 400 cps.
The unit shown in Fig, 16,22 is made by Leland Electric Company,

I Inverters are discussed in detail in Vol. 17, Sec. 128,
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Similar units are made by General Electric Company (P.E. 218 D),
Russell Electric Company (P. E. 218 E), and others.

The wiring diagram is complicated by several relays and terminal
boards but may be described simply in the following manner (refer to
Fig. 16.23): Mounted on the same shaft are a compound wound d-c
motor (not shown) and an alternator. The field for the alternator is
excited from the d-c bus through a carbon pile resistance control element.
The output of the alternator is sampled by a resistance voltage adjust-
ment and a copper oxide bridge rectifier providing current to operate the
solenoid of the carbon pile control element. A spring associated with
the solenoid provides a mechanical reference. With proper connections,

the loop is degenerative. Z’1 is used to provide derivative negative
feedback around the solenoid and carbon pile element to obtain optimum

dynamic performance of this electromechanical device.

One of the most troublesome features of a carbon pile regulator is the
change in characteristics of the carbon pile with temperature, time, and
use. This affects the dynamic and static stability and necessitates fre-
quent checking and adjustment of the regulator. Chapter 12, Vol. 17,
contains a complete discussion of the critical adjustment procedure
employed with this type regulator.

The carbon pile is separately mounted on shock mounts, because
vibration modulates the resistance at the vibration frequency. High-
frequency vibration is not serious, since the output of this type of inverter

has a poor wave shape anyway and a few per cent increase in harmonic

content makes little difference. However, low-frequency vibration may

be serious.

16.5. Regulated A-c Oscillators. —There are many circuit applica-
tions that require voltage-regulated a-c power at a frequency not readily
available. Electronic computers of all sorts are an important class of
circuits requiring such supplies. If the carrier frequency is low or
intermediate, it can usually be generated most efficiently by a Wien
bridge oscillator. Some electronic computers require more accurately
stabilized frequency and less accurately stabilized output. For these
applications Wien bridge circuits are generally impractical. Crystal or
tuning fork circuits are the most efficient when high-precision frequency
control is required.

constant-voltage Wien Bridge Oscillators.—The circuit shown in Fig.
16.24 was designed at Bell Telephone Laboratories with the participa-
tion of Radiation Laboratory engineers for use with an airborne computer
requiring accurately regulated voltage insensitive to element aging and
temperature. The output of this circuit is 120 volts, 350 cps, working
into a 4000-ohm load. For a period of one week, for a temperature
range of – 50° to 70”C, and for a 10-per cent change in load current, the
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amplitudu shifts l~y 1(’ss than 1 prr cwlt. ‘1’hc dynamic response has :1
time constant of ~ sec. The frequency, depending on RI, Rz, Cl, and
C,, is constant to approximately 1 per cent. Harmonic content is less
than 0.1 per cent when a WEIC Thermistor is used; other Thermistors
may introduce distortion.

The tuned output transformer provides an efficient coupling network
between the output amplifier and the load. A balanced center tap on the
output transformer ensures two symmetrical signals of opposite sign
for the Inirlgr. The gain of the rwtwork fit this frequency is controlled
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FICJ,16.24.—Precision 350-cPs oscillator.

by two Thermistors in an arm of the bridge. As the frequency is nearly

independent of the Thermistor characteristics, and since the frequency-

setting elements are not sensitive to power input, the amplitude con-

trolling is done by the Thermistors alone. The Thermistors decrease

resistance as the power applied increases; this reduces the bridge gain,

and a stable amplitude condition is established when the loop gain is

unity.

Constant-frequency Feedback Oscillators. —Figure 16.25 is a circuit
diagram of a 120-cps oscillator with frequency stability better than
0.005 per cent for a temperature range of – 50” to +70°C and for a
period of one year. 1 The circuit was designed to provide an accurate
time base for an airborne computer. Vibration as encountered in air-
craft has no effect on the frequency stability for either a short time, cycle
to cycle, or long time, over a period of minutes.

I This oscillator was designed by American Time Products Corp., New York.
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This tuning fork was a compromise dcsignin which weight anclspace
were important and accuracy required was not nearly so high as it is
possible to attain. Tuningfork scanbeobtaine dinafrcquenc yrangeof
240 to 1000 cps, temperature compensated to 1 part ina million over a
temperature range of 15° to 75°C.

The oscillatorismadeup of atwo-stage resistance-coupled amplifier
and two feedback loops. The tuning-fork unit provides the positive
feedback andmechallically resonant frequency-detcrminirlg circuit. The
amplitude stabilizing negative feedback loop is made up of a Varistorl

4%
~ u 5.lk

i

50k
Amplttude

adjustment ~
Tuning fork with
drwing CO]I and
pickup colt

part #E-120

?Wo
120Cps

15k

+ 400V
8 ma

~

10Ok

FKIJ.16.25.—Constant-frequency oscillator using tuning fork,

and a resistance in the cathode of VI. The tuning-fork assembly, E-120,
consists of a bimetallic temperature-compensated tuning fork, a drive
coil, and a pickup coil, all of which are enclosed in a pressurized, her-
metically sealed metal container.

The negative feedback loop is adjusted by f?, to provide an output of
7,5 volts rms, +5 per cent, and because of the nonlinearity of the
Vrmistor element theoutput isessentially constant. The Varistor distorts
the output slightly, but this distortion was desirable in the original
application of this circuit, as it provided better control of the thyratron
inverter tubes that followed.

16.6. Precision D-c Voltage Supplies.-Many electronic instruments
require voltage supplies that are stable for a considerable time to better
than one part in a thousand and recover from load transients with
a time constant of the order of ~~~ sec. The circuits given in this

1Varistor is the Western Electric trade name for a nonlinear resistance material
made ofsilicon carbide. Similar material iscalled Thyrite by General Electric.
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section all contain elements that are rugged enough to stand commercial
or military use. For laboratory purposes, voltage supplies need not be
so rugged. Section 16.7 contains
many circuits that have found
wide application in laboratory use.

Figures 16.26 to 16.28 are cir-
cuit diagrams of the conventional
types of regulated d-c voltage sup-
plies. The component values are
marked on the diagrams, and the
average performance character-
istics are given in Table 16.4.

A Precision Voltage Supply.—
The following precision voltage
supply is rated 105 ma at +2OO
volts and 105 ma at —200 volts
with less than 0.1 per cent vari-
ation in either voltage for a 10 per
cent change in line voltage, a 30
per cent change in load, and under
conditions of vibration, shock, and

ER+400 ~20 %

lM

--- 6Y6 or 6B4G

. EO,----

,;+:

r: :
VR105

-&
FIG. 16.26.—Cascode regulator.

temperature encountered on combat ships. l’igure 16.29 is the

of the chassis.

L---A0r6B4G
$
(

0.1 -- ---
6SL7 \-

470k

top view

.+

FIG. 16.27.—Balanced comparison circuit.

A vibration test 1 was run on a model of this supply with amplitude

0.36 in. The d-c output deviation was under 0.1 per cent except at

1RL Report No. 1217. Vibration tests of “ No. 97 Precision Voltage Supply.”
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-!
Fm. 16.28.—Balanced comparison circuit.

FIG. 1629.-Precieirmv oltagee upply,
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] 7 cycles, at which frequency the chassis resonated violently and the
error was 1 per cent. The a-c ripple was 25 to 60 mv, being a maximum
at the resonance of the chassis.

Figure 16.30 is a block diagram of the – 200-volt supply showing the
two loops that together achieve the desired performance. Loop a is a
conventional regulator using a YR-tube reference. With the phase
detector short-circuited, this loop is adjusted to give approximately
– 200 volts. With loop b in operation and the phase detector operating,
the sampling circuit b is adjusted to give precisely – 200 volts output.

El”‘–Rectlfler Control output
and
filter

tube

J

Loop a
LOOP b

!

Ampllfier
a b

and & Phase — Sampllng

comparison detector circuit
+

I

VR AC
Brown

. — Converter
Standard

reference amplifier
cell

vibrator reference

t

Carrier
b

FIG. 16.30.—Block diagram of d-c regulator with standard cell reference.

Any deviation in the output as seen at the contacts of the vibrator pro-
duces an a-c signal representing the error in magnitude and phase.
This signal is amplified and detected by the phase detector and corrects
loop a. A 60-cycle carrier is applied to the vibrator and to the phase
detector to produce the desired switching action. Loop b has a band-
width of about 5 to 10 cycles owing to the use of a 60-cycle carrier and
to the use of filters to smooth the phase detector output. Loop b can
correct only for relatively slow changes, while loop a can correct for
changes of several thousand cycles per second. The use of an output
capacitor reduces the impedance at high frequencies.

Figure 16.31 is a schematic diagram of this supply. The reference
element is a standard cell. The vibrator compares the sum of the sam-
pled voltage and reference emf with ground. R, and R, are used to
pass a portion of the plate current, thus reducing the required current
capacity of the series control tubes. This is a practical way to reduce
the number of tubes if the current range is not too great. Rs limits the
current through the standard cell, and relay Kl is not closed until the
negative supply is warmed up. This also keeps the current through
the cell low.
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The Brown Converter is actuated by 9.5 volts alternating current
instead of 6.3 volts (for whichit is designed) to reduce effects of vibration
on the accuracy of the comparing operations.

Cl, Cz, C4, and Ct reduce high-frequency pickup, remove any spikes

from the square wave, and prevent high-frequency oscillation of the
amplifiers. Z?Aand Cs shift the phase of the 60-cycle carrier to compensate
for the phase shift in the vibrator and a-c amplifier.

The integrating circuits, made up of R5, ~6, C6, and ~,, ~8j C7, act to

stabilize loop b for each regulator. Cg and CS are a part of loop a for

Control tube

200 out

6SJ7

—

Amihfler

-200
Reference

IJIG.16.32.—Altemate circuit for +200-volt regulator.

each regulator increasing the middle-frequent y gain of these 1oops. The

d-c gain from vibrator to phase detector output is about 22,000 for the

negative regulator. Gain for the positive regulator can be one hundred

times less, since the reference voltage is effectively onc hundred times
greater.

The phase detector for the positive supply has a 60-cycle ripple com-
ponent which is not entirely removed by filter CIOand CII. ~g applies
a 60-cycle signal to the screen of VI, the magnitude and phase of which
is of such a nature as to cancel the ripple from the detector.

C,, and C,, reduce the impedance of the reglllators at the higher
frequencies.

Alternative Circuit Arrangerrwnts.-rl’he use of a vibrator comparison
circuit, a-c amplifier, and phase detector would not bc justified if a refer-
ence voltage of —200 were available. An alternative circuit is shown in
Fig. 16.32. All data available indicate that a 6S1,7 comparing tube in a
baianced circuit can be depended on to stay within t 50 mv for a con-
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siderablc pmiod of time (see Section 15.4). With a sampling circuit
having an attenuation of 2.0, the required stability of the comparing
circuit Wouid need to be no better than 100 mvfor O.1 percent stability
error from this source.

The capacitor minimizes any stray pickup in the 6SL7 comparison
circuit and prevents ripple in the —200 volts supply from affecting the

l-
I I J--’ ~

1 1 xx
Clamplng

FIG. 1633.-.\lter,,:1ti\,r 200-volt regul-atorfor the ciccuit of Iig. 16.31.

+200-volt regulator. It also divides the regll]ator into two loops, one
around the 6StJ7 and control tube, which is effective for freq(lencies
above a few cycles per second, and a loop through the sampling circuit,
6SL7 cornpariso ncircuit, 6S,J7 amplifier, and control tuhc in ~vhich only
slow changes at a rate of less than a few cycles can occur.

The useof VRtubes inthese regUhitors isnOt justified, asl%tubes
may introduce some roughness of small amplitude at a rate higher than
the precision correcting cirmlit can function. The VR tube and phase
detector in Fig. 16.31 might be replaced by the circuit shown in J?ig. 1~’33.

If this arrangement were used with a 400-cycle vibrator, the response
time could be made high enough around the precision loop practically to
eliminate all effects of vibration. The clamping detector shown is just
one of a number of detectors that would be satisfactory. This circuit
arrangement has the advantages of fewer components and fewer
adjustments.
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16.7. Laboratory Regulated D-c Supplies.-The d-c supplies described
in this section are useful in the development of electronic instruments and
in other experimental work.

Example .4.-This is a commercially available unit built by the Oregon
Electronics Manufacturing Company. The outputs provided are unregu-
lated 400 volts and adjustable-regulated O to 300 volts at a total of
200 ma (150 ma is limit on the regulated output); adjustable negative
O to 150 volts, VR-stabilized at a maximum of 2 ma; and an a-c output
of 6.3 volts at 5 amp.

.

FIG. 16.34.—Regulated power supply Rxa,nplc A.

The construction of this unit is shown by Figs. 16.34 to 16.36 which
are respectively front, top interior, and bottom interior views. Figure
16,37 is the schematic circuit diagram of this supply. The output
impedance and regulation of the negative supply of this unit are approxi-
mately 30,000 ohms and 0.15 per cent for a 10 per cent line change. It
will supply only 2 ma. The regulated O- to 300-volt output when set
at 250 volts has an impedance of 15 ohms for direct current. Figure
16.38 shows how impedance varies with frequency. The regulation is
rather poor, being approximately 1 per cent for 10 per cent line change,
The apparent discrepancy between the 10}v output impedance between
20 and 20,000 cycles (Fig. 16.38) and 15 ohms at direct current is due to
the presence of the 0.1 ~f condenser shunting I?l. Also the unregulated
source for the VR reference is not affected by the alternating current,
and CS decreases the impedance for alternating current. These three
factors make a marked difference in the output impedance of this regu-
lator. The increase at 100 kc is due to phase shift in the negative fredback
loop. The relatively small effect of the 4 pf condenser C, on the imped-
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FIG. 16.35.—ToP interior of regulated power supply, Example A

L——L——L——L ——I— —.2—.—.-I

FIG. 16.36.—Bottom view of precision power supply, Example A.
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ante at high frequencies should be noted in Fig. 16”38. There are a
number of reasons why the performance of this regulator is poor com-
pared with other circuits in this section. One factor is that the screen
voltage on the 6SJ7 amplifier is m
higher than it should be; reduction ~ ~
by 25 or 30 volts would improve .=~

u

Without

operation materially. The use of # 30
condenser

the unregulated supply to operate ~ 20 With
:: fldenser

the reference VR tubes is another ~ 10 ,, ‘--.6
factor that impairs performance.

... ..
20 so 100 Iota 10,000 200CC0

Despite these performance limita- Frequency in cycles per second

tions, this unit is valuable for kIe. 16.36.—Outputimpedancevs.frequency
laboratory use. characteristicsof Oregonpowersupply.

Example B.—This regulated
power supply (Fig. 16.40-44) was widely useds at the Radiation Laboratory
for experimental and developmental work. The outputs provided are
a total of 225 ma from the unregulated 450-volt bus and regulated 250-

38 -

36 -

In=
0 34 -_?
= 110 ma
E

“s 32 -

f

~o

28 -

100 110 120 130
Line variations

(a)

9.0-

8.0

7.0

~ 6.0

g 5.0
.G

;/

10 ma
~ 4.0
4

3.0 6* 110 ma

2.0

1.0

0
10Q 110 120 130

Linevariations
(b)

l~[o. 16,39.—Characteristics of Oregon Electroni cs supply. (a) Output ripple; (b) change
in output voltage.

volt bus, 30 ma from the VF&regulated — 105 volt bus, and 8 amp

alternating current at 6.3 volts. An unregulated supply at – 1700 volts
2 ma, and 6.3 volts at 1 amp, are provided for a cathoderay tube.

The performance of the negative VR-stabilized supply is: output.

impedance; 50 to 100 ohms, and regulation, 0.15 per cent for a 10 per

cent line voltage change. Tlgure 16.40 shows the performance of the
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250-volt supply for line and load changes. The output impedance for
direct current is 24) ohms, and the regulation is approximately 0.1 per
cent for a 10 per cent change in line voltage.

Lme voltage

(a)

3.0 r

2.8

2.6

;/

IL=10 ma

2.4

2.2

2.0

/

IL=50 ma
1.8w

:1.6

“: 1.4

al.z

1.0t
0.8

17

1’=150
0.6

0.4

0.2

o~
120 130

Line voltage

(b)
F1~, 16.40,—Characteristics of lab-

oratory power supply. (a) Output rip-
ple; (b) output voltage.

The compensating network R, and
R2 modifies the characteristics of this
regulator materially. In this case Rz
is adjusted to minimize the effect on
the output voltage of slow changes
in line voltage. This compensation
has to overcorrect for regulation to
correct for the change in heater voltage
on the comparing tube. The result is
a momentary change of 0.5 per cent in
output voltage for a 10 per cent change
in line voltage settling back to the
values given in Fig. 16.40 with a time
constant of a few seconds.

The variation in output imped-
ance with frequency (Fig. 16.44) from
20 ohms for direct current dropping
to less than 1 ohm at 500 cycles and
rising to above 30 ohms at 125 kc is
typical of this circuit. The rise in
output impedance above 25 kc is due
to loss in the feedback gain and phase
shift in the negative feedback loop.

The compensation network, a fairly
well smoothed unregulated supply, and
C, arc responsible for the low output
ripple (see Fig. 16.40).

Example C.—This is a modification
of Example B in which the newly
developed 6AS7G tube replaces 3-6B4
tubes as the control element. The
output was made +200 volts at 100 to
200 ma. The 200-ma rating, low
plate-cathode potential for rated cur-
rent, and 300-volt heater-to-cathode
rating of the 6AS7G are advantages;

however, the low p (2.1) is a limitation in the use of this tube, as the grid
swing required may necessitate a more complicated amplifier.

The unregulated supply variations were reduced somewhat by using
choke input. The allowable current variation is less owing to the inability
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0IN. 12
,.-....— - ..,.. .,,,..“ .“-. ..-....-— “ --------

FICA1642.–Laboratory power supply, top interior view.

~—. —.- J

,. . -. —.— .
FIG. 16.43.—Laboratory power supply, bottom view.
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o~
lIM 1000 10,000 lCmm 200,000

Frequency in cycles per second

FIG.16.44.—Output impedance vs. frequc],.y forlahoratouy regulated Imwermpply,

of providing adequate grid voltage var-
iation to the control tube with the 6SJ7
amplifier connected in the usual man-
ner. Theoperation forline voltage of
100 to 130 volts and load current 100
to20mais shown in Fig. 16.45. Fig-
ure 16.46 indicates the variation of

impedance with frequency. The regu-
lation is 0.14 per cent for 10 per cent

change in line voltage, and the output

impedance for direct current is approxi-

mately 15 ohms for operation at the

higher load currents. The lack of line-

arity at lower currents is due to the

lower p of the 6AS7-G requiring more

voltage swing out of the 6SJ7. This

is a serious limitation. The comments
on the compensation circuit of Example

B are the same for this example. The

larger change in ripple for line and load

variations results from more nonlinear

operation reducing the effectiveness of

the compensation.

Example D.—h an effort to obtain
the smoothest possible output, very low
ripple, very low output impedance, and
very good regulation the circuit of Fig.
16”47 was developed.’ This regulated
SUpply has an output of 250 } olts at o

~J. L. Lawaen,“ Noteson DesignandIn-
struction of Regulated Power supplies,” Rl,
Repert No. 44, Feb. 26, 1945.

~
110 120 130

Line variations

J____—_
100 110 120 130

Lme variations

l~lu. 1645. Clmract,eristim of M.gu-
Iat,or c.
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to 350 ma with ripple of less than 0.3 mv rms, an output potential change

of about 15 mv for the rated current range and less than 5 mv for 105 to
125 volts input. The source impedance for direct current is less than 0.2
ohms, and the regulation factor is better than 0.002 per cent for a 10 per
cent line voltage change. These rather fantastic figures for regulation

100r

,Iated
put

3

\
10

chassis

90 -

so

70-
#
%60
G
g 50

p -

30-

20- IL
10

0lm lCOO 10,OOO 100,000 Zcqooo.-“
Frequency in cycles per second

FIG. 16.46,—Output impedance vs. frequency for regulator C.

Transformers
550.0-550” ~-~ ~ II

250 ma O-c
—

II I

Regulatedpowersuppty

F1~. 16.47,—Regulated power supply.
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and source impedance as well as the low ripple are achieved by a number
of expedients.

The circuit has a balanced pentode comparing circuit with an addi-
tional stage of amplification using another pentode and four 815 dual
beam power tubes, triode-connected in parallel, for the control element.
The impedance of the unregulated supply is kept low by the use of three
power transformers and rectifiers in parallel. The balanced comparison
circuit has the 150-ma heaters connected to the regulated output so that
no ripple is introduced through the cathodes and no unbalance occurs
due to heater voltage changes.

The effects of common resistance paths and electrostatic and elec-
tromagnetic coupling causing spurious signals between the output and
the comparison tubes are minimized by the use of RC-filters at the grids
of the comparison amplifier and by careful attention to the wiring and
arrangement of components.

The static or long-time stability is limited primarily by the VR tube
and the effects of leakage in the high-impedance RC-filters in each
comparison tube grid. With series resistance of 500 k, 50-megohms
leakage resistance causes 1 per cent error. Leakage effects tend to vary
widely with temperature and time, so for long-time stability of the order
of 0.5 per cent both a clifferent sampling circuit and reference would be
necessary.

Example E.—This regulator (Fig. 16.48) is designed to have good
long-time stability, very low output impedance, and very good regula-
tion. The use of a tube comparison circuit and VR tube for reference
are limitations to long-time stability. This circuit is well adapted to
the use of a dry battery reference voltage in place of the VR tube.

The supply provides up to 200 ma at 250 volts with a regulation of
0.045 per cent for a 10 per cent line voltage change and has an output
impedance of 0.16 ohm for direct current. Figures 16.49 and 16.50 are
typical performance curves for line and load variations. The – lw-volt
bus at about 20 ma has the usual characteristics of VR-regulated sup-
plies: about 60 ohms output impedance and regulation of about 0.15 per
cent for a 10 per cent line voltage change. The effect of a fraction of a
volt fluctuation of the —150-volt bus on the regulated XiO-volt output is
practically zero due to the amplifier design.

The regulator as shown in Fig. 16.48 stays within ~ of 1 per cent of
the original voltage over a period of one week. The variation is deter-
mined mainly by drift of the VR tube.

For the comparison circuit a 6SL7 balanced amplifier operated at low
plate current is used. A wir~wound resistance sampling circuit is used
to minimize drift. The mercury vapor rectifier and choke input filter
make the unregulated supply have a low impedance. A 6AS7-G control
tube with a three-stage amplifier aids in realizing low output impedance.
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The ampliiier Va which provides the grid voltage for the 6AS7-G tube
has a relatively low value of plate-load resistor to improve the response
at higher frequencies. Additional filtering by an RC combination is
required for the plate supply of the V~ amplifier to minimize the effect
on the output voltage of l-volt ripple of the unregulated supply. V,
functions as a differential to single-ended comparing amplifier for the
intermediate and high frequencies.

16.8. Miscellaneous D-c Regulators.-There are several regulating
circuits that have found general application but do not fall into any of

L

30-

Linevoltage
FIQ. 16.49.—Characteristics of regulator with balanced comparison circuit.

the classifications so far discussed in this chapter. Perhaps the most
important of these is the use of VR tubes in simple regulator circuits.
Another class that has not been discussed is the regulation of high-voltage
low-current supplies for application to cathode-ray tubes, electron mul-
tipliers, etc. Some typical circuits for these applications are given here.
For more detailed information on the regulation of cathode-ray tube
supplies refer to Vol. 22.

Simple VR-tube Regulators.-As simple- regulators, VR tubes (and
other glow tubes) are used in series resistance, shunt tube circuits. When
a VR tube is’ used as a simple regulator, the flatness of the volt-ampere
characteristic and the low efkctive impedance are probably the most
important characteristics. R, varies considerably from tube to tube and
from manufacturer to manufacturer. Fjgures 16.4 and 16.5, in Sec. 16.2,
showing the variation in Rg with frequency and current, are typical of
VR tubes. Other glow tubes have more variable characteristics. Flg-
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ure 16.51a and b show the operating conditions for two of the most
popular VR tubes. These curves together with the data in Table 151
are all that are needed to design a simple regulator using VR tubes and
to predict its performance. If the increase in internal impedance with
fluctuation frequency is undesirable, it can be reduced by connecting a
condenser across the VR tube.

30-

25-

20-
c
s

15

10

/,o~
100 1000 10,OOO

Frequency

FxrJ. 16.50.—Characteristics of regulator E.

(a) (b)
FIG. 16.51.—Operating conditions for certain striking of tubes. (a), VR-105; (b),

VFG150. E. is the drop between source and regulated output.

High-voltnge Regulators.-The use of series control tubes may be
impractical when the voltage to be regulated is high. However, if the
current drain is very low, other forms of high-voltage regulated supplies
are practical. In this case the load impedance may be very high, and
the internal impedance of the regulator will not greatly affect operation.
This is the case for supplies designed to operate cathode-ray tubes. It is,
however, necessary to regulate against line voltage changes, since the
focusing, intensity, and deflection sensitivity of cathockray tubes are
sensitive to the anode voltages.
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Figure 1652 is typical of a class of high-voltage regulated power
supplies. The high voltage is obtained by rectifying the stepped-up
output of a stabilized audio oscillator. The output impedance of such

a circuit

110 disk

+250v -26ma selenium

load

(

0.CQ62 110 disk
selenium,,
rectifier -2000V

1ma

load

Zmv 2500v

*
FIG. 16.52.—Schematicof 2kva-fhigh-voltage supply.

Series control tube

+2000v d%

+ 200 to

-T-
= =,

Differential equatingcircuit -150 reference

FIG. 16.53.—Oscillator high-voltage supply with d-c regulator.

is quite high, but this is not too troublesome if the load is a
cathode-ray tube with a constant impedance bleeder. It is not suitable
if large leakage currents due to moisture condensation, etc., are encoun-
tered. 13y proper choice of elements the oscillator output ismadeinde-
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pendent of small variations in the input voltage. The use of selenium
rectifiers eliminates the necessity of having vacuum-tube rectifiers.
Except for the problem of heater supply, vacuum-tube rectifiers are pref-
erable. The 8016 is the tube most frequently used, as it is specially
constructed for this type of application, has a $watt filament, and is
designed to be operated at audio and radio frequencies.

?lw lM

>+1OOV
Referen

wltage

FIG. 16,54,—Degenerative shunt high-voltage regulator.

Figure 16.53 is an extension of the circuit in Fig. 16.52 to improve
the regulation and output impedance. It is a completely degenerative
regulator and hence has better performance than the circuit of Fig.
16.52. Since it requires more tubes and a lower impedance divider (for
the sampling circuit), the circuit of Fig. 16.53 has much lower efficiency.

F@e 16.54 shows the application of a special shunt tube to regulate
high voltage. The reference element must have several hundred volts
output but can have fairly high impedance. This circuit is a special
application of the transconductance bridge (see Fig. 16.8), and the con-
ditions for balance are given in Sec. 16.2.
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CHAPTER 17

DEVELOPMENT AND DESIGN

BY H. J. WED, JR., AND R. W. LEE

INTRODUCTION

17.1. Scope of Part IV.—The term “test equipment” has been applied
generally to all of the auxiliary apparatus used in the design and.
maintenance of electronic equipment. This includes general-purpose
laboratory instruments, permanently constructed apparatus for special
applications, and’ ‘breadboard” units which are built for a limited number
of special measurements in the laboratory. Radar test equipment may
logically be classified in four fairly well defined groups: (1) units used
for meastirements at microwave frequencies, (2) those used at inter-
mediate frequencies (i-f ), (3) those used at video frequencies, and (4)
those used in the d-c, audio, and supersonic frequency range.

In Part IV, equipment designated as video or pulse circuit test
equipment will receive the most emphasis. The upper frequency limit
involved may be as high as 30 mc, for pulses containing such frequency
components are sometimes employed as signals or for synchronization.
Test equipment in this group includes oscilloscopes with synchronized
sweeps, synchronizers that supply trigger pulses and beam deflection
voltages for an external cathode-ray tube, pulse and marker generators,
amplifiers with wide bandpass characteristics, and apparatus for the
precise measurement of small time intervals. It is noted that the cir-
cuits involved are very similar to those in the ranging and indicating
sections of radar systems.

The present chapter will deal with some of the more important
aspects of test equipment development and design. It is hoped that the
material covered in this chapter ~vill be of assistance to the general
reader in following some of the necessarily terse descriptions of reprmenta-
tive equipments in the following chapter. An object of the authors has
been to provide a background \rhich will bc especially helpful to the reader
interested in adapting to his needs portions of the many circuits of Chap.

18. A search for specific circuits and a general understanding of over-all

equipments is greatly facilitated by an understanding of the fundamental

circuit types from which the designers have put together the pulse

test equipments listed in Chap, 18, and of some of the military require-

ments which greatly influenced thmc designs. It is with this purpose in

mind that the material of Chap. 17 is presented.
573
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At the start of the war period, test equipment applicable to the fre-
quency bands and puke lengths used in microwave radar was practically
nonexistent. Many types of commercially built test apparatus were
pressed into service, and some of these were used continually through the
war. However, completely new apparatus was often necessary. At
first, the trend was toward production of many specialized test units,
designed to perform specific test functions with one particular radar
system. Cables and fittings were provided that permitted direct con-
nection of the unit into the radar system. While in most cases this
increased the ease of servicing the radar, it also led to the production of
many different units having basically similar characteristics. Later,
considerable effort was made to incorporate general-purpose functions
in new test equipment designs and to make the units applicable to as
many systems as possible.

17.2. Measurement Problems.—Measurement of physical quantities
requires the availability of measurement standards. However, absolute
instruments are seldom necessary or desirable outside calibration labora-
tories. In most electronic design and maintenance, secondary standards
supply the basis for time measurements. The amplitude of an electrical
quantity such as current, voltage, power, or flux density must usually
be related to such secondary standards as precision meters, impedances,
and standard cells. The bridge in its many forms is almost universally
used for accurate impedance measurements, although direct use of fre-
quency and amplitude standards may sometimes be desirable.

Comparison of an unknown quantity with the standard requires the
use of some type of indicator. Of the various types used, the cathode-
ray tube is by far the most versatile. The electron beam requires very
little power for deflection because of its low inertia. The orthogonal
character of the usual deflection system allows the introduction of at
least two variables, and intensity modulation of the beam allows the
use of a third if desired. Other visual and aural devices that will respond
to an electrical signal find application as indication means and are used
where particular y adapted.

Probably the most general and important measurement function in
electronic equipment is waveform analysis. Here, simultaneous measure-
ment of both time and signal amplitude is required. Meters will indicate
the peak, average, or effective amplitude; frequency-selective devices
will give the harmonic content; but the oscilloscope or oscillograph will
show the characteristics of the complete waveform as a function of time.
At frequencies higher than say 5000 cps the cathode-ray tube becomes
the only generally applicable indicator for this type of presentation.

Determination of the frequency-response characteristic for all types
of electrical networks ond :~mplifiers presents another type of measurc-
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ment problem. Classic point-by-point methods using a c-w signal gen-
erator and indicating meter are probably the most accurate but are very
time-consuming. Techniques employing f-m signal generators permit
direct presentation of the entire characteristic on a cathode-ray tube
screen and make adjustment of circuit components much quicker and
easier.

Electronic circuit design must be based on a broad knowledge of the
characteristics of electrical circuit components. These must be deter-
mined accurately for the operating conditions under which the compo-
nent is to be used. A wide variety of accurate and reliable commercial
instruments is available for making impedance measurements of simple
linear elements and determining characteristic curves for nonlinear ele-
ments under d-c conditions. Component characteristics may be con-
siderabley clifferent, alt bough operated within their power ratings, when a
high-amplitude, low-duty-cycle pulse waveform is applied. Skin effects
and capacitive and inductive effects become important in the presence
of high-frequency components in the pulse waveform. Operation of
vacuum tubes in highly nonlinear regions of their characteristics also
complicates both measurement and circuit design problems. Some
special equipments have been designed to measure component charac-
teristics under pulse conditions; but as these conditions vary widely,
simple pulse voltage and current measurements or substitution measure-
ments are usually employed.

1703. Laboratory Equipment.—Almost all types of commercially
available electrical test equipment were used in the radar development
laboratories. Such units as signal generators, vacuum-tube voltmeters,
multimeters, bridges, decades, wave analyzers, and ‘‘ Q‘’ meters were
required in large quantities and used with very little modification.
Commercial oscilloscopes were used directly for servomechanism and
other low-frequency design work and, with the addition of an external
synchronizer unit, for the design of many pulse circuits.

Much equipment of entirely new design was necessary for the develop-
ment of radar receivers, indicators, and ranging equipment. Included
in this group were new types of cathode-ray oscilloscopes for indicators,
apparatus for accurate time measurement, pulse generators for simulat-
ing signals and making impedance measurements, and signal generators
for determining the bandpass characteristics of circuits. These equip-
ments underwent parallel development with the radar systems. New
radar techniques and circuits were incorporated in test equipment design
as developed.

The mechanical requirements of test equipment designed strictly for
laboratory use are not particularly stringent. It is not subjected to
heavy shock, vibration, or large variations of tem!)erature and seldom

I

I
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has to be moved appreciable distances. In addition it is usually oper-

ated and maintained by skilled technical personnel. Consequently, other

factors can be subordinated to the attainment of high accuracy, ease

or rapidity of construction, and convenience of use.
17.4. Field Equipment.—The complexity of radar apparatus soon

made adequate field test equipment an absolute necessity, hlaintje-

nance crews found that “ a neon bulb and a scre~vdriver” v-ere not suffi-

cient to keep a radar system operating at all, much less at maximum

efficiency. The necessity of providing test equipment for field use under

adverse conditions presented a huge problem in design and production

engineering.

All of the previously mentioned types of laboratory equipment were

necessary for use in the field along with many additional units to meet the

special requirements of the Services. These units were often required to

be as accurate as the equivalent laboratory equipment even when oper-

ated under field conditions by nonscientific personnel. Field conditions

include the extremes of temperature, humidity, shock, and vibration,

Satisfactory operation at the extremes of ambient temperature

( – 55° to +71°C in some specifications) required development of new

components and types of insulation, the use of forced air cooling, and

operation of components at much less ‘than their room-temperature

voltage and power ratings. To meet humidity and immersion specifica-

tions, hermetic sealing of all critical components and the use of corrosion-

resist ant met al finishes were required. In some cases, entire equipments

were built in waterproof containers. Completed chassis were sprayed

with special varnish to resist the growth of tropical fungus. Special

attention was required on bakelite, wood, fiber, and leather in this

regard.

Careful consideration of the effects of shock and vibration is required

in the mechanical design of field test equipment. Since most of these

equipments must be portable, the use of shock-absorbing mountings is

usually impractical. Transportation over rough roads in vehicles having

stiff springs is the rule rather than the exception. The added weight

of sealed components further increases the mechanical design problem,

Chassis must be braced and reinforced, and components securely clamped

to meet these requirements. At the same time, weight restrictions are

severe. It is impossible to meet the requirements imposed by the nature

of field test equipment without keeping them in mind from the earliest

stages of both mechanical and electrical design.

CHARACTERISTICS OF RADAR TEST EQUIPMENT

17.5. The Cathode-ray Oscilloscope.—The cathode-ray oscilloscope
is an important direct-measurement instrument and the most versatile
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indicator yet developed for comparing electrical quantities. Probably
its greatest single advantage is its ability to indicate instantaneous
values of rapidly changing voltages. Electromechanical oscilloscopes
have many of the advantages of the cathode-ray oscilloscope, but their
inertia limits their frequency response to the a-f range.

The heart of the cathode-ray oscilloscope is, of course, the cathode-
ray tube. In this device, abeam of highly accelerated electrons passes
through a deflecting field (electrostatic or magnetic) before striking a
fluorescent screen at the end of the tube. The deflecting field is usually
the resultant of two mutually perpendicular fields which can be inde-
pendently controlled by signal voltages. If one of these voltages increases
linearly with time, the waveform (time variation) of the other voltage
will be graphically indicated. Since most electrical quantities can be
converted into voltages having proportional variation, they may in this
way be directly or indirectly observed.

Knowing the deflection sensitivity of the cathode-ray tube, voltage
measurements may be made with a scale on the screen. Accuracy is
limited by the manufacturing tolerances on the cathode-ray tube, which
limit the linearity of deflection, and by the difficulty of reading the dot
or trace position accurately. The diameter of the dot when focused on
the screen may be about 0.03 in. at low intensity, increasing in size as
the intensity of the electron beam is increased. These factors limit the
possible accuracy of direct measurement to about 1 per cent.

Considerably greater accuracy may be obtained when the cathode-
ray oscilloscope is used as a null indicator for comparing the quantity
to be measured with a standard. It may, in fact, be limited only by the
accuracy of the standard used. Measurements of time, frequency, phase,
harmonic distortion, impedance, and other related quantities may be
made, using appropriate auxiliary apparatus.

17.6. Cathode-ray Tube Development.—The development of the
cathode-ray tube was greatly accelerated during the war, and many new
and improved designs of magnetic and electrostatic deflection tubes ~vere
produced. Magnetic deflection tubes have found application mainly
in radar plan-position indicators (PPI’s), while electrostatic deflection
types are used for radar “A-scopes” and in test equipment.

New electrostatic deflection tubes were developed to meet the require-
ments of pulse circuit work for better definition, higher intensity, and
lower input capacitance to the deflecting plates. of the cathode-ray
tubes most used in test equipment, the type 902 with a 2-in. screen was
replaced by the 2AP1, and the 3AP1 with a 3-in. screen was replaced by the
3EP1/1806 and later by the 3BP1 with a medium shell diheptal base.
The 5BP1 has been largely superseded by the 5-in. 5CPl having a
medium shell diheptal base and a third accelerating anode which may be
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operated at twice the acceleration potential of the earlier tube. The
high-deflection-sensitivity type 5LP1 will probably be replaced by the
5JP1 which has much lower input capacitance to the deflecting plates.
In addition, 3- and 5-in. radial deflection tubes were developed for use
with circular sweeps. The type 3DPl, having an electrode in the center
of the screen, is now in general use.

The P1 screen is the most desirable type now available for direct
viewing. The high sensitivity of the human eye to a green trace permits
operation at lower beam current than is possible with white, blue, or
amber trace screens. This, in turn, permits better focus and definition.
The medium persistence time is also well suited to the average measure-
ment problem.

Blue trace P5 and P11 screens are well suited for direct photography
of the tube face. Their light spectra coincide closely with the region of
maximum sensitivity of ordinary photographic film. The P5 has a some-
what shorter persistence time than the PI 1 and may be used for con-
tinuous film recording of waveforms at frequencies up to 60 kc/see. 1

Waveforms having frequencies lower than 20 cps make a long-per-
sistence screen very desirable. The P7 screen, developed for radar indi-
cators using magnetic deflection tubes, has also been supplied in standard
electrostatic deflection cathode-ray tubes. Such a tube is very useful
for viewing transients which may remain visible for as long as 2 min.

For best definition with any of the above-mentioned screens, color
filters and hoods are desirable. A plastic color filter alone will make
viewing possible under bright ambient light conditions. When mounted
within a hood at an angle of 30° to 45° with the tube face, reflections
from both the tube and the filter will be eliminated. A light-tight hood
permits operation of the cathode-ray tube at very low intensities and
gives the best possible definition. However, lighted grids or scales are
necessary if direct voltage measurements are to be made. Edge-lighted
plastic plates with ruled grids have been found to be very useful, for
by dimming the light] the effect of the superimposed grid can be almost
eliminated.

The basic cathode-ray oscilloscope consists only of a cathode-ray
tube and a high-voltage power supply containing intensity, focusing,
and centering control. The majority of the newer types of measurement
problems to which the cathode-ray oscilloscope is applicable requires the
use of supplementary electronic apparatus. This is particularly true
where time measurements are necessary.

17.7. Deflection Systems. —Viewing an electrical waveform without
distortion requires that the horizontal and vertical deflection of the elec-

1H, Goldstein and P. D. Bales, “High Speed Photography of the Cathode Ray
Tube,” Rev. Sci. Inst., 17, No. 3, 89-96, March 1946.
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tron beam be directly proportional to the amplitude and the independent

variable of the waveform. Since the independent variable is usually
time, some type of !’ sawtooth” waveform is used to sweep the beam

across the tube face at a constant rate periodically. Other waveforms,
including sinusoidal, parabolic, and hyperbolic are sometimes required
for special applications.

The use of a linear-sweep voltage makes the cathode-ray oscilloscope
applicable to the field of measurement in which a graphic presentation
of the measured quantity is necessary. The most common application
is signal tracing in electronic equipment in which a qualitative knowledge
of the waveforms present is adequate. Quantitative measurements of
waveform amplitude as a function of time may be made to an accuracy of
about 1 per cent by direct measurement on the cathode-ray tube face.
A much higher degree of accuracy may be obtained using the linear-
sweep presentation as a null indicator for comparison of the signal with
time and amplitude standards.

The circular sweep has more limited but very important applications.
It is particularly desirable for frequency comparisons and precise time
measurement. The fact that no retrace is necessary and that a much
longer baseline is obtained (6 to 8 in. on a 3-in. tube) tends to offset the
disadvantage of waveform distortion with polar presentation.

Frequency-comparison measurements may also be made by applying
a sinusoidal sweep voltage directly to the horizontal deflecting plates.
The equal-frequency Lissajous figure is readily recognizable for both
c-w and pulse waveforms, although with the latter the adjustment prob-
lem is fairly difficult.

Most other types of sweeps have little application in test equipment.
Intensity-modulated television sweeps may be used for cathode-ray
tube testing or for specialized television applications. Other special
applications may require hyperbolic or parabolic sweep voltages. Spiral
time bases offer some additional possibilities. Treatment of these and
other types of presentation will be found in Vols. 19 and 22 of this series.

Two forms of linear-sweep generators are in general use. One is a
conventional free-running sawtooth generator of variable frequency.
Synchronism between signal and sweep is obtained by first making the
sweep frequency slightly lower than the signal frequency (or a submultiple
of the signal frequency). A portion of the signal voltage is then intro-
duced into the sweep generator, causing it to fire slightly sooner on each
cycle and locking it in phase and frequency with the signal. This type
of circuit is very useful for viewing continuous waveforms but requires
constant attention to the synchronism and sweep frequency controls
when a series of different waveforms are to be viewed. Synchroniza-
tion with low-duty cycle pulse waveforms may be quite difficult or
impossible.
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generator is the start-stop type which produces a
the electron beam for each synchronizing signal

applied. When synchronizing trigger pulses are used to start both the
sweep and the waveform to be viewed, no synchronizing adjustment is
necessary. Since most radar waveforms are initiated by triggers to
make precise timing possible, this type of sweep generator has found
general application. Most viewing requirements can thus be met by a
number of fixed sweep durations selected by a tap switch.

Both types of sweep generators consist of integrating devices in
which a condenser is charged or discharged by an essentially constant
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FIG. 17.1.—Free-running thyratron sweep
generator.

current. Usually an electronic
switch tube is used to discharge a
condenser which is then permitted
to charge again from a constant-
current source. The free-running
sweep generator is usually a relax-
ation oscillator which rapidly dis-
charges the condenser when the
voltage across it exceeds a prede-
termined value. The triggered,
single-stroke type of sweep gen-
erator employs a switch tube hav-
ing a stable, quiescent condition.
Upon introduction of a trigger
pulse, the switch tube is cut off
(“ opened”) for a definite period

of time, permitting the voltage across the condenser to rise. (’conventional
methods of obtaining constant-current charging, low-impedance output,
and push-pull voltages are applicable to both types of circuits.

The types of sweep-generating circuits that have been developed are
described fully in Vol. 19, Chap. 10, in Vol. 22 of this series, and in Time
Bases by Puckle. 1 Examples of the practical application of most of these
circuits will be found in the following chapter. It will suffice to mention
here the various types of circuits applicable to test equipment.

The thyratron is the most widely used free-running switch tube.
However, the maximum sweep frequency obtainable is limited to betw~en
40,000 and 50,000 cps by the time required for deionization to occur.
A typical circuit is shown in Fig. 17”1. Vacuum tubes may be used for
free-running sweep generators at frequencies up to 1 Me/see and for
triggered switching applications. A blocking oscillator is used as a
free-running switch in Fig. 17.2, while Fig. 17.3 includes the gated triode
switch most commonly used in test equipment.

10. S. Puckle,Tine Bases, Chapman & Hall, Ltd., London.



!

UEC. 17.7] DEFLEG’TION SYSTEMS .58 I

A number of methods of producing a linear rather than an exponential
rise of voltage have been developed. The simplest of these uses a very
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FtQ. 172.-Free-running blocking-oscillator sweep generator.

small portion (5 per cent or less) of the characteristic exponential con-
denser charging curve. An effective RC time constant roughly twenty
times the expected sweep duration will ensure this, .4nother method is
ho use a pentode as the charging
resistance, taking advantage of its
very high plate resistance to provide
constant-current charging as shown
in Fig. 17.1. These methods will
be found generally in oscilloscopes
employing a free-running thyratron
switch tube.

A positive-feedback unity-gain
amplifier may be used to maintain
a constant voltage across the charg-
ing resistor as the condenser volt-
age rises. The simplest form of
this circuit uses a cathode follower
as shown in Fig. 17.3. This type of
circuit is widely used in radar test
equipment. A negative-feedback
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Fm. 17.3.—sw=P generator using a
triode switch tube and positive feedback
for linearization.

amplifier may also be used to make a very stable linear-sweep circuit. A
circuit of this type is shown diagrammatically in Fig. 17.4.

Approximate linearization may be obtained by inserting a large
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inductance in series with the charging resistance as shown in Fig. 17.5.
This method reduces the required tube complement but introduces
severe duty-cycle limitations. It will be found in a number of the oscil-
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ative feedback for linearization.

Ioscopes described in Chap. 18 but has

been largely replaced in new designs by

one of the feedback types of sweep

voltage generators.

The voltage swing required of any

one tube may be halved and uniform-

ity of focus materially improved if the

beam deflection is accomplished by

push-pull voltages applied to opposite

plates. An inverter amplifier is re-

quired, which may be a single-stage

negative-feedback amplifier 3,s shown

in Fig. 17.6. When lower maximum

voltages are required, a push-pull

amplifier of the cathode-coupled type

shown in l?ig. 17.7 may Im desirable, If the series inductance type of

sweep generator is used, push-pull voltages having about 80 per cent bal-

ance may be obtained using a center-tap choke as shown in Fig. 17.5,
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FIO. 17.5.—Sweep generators using a high-impedance choke for linearization.

A circular sweep is generated when sinusoidal voltages that differ by
90° in time phase are introduced onto deflecting plates that have a 90°
space+phase relationship. Probably the simplest method of obtaining
these voltages is to use the voltage drops produced across a resistor and
condenser when connected in series across an alternating rnlrrent source.

I

i
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1f good focus is to be obtaincdj Imsh-lm]l voltages must be supplie[l.

These are more accurately obtained by using a resonant transformer as
shown in Fig. 17.8. When the secondaries are tuned on opposite sides
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J

Sw:p

I
— . ——

FIG. 17.6.—Negative-f eeclback inverter. VIG. 17.7.—Cathode-coupled inverter.

of resonance, both phase and amplitude differences are obtained. By
simultaneous adjustment of the secondary tuning capacities Cz and Ca,
equal deflections in both coordinates and a 90° phase difference between
secondary voltages may be ob-
tained. Circle d~arneter may be
controlled by adjusting the signal
amplitude or by tuning off res-
onance with the primary tuning
capacity Cl. Use of high-Q com-
ponents aids in eliminating dis-
tortion from the sweep voltages
and produces a more nearly linear
sweep rotation rate. By inserting
this tuned circuit in the plate cir-
cuit of a crystal oscillator or buf-
fer stage a very accurate time base
may be generated quite simply.

17s8. Signal Channels.-The
cathode-ray tube has one property
that is particularly valuable in a
general-purpose measurement in-
strument, that of high input im-
pedance. The capacity from any
deflecting date to the other elec-
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FIG. 17 S.—Pentode crystal oscillator and
phase-shift transformer for generating a
circular sweep.-.

trodes is in almost all cases less than 10 ppf so that the input impedance
at all frequencies up to 15 Me/see is greater than I(M!Oohms. For a.
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low-capacity tube such as the 5J1’1 (\vhich has an uverage of 3.8Ppf
f’rom a deflecting plate to all other elements) the direct input imped-
ance is found to be greater than 1000 ohms up to 40 LIc/sec.
Even lower input capacitances are obtained with the type 3DPl tubes,

a typical value being 1.8ppf from center electrode to all other electrodes,
A major disadvantage of the cathode-ray tube is its low voltage

sensitivity. This presentsnoparticularp roblemw heresignalsof greater
than 5 volts amplitude are to be displayed, as is the usualcaseinradar
synchronizing, indicating, and ranging equipments. Use with small
signals such as are found in some radar signal circuits requires amplifiers
that will not distort the waveform, These amplifiers must have small
amplitude and phase distortion in the band between the lowest- and
highest-frequency components of the signal if a true picture of the wave-
form is to be obtained.

The design of wide-band “video” frequency amplifiers is one of the
most critical steps in the design of test equipment. Very careful con-
sideration of compensation for the effects of loading due to tube and
wiring capacities and of mechanical layout of components is necessary
to obtain optimum gain and bandwidth with a given power input. For
cathode-ray tube deflection this is of particular importance, since an
undistorted output of 30 to 100 volts is normally required.

A number of requirements must be considered. The rise time of the
amplifier when a step function is applied is of more direct interest for
pulse applications than the bandwidth. It is, in general, a function of
the bandwidth and may be approximated by the expression

‘ise‘ime=0;5’ (1)

where jh is the frequency at which the mid-frequency gain is down by

3 db. The rise time is usually measured as the time required for the

pulse to rise from 10 to 90 per cent of its final amplitude, since these

points are fairly well defined.

Overshoot in the output pulse represents a form of distortion. It is a
measure of the amount that the output signal initially exceeds its nominal

amplitude and results from a nonlinearity in the phase-shift vs. frequency

characteristic of the amplifier. The amount of overshoot is normally

limited to less than 5 per cent in amplifier design.

The ability of the amplifier to sustain a long rectangular waveform

is related to the low-frequency gain characteristic. Normally, about a
10 per cent drop in the pulse amplitude is the maximum permitted in the

longest pulse that the amplifier is designed to pass. The amount of

slope in the top of the output wavefolm is directly dependent on the

time constants in the cathode, screen grid, and plate circuits and in the
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grid and plate coupling circuits. These time constants are made as
large as is practical without impairing the high-frequency response by
capacity-to-ground of large components or unduly increasing the recovery
time. Actual selection of values usually requires a rather careful com-
promise between these conflicting requirements.

The signal delay introduced by the amplifier must be considered in
timing applications. The delay will be the same for all frequency com-
ponents of the signal in the region where the phase-shift vs. frequency
characteristic is linear. This region corresponds closely to the region of
“ flat” frequency response,
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FIG.17.9.—Basic peaking circuits. (a) Series peaking; (b) shunt peaking, (.) series shunt

peaking.

A treatment of the design methods used to meet the above require-
ments is beyond the scope of this chapter, but will be found in Vols. 18
and 23 of this series.

The tubes used in these amplifiers are chosen by a figure of merit
which is the ratio of the transconductance to the total of the tube capaci-
tances. For a given tube, with its associated socket and wiring capaci-
ties, the plate-load resistance is then determined by the bandwidth
requirements: .

jh = &,P (2)

where CT is the total of all shunt capacities in the plate circuit. With
the load resistance and g- set, the mid-frequent y gain is determined.
The tube choice must have been made such that the rated power dis-
sipation of the tube will not be exceeded when the operating point is
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set for the required output volta,ge s~ving. The stage gain is also set by
the determination of RL and g~.

The bandwidth of the amplifier may be increased somewhat by the
use of series and/or shunt peaking. The basic peaking circuits, shown
in Fig. 17.9, consist of an inductance in shunt or in series with the capacity
to ground or a combination of the two. In any case, the small inductance
included is adjusted to resonate with the shunt capacity at a somewhat
higher frequency than j,, without peaking. This effectively extends the
region of ffat frequency response by a factor between 1 and 1.7. over-
peaking, setting the resonant frequency low enough to cause an increase
in stage gain at high frequencies, is to be avoided, as it results in over-
shooting. Other considerations such as plate circuit decoupling to
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~IC. 17.10.—V”oltage d,viderlrobe.

avoid feedback are essentially the same as recluired for conventional
high-gain a-f amplifier design.

Since a few micromicrofarads of amplifier input capacitance may
represent a very considerable loading of the circuit under test, signal
probes are often used which reduce this capacity to a minimum. Two
types are in use. In one type, a resistance-capacitance divider is inserted
at the end contact of the shielded probe lead which makes the connection
from the circuit under test to the amplifier. This divider, shown in
Fig. 17.10, reduces the capacity and attenuates the signal by an approxi-
mately equal factor so that a higher-gain amplifier is required than would
be necessary otherwise. The constants are adjusted so that R,C, = RZC2,

where Cz represents the capacity of the lead plus the input capacity of
the amplifier. The reduction in capacity by this method is limited only
by the point at which the bandwidth reduction introduced by the addi-
tional amplifier stages exceeds that produced by the capacit y of the probe.

The other method of reducing input capacity is to mount the first
stage of the video amplifier in the probe itself. This stage is designed to
have an output impedance low enough that the effect of the capacity

I

- supply

FIG. 17.1 l. —Cathode-follower probe.
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of the lead and the input capacity of the following stage is negligible.
A cathode follower is desirable for this application because of its low
output impedance. Furthermore, if the gain of the cathode follower is
G, the input impedance due to the grid circuit can be increased by a factor
approaching G/(1 — G) by returning the grid resistor to the cathode as
shown in Fig. 17.11. A circuit described in Sec. ‘18.11 uses another
cathode follower to make the plate supply vary in the same manner as
the cathode, keeping the “ Miller” grid capacity to a minimum.

The resistance-capacitance divider is also often used for gain control.
Accurate gain calibration can be obtained by selecting one of a series of
these dividers with. a tap switch. A calibrated attenuator may also be
used to indicate a difference in voltage and power levels. This is obtained
directly from the difference in attenuator settings for equal signal ampli-
tudes at the output of the amplifier.

17.9. Auxiliary Circuits.—The usefulness of the cathode-ray oscillo-
scope may be increased by including measurement standards and other
auxiliary circuits in its design. These include time and voltage standards,
time and voltage comparison circuits, synchronizing pulse generators,
circuits for mixing two or more signals on a single trace, and circuits for
presenting signals simultaneously on two or three traces.

Either pulsed or continuous oscillators may be included as time and
frequency standards. These may be LC or crystal controlled, depending
on the accuracy required. The output may be presented directly as
sinusoids or converted into marker pulses. Calibrated delay circuits
may be used as time standards or as interpolating devices. The usual
voltage standard is a meter reading directly the d-c voltage required to
deflect the baseline on the cathode-ray tube a distance equal to the
amplitude of the signal being measured. A precision potentiometer and
voltage difference amplifier may be used for more accurate measurements.

Since many types of circuits require externally generated synchroniz-
ing pulses to initiate their action, a trigger generator is often desirable
in the oscilloscope. When continuous oscillators are used for timing,
the trigger pulse is normally locked in phase with the oscillator voltage
by some form of frequency division. This permits simultaneous syn-
chronization of the oscillator with the signal and the sweep.

When two signals are to be compared in this manner on a single time
base, methods of mixing them must be provided. The simplest method
of doing this is to connect the signals to opposite deflecting plates in the
cathode-ray tube. The resultant coupling of the two circuits is usually
negligible because of the low capacity between plates. Where more
signals must be superimposed or push-pull deflection is necessary, tube
or switch mixers must be used. Signals may be applied to both the grid
and cathode of a triode amplifier tube with the mixed output appearing
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at the plate. Pentode and pentagrid mixer tubes \vill combine more

signals in a single stage. Additional signals may be applied to subse-

quent stages, or a common plate or common cathode-resistor may be used
with a number of tubes, giving an output proportional to the sum of the

signals applied to the grids. Representative circuits are showm in Fig,

17.12. Some of the voltage adding circuits discussed in Chap. 3 and in

Vol. 19, Chap. 18, may also be used for combining a number of signals.
When the distortion caused by superimposing two or more signals is

(Undesirable, electrical or mechanical

T~K
means of switching the deflection

- +Supply

T-L-T+

2$
@

!3gnals m

4

w

---
—-

- ‘“

d c. “

—

1

TSignals in
--l
4 T_Ii—

(a) (b) (c)
FIG. 17 12.—Mixer circuits. (a) Triode mixer; (b) pentode mixer (screen input should

have low impedance source); (c) common plate mixer.

plates to each of the signals on consecutive sweeps may be used. A
motor-driven multiple switch or capacitive coupler is entirely practical
if it can also supply synchronizing pulses for the signal and sweep cir-
cuits. Electronic switching circuits of the multivibrator or “flip-flop”
(scale-of-two) type are also used. A circuit of this type for use with
triggered sweeps is shown in Fig. 17.13.

Another approach to this problem uses a cathode-ray tube having
multiple gun and deflecting plate structures. Tubes of this type are
available from several manufacturers, although as this is written, only
the two-gun type 5SP1 has received RMA nomenclature. Two- and
three-gun tubes in both 3- and 5-in. screen diameters have been designed.
The sets of deflecting plate for each gun structure are shielded and are
brought out to separate connections. Identical sweep voltages may be
used when waveform comparison is desired, or different sweep voltages
may be applied for two-scale timing systems or similar applications.

17.10. Timing Oscillators.-Oscillators in any of a large number of
forms have considerable application as pieces of test e~uipment. They



SEC. 17.10] TIMING OSCILLATORS 589

may be used as standards of time or frequency or as signal sources.
They mayalso determine repetition rates orthe rate of any other recur-
rent phenomena. They may have their frequency determined electrically
by an RC- or LC-circuit or mechanically by the characteristics of a quartz
tryst al, vibrating fork, or motor. Their cmtput may be sinusoidal,
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l’IG, 17 14.—Bridge stabilized crystal oscillator. (C’owtesg of Gerwral Radio.)

square, triangular, or a train of pulses. They may oscillate continuously
or for a gi~~enlength of time after receiving a synchronizing pulse.

The crystal oscillator has the highest inherent stat]ility and is generally
used as a secondary frequency standard. For any given circuit the
crystal may be ground to almost the exact frequency of a primary stancl-
ard and then “ pulled” to the exact frequency. A crystal will drift only
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1 to 3 cycles per megacycle per degree if cut to obtain a low-temperature
coefficient. The oscillator circuit used should be designed to reduce the
frequency shift produced by tuning the plate circuit and to give a con-
stant output voltage. A representative circuit meeting these require-
ments is shown in Fig. 17-14 and is described in the April 1944 issue of
the General Radio Experiment. Where an accuracy of about 0.1 per
cent is adequate, a simple triode oscillator with no regulation or com-
pensation will suffice.

Oscillators using LC- or RC-circuits as their frequency-determining
elements may be easily designed to give a variable output frequency.
Single-frequency accuracy comparable with that of a crystal oscillator
may be obtained by very careful design.

The oscillator circuits employed for the generation of timing pulses
have been described rather completely in Vol. 19, Chap. 4, and examples
of their application will be found in Chap. 18 of the present volume.
Some discussion of the frequencies used and types of output signals
generated is appropriate for this section.

In radar applications it has been convenient to measure time directly
in terms of an equivalent radar distance. On this basis 1 psec is approxi-
mately equivalent to 164 yd. Oscillator frequencies in general use range
from 1617 cps for a 50-naut,ical-mile period to 1.639 Me/see for a 100-yd
period. Oscillator frequencies in use in test equipment include 80.86
kc/see (1 nautical mile), 81.94 kc/see (2000 yd), 93.11 kc/see (1 land
mile), 100 kc/see (10 psec), 166.88 kc/see (1000 yd), and 819.4 kc/see
(200 yd). Multiples or submultiple of these frequencies are obtained
by frequency multiplication or division. For general-purpose instru-
ments, however, standardization on frequencies giving direct readings
in microseconds is desirable. Most of the 80- or 90-kc/sec oscillators
in existing equipments may be tuned to use 100 kc/see crystal by a small
reduction in the tuning capacity. A similar change can be made for
most of the other frequencies that may be encountered.

Oscillators generating a sinusoidal waveform are usually used in
timing applications. A large number of cycles must lie in the interval
of time being measured if accuracy is to be obtained. This introduces
counting difficulties and may cause a superimposed signal waveform
to appear distorted. Squaring the sinusoidal wave by amplification and
clipping gives a fast wavefront which permits more accurate reading.
Peaking this wave with an RC-circuit having a short time constant gives
a train of pips that cause less distortion of the waveform on which they
are superimposed. A blocking oscillator may be synchronized ‘by pips
generated across a small choke, damped by a resistance, in the oscillator
plate or cathode circuit. This will generate the desired waveform directly.

When higher accuracy is required than can be obtained by visua~
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interpolation bet ween a reasonable number (10 to 30) of marker pips,
interpolating circuits must be included. One method is to use a cali-
brated phase shifter to vary the phase of the pips with respect to the
synchronizing trigger. Another is to provide a movable marker pulse
m a second scale of markers. These are used with an expanded oscil-
loscope sweep to obtain maximum reading accuracy.

17.11. Delayed-pulse Generators.—The delayed-pulse generator
may be used for time and distance measurements and in setting up timing
sequences. This circuit accepts a pulse and produces another pulse after
a period of time determined by the circuit constants. The delay time
may be fixed or variable, depend-
ing on the requirements of the ap- + supply

plication. When variable, the
control may be calibrated to read Y
directly in delay time. o 1/

Stability of delay time from ‘t:
cycle to cycle and over a period of
time is important. Variations in
the delay time of succeeding pulses Zero
introduces a time variation or
“ jitter” in all of the following cir-
cuits or in the delayed pulse on an -L.
oscilloscope screen. This may FIG.17.15.—Delaymultivibrator.
upset the operation of these cir-
cuits and will reduce the accuracy of time measurements by producing a
broad trace. This jitter cannot be completely eliminated but can be
reduced to a negligible point for a: given application by careful circuit
design.

When a calibrated variable delay is desired, the ease of calibration
must also be considered. A linear relation between the rotation of the
control shaft and the time delay produced facilitates this process and
makes special dials unnecessary. Slope and zero controls must be
adjusted to make the indicated and actual delay “ track. ” It is desirable
to have the action of these controls independent and to eliminate either
where possible.

Of the large number of delay circuits developed for radar applications
only a few have found application in test equipment. Those commonly
used are the delay rnultivibrator, the phantastron, and the linear-sweep
delay. IHocking oscillator pulses are sometimes used for short fixed time
delays as are lumped constant delay lines.

The delay rnultivibrator is the least stable of these but requires the
smallest tube complement. A representative circuit, shown in Fig.
1715, requires OUIy two triode tube sections. The delay time is largely
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determined by the time constant RC, with the circuit values normally

used, and is sensitive to vm-iat ion in pulse repetition rate, plate and heater
voltages, and tube changes. This delay circuit if frequently calibrated
may be used for interpolation with an accuracy of better than 1 per cent,
when a regulated power supply and constant repetition rate are used.
Its delay may bc made linear with variation of the voltage VI to about
0.2 per cent.

+ supply

o II

-trigger

i
input

II o

I

,,

Negative gate

output

q

FIG. 1 7.1(i.-—Pt1i~1] tastr0r1 delay,

t
Trigger r

input ti

~ Multivi brator

~
“sweep +“*
generator

FIG. 1717.-Linear-sweep delay block diagram.

The phantastron and linear-sweep delays may be made considerably
more stable than the delay multivibrator but require more tubes. The
phantastron, for which a circuit is shown in Fig. 17.16, requires a pentode
with sharp cutoff suppressor characteristics (a tLkS6 or 6SA7 is used),
a diode, and one or more amplifier stages. With careful design it may
be made linear to 0.1 per cent with varitition of the voltage V, and, with
occasional calibration, accurate to about 0,3 per cent. Any of the linear-
sweep generating circuits mentioned in Sec. 17,7 may be used with a
“ pick-off” diode (through which a control potential is introduced) and
one or more amplifier stages. An average of six to eight tube sections
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is required. A block diagram of this type of circuit is shown in Fig.
17.17. These and other time-modulation circuits are described in detail
in Vol. 20.

Fixed and variable time delays of from 1 to 10,000 ~sec duration are
in general use in radar systems and test equipment. Many of these
circuits may be used outside this range with minor redesign.

17.12. Video Pulse Generators. — Both frequency- and pulse-
response of the video amplifier are of interest. An approximate relation-
ship between the bandwidth and pulse rise time has been pointed out
in Sec. 17.8. The frequency-response characteristics do not immedi-
ately give the complete transient response of the circuit to a pulse, how-
ever, since the phase-shift characteristic is not directly indicated and the
latter cannot be computed unless a minimum phase-shift network can
be assumed. The use of rectangular pulses directly for video-amplifier
testing gives much more information on the pulse amplification charac-
teristics. High-frequency response may be determined from rise time
measurements. The ability of the amplifier to sustain a long pulse is
also directly measurable and is a function of the low-freqdencyr esponse
of the amplifier. .4ny transient distortion is directly indicated by this
type of analysis. In addition, the nonlinearities that can be tolerated
in pulse circuits make ordinary bandwidth measurements of less meaning
than direct pulse waveform observations, for the representation of a
time function by a frequency function is valid only for a linear system.

To give a significant indication, the output pulse from the pulse
generator must be as nearly square as possible when connected to the
stage under test. A rise time of O.O3to 0.05 ~sec for a ~ 50-volt pulse is
usually considered satisfactory for short pulses. Pulse lengths of 0.1
to 1500 psec are normally required and are usually covered in two or more
ranges by separate circuits. Gas tubes offer an easy way to obtain the
fast switching action required for production of short pulses, although
“hard” tubes may be used. .4 variety of commercial square-wave
generators are available for testing response to pulse waveforms.

Stage gain under pulse conditions must also be measured. This is
usually done by inserting a calibrated attenuator in the input to the
amplifier. The difference in the attenuator readings for equal pulse
amplitudes at the output of the attenuator and the output of the amplifier
is a measure of the gain of the stage.



CHAPTER 18

PRACTICAL RADAR TEST OSCILLOSCOPE DESIGNS]

13Y H. J. REED, JR., A. H. FREDRICK, H. (7HANCE, AXD

Il. F’. 11.\c>’,cHoL, JR.

This chapter summarizes particular instruments that incorporate in
their design the circuits and principles treated in Chap. 17. It con-
solidates information on many of the radar pulse test oscilloscopes
developed during the war period. Much of this information is available
only in reports and manuals that may be difficult to obtain or might
not otherwise come to the attention of the reade:.

The electrical specifications of these instruments are intended mainly
to facilitate the selection of equipment for given applications. These
or similar instruments may be available for some time from the Army
or Navy supply centers or their surplus sales Or from the manufacturing

organizations. .kn attempt has been made, however, to present sufficient
information for the construction of units having similar electrical char-
acteristics when this becomes necessary. The general construction
techniques used in the original instruments are shown in the photographs
includcci. If actual mechanical and wiring layouts are desired, these
must usually be obtained from the references cited. Circuit diagrams
giving rompunent values are included. The discussion of circuit opera-
tion is int rn(ied to aid one in understanding the relation among the

various circuits used and also their adjustment. Particular attention is

given to the functions of the various controls and adjustments. The

detailed anal ysis of the operation and waveforms produced in the various
basic circuits is ne~essarily left to other chapters and Vols. 19 and 20 of
this series. For further data and specifications, references are given to
ths designer, the manufacturer, and the procuring agency.

Units included are representative of equipments that have been built
during the war. Most of these circuits represent working designs that
have withstood the test of at least limited production and use. It
should be understood that in many circuits the particular stray capacities
present have been important in determining some of the circuit constants
given. These may not be duplicated with changes in layout and wiring
some so that adjustment cf component values may be necessary. ~fany

1All of Chap. 18 is by H. J Reed, Jr., except Sees. 1S.4, 188, and 18.9.
,cj!)~
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components and tubes in particular will usually not be held to wartime
standards, broad as they were, and should be checked with care.

18.1. The P4 Synchroscope.l Function.-The P4 synchroscope was
designed for use as a general-purpose oscilloscope for laboratory study
of short pulses. Its principal application has been in the study of mag-
netron or radar modulator pulses and of beacon transmitter character-
istics. It has also found application in the design of receiving, timing,

FIG. 18.1.—Synchroscope.

and indicating circuits, in the production testing of radar components,
and as a general-purpose “A” scope for system testing.

Characteristics.-A type 5LPI cathode-ray tube operating at a total
accelerating potential of 2600 volts is used, giving a vertical deflection
sensitivity of about 60 volts per inch.

A triggered sweep generator of the constant-current pentode type is
employed. Writing speeds are 0.04, 0.166, 0.5, and 2 in. /~sec. Repeti-
tion rates provided by the local oscillator are 500, 1000, 2000, or 4000
cps. External triggering pulses having repetition rates between 200 and

I Developed and procured by the Radiation Laboratory. Manufactured by
Svlvania Electric Products, Inc., and F3rowningI.ahoratories, Inc. RL Manuals Ml 18
:md Nf126 describe the complete equipment. The r-f detector and video ~mplifi[,r
arc described in M124; the high-gain video amplifier is described in M166.
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4000 cps or a sinusoidal oscillator in the same frequency range may be ~

used. Either the internally generated trigger or an external signal of ‘,

10 to 300 volts amplitude maybe used to synchronize the sweep generator.

If an externally generated positive pulse of less than 100 volts amplitude

is used, the intensification of the trace will be delayed about 0.2 ~sec,

and this portion of the observed pulse till not be seen. No sweep voltage !

outputs or inputs are provided.

The trigger generator output is a 135-volt positive trigger having a :

pulse width of 26 psec between 10 per cent amplitude points. The pulse

repetition frequency may be set by the local oscillator or to any frequency :

between 200 and 4000 cps by an external sinusoidal oscillator. Phasing ~

of the output trigger with respect to the sweep trigger is variable by at i

least + 250 psec. The cathode follower supp~fing the output trigger

has an effective internal impedance of 500 ohms. i
The only signal channel provided in the standard P4 synchroscope is $

a direct connection to the top vertical deflecting plate which has an input $
impedance of 1 megohm paralleled by 20 ppf or less, depending on the ~1

signal switch position used. Several auxiliary amplifiers have been .;

designed to mount in this synchroscope. One type includes an r-f’ input “~
fitting and an r-f square law detector ~vhich is used in examining the ‘{
envelope of r-f pulses, The two-stage video amplifier has a gain of ,
about 100 which is constant to t 3 cfb between 200 cps and 4.5 31c/sec. 1
With this unit installed, the synchroscope is given the designation P4-13.
A four-stage wide-band video amplifier may also be installed. This

:;
unit has a gain of 2000 which is constant to + 3 db bet!veen 120 cps and
5.4 Me/see. At the minimum setting of the gain control, the gain is

‘1
1

reduced to 200 and the bandwidth is extended to 8.2 Mc,/sec. Signal j
amplitudes of from +0.16 to —0.8 volt may be amplified without over- :
loading. The input impedance is 1000 ohms paralleled by 21 ppf.

No signal attenuator or probe is included with this instrument. It
is often used with an external capacity divider for viewing high-voltage
pulses, however. Several designs of r-f probes are used with the P4E
and are described in Vol. 11 of this series. External mixers are required
for viewing several signals simultaneously.

A Wien bridge stabilized oscillator, used to control the repetition
rate of the trigger generator to f 10 per cent of the frequencies 500, 1000,
2000, and 4000 cps, may be used as a timing standard. An oscillator
output (sinusoidal waveform) connector is provided. Alternately, the
output of a shocked LC-circuit having a resonant frequency of 2 Me/see
may be connected to the (’RT deflecting plate by the signal switch.
l’hc train of damped oscillations is sustained for a long enough period
to allow calibration of the t~vo fastest sweeps. The frequency is accllrate
to + 5 per cent. .i scrond:wy vertical centering pot,entiomctcr find meter
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terminals for reading the voltage acrms it provide an amphi(~de standard.

Pulse amplitude measurements may be madeto2 per cent if a meter of
higher accuracy is used. Space is provided for mounting a ~-in. volt-
meter on the panel of the synchroscope, and some ~lnits arc so eq~lipped.

The over-all dimensions of the synrhroscope are 82 lJV 14+ l)v 20~ in.,
neglecting the handle, and the weight, is 40 1}>. It requires 115 + 10 v(dts

Pos, Slg

Tng Input I“vefler

~ti P
I plates

&l+-E!T=
I’IG. 18.2.—Block diagram of the P4 syochroscope.

at 50 to 400 cps and has a power rating of 140 watts at 60 cps. The
tube complement is 1-5LP1, 2-2X2/879, 1-5Z3, 1-6SK7, 2-6SL7, 6-6SNT7,
and 1-7V7. The connectors on the instrument are Amphenol type 80C,
but no cables are provided. A type “N” r-f connector is used for the
r-f signal input the P4E synchroscope. All signal connections are made
at the rear of the instrument to reduce lead lengths.

The mechanical construction of this unit is quite conventional as
shown in Fig. 181. It is built to good commercial standards and is
satisfactory for laboratory use.

Circuit Description.—The cathode-ray tube control circuits use n high-voltage
Meeder of conventional design. Horizontal and vertical centering potentiom-
eters have their range extended below ground by being included with the focus
and intensity potentiometers in this bleeder circuit. Application of centering
voltages to only one of each pair of deflecting plates results in some defocusing
with changes of these voltages. The time base and the video signal are also
introduced on only one of their respective pairs of deflecting plates resulting in
excessive astigmatism of the trace with large signals. Since this instrument was
not designed for precision measurements of observed signals, this was not con-
sidered a great disadvantage.

The d-c potential of the signal deflecting plate maybe adjusted by the potenti-
ometer whose arm is connected through switch S4 when this switch is in the ON
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position. This permits the memurement of peak voltfig ebydeflectin gasignal
through its amplitude with an equivalent d-c voltage which may be read cfirectl~
on an external indicating meter. A switch S, is mounted on the back of the
instrument and selects signals from one of four locations: the signal inout, the
trigger input, the calibration oscillator, orthe video amplifier (ifusecij.

The sweep-voltage generating circuits include a multivibrator, a switch or
“clamp” tube, and a constant-current pentode through which the sweep con-

denser discharges. Constants of themultivibrator have been selected to give a
free-running frequency of about 200 c.ps and to give a maximum rate of rise on the
leading edge of thenegative half cycle. Itmaybe readily synchronized bynega-
tive triggers having a pulse repetition rate between 200 and 4000 cps. These
triggers may be obtained from an external trigger generator, being peaked and
limited in one or botl~ of the stages of the amplifier V,, or from the internal
trigger generator as selected by switch S,. N“egative pulses from the multi-
vibrator are coupled to the clamp tube V8B, the intensifying pulse amplifier V9,
andthesbocked oscillator composed of the parallel 150-ppf condenser and42.2-Ph
choke.

These negative pulses cut off current flow in the clamp tube, permitting the
sweep condenser selected by switch ,q~ to discharge through the pentode V8 at
essentially constant current. The linear fall of voltage produced is used to deflect
the electron beanl across tbe screen of the cathode-ray tube.

The negative multivibrator pulse is also coupled to the control grid of the
intensifying pulse amplifier V9. The pulse rise time of about 0.2 psec is reduced
to a maximum of 0.05 psec by amplification and by mixing with the differentiated
leading edge of the external trigger or signal. Nevertheless, the portion of the
leading edge of the pulse that occurs during this period cannot be viewed when
thes~,nchrosco~ must betriggered fron~an external source. Adjustable phasing
between the synchroscope output trigger and the sweep trigger eliminates this
difficulty when the system supplying the signal will accept a trigger.

The internal trigger generator consists of a Wien bridge sinusoidal oscillator
and amplifier, an adjustable RC phase shifter, and separate squaring and differ-
entiating amplifiers for the output trigger and sweep trigger. An oscillator
input connector which permits synchronization from an external sinusoidal
voltage of about 15 volts amplitude is also provided.

The frequency of the Wienbridge circuit using thedoubletriode Vl is set to
500, 1000, 2000, or 4000 cps by the selection of theappropriate pair of condensers
withswitchS,. A6-watt, 115-volt lamp is used asanonlinear resistance in ihe
oscillator cathode circuit (one arm of the bridge) to provide stabilization of the
oscillator amplitude. Another arm, a 5000-ohm variable resistor, may be
adjusted to control the waveform.

The oscillator output voltage is amplified by the triode section $’,,, and push-
pulIoIltput isobtained fronlthe transformer inthe plate circuit. One winding is
connected directly tothereversing switch S~ Tbe voltage from the other wind-
ing has its phase shifted by the M-divider >cross the transformer secondary
before reaching the s~vitch. These two voltages are then rectified in the diode-
connected tube sections vt~ and V~~.
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One half-wave rectified voltage is then squared in the amplifier tubes I’SB and
V,~ and differentiated by the RC in the grid circuit of J’, to give the internally
generated sweep trigger. The other half-wave rectified voltage is simiiarly
amplified by l’,~ and Vsn. This voltage is differentiatcxi by the RC in the grid
circuit of t“~~, and the resulting trigger is amplified by this stage. The cathode
fo[lo~~er U,A gives a low-ilnpeclance positive output trigger. The reversing

FIG. 184.-P4E r-f detector and video amplifier.

‘------------------; ~+,.
Components within dcited line
not part of video sinp but
mounted on P4 chzs.k,

FIG. 185.-P4E amplifier circuit.

switch SS permits the output trigger to be either advanced or retarded with
respect to the synchroscope sweep.

A signal amplifier was not included in the P4 synchroscope because it was
designed for use with equipment producing pulses of at least 100 volts amplitude.
Subsequent application of this unit to small signal and r-f measurements led to
the development of several signal amplifiers which can be mounted in the scope
at the rear of the chassis.

The circuit of one of these which adapts this instrument for use as an r-f
envelope detector is shown in Fig. 18.5. The r-f signal at X band or lower
frequency is coupled through a type “N” matched impedance r-f connector
paralleled by a 50-ohm disk-type terminating resistor to the control grid of a type
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954acorn pentode. Thistube operates asasquare l~!frdetector, giving anoutput

voltage proportional to the powrerlevelof the r-f signal. Gain control is effected
by changing the bias level of this tube with the potentiometer in the cathode
circuit.

The detector output is amplified in the two-stage video amplifier that follows.
The first stage, a 6AC7, uses a shunt peaking coil to increase the plate-load
impedance at high frequencies, extending the video bandwidth. A 6AG7 is

used in the output stage to drive the CRT deflecting plate. Some shunt peaking
is provided by the inductance of the wire-wound plate-load resistance in its plate
circuit. Further peaking in this stage is obtained by using a very small bypass
condenser across the degenerative cathode resistor.

The coupling circuits are designed to pass a wavefront having a rise time of
0.1 ~sec between the 5 and 95 per cent points. Since the amplifier is essentiai[y
linear, the CRT beam deflection is proportional to the output of the detector
and to the power in the r-f input pulse.

The wide-band video amplifier shown in Figs. 186 and 18.7 may also be used
in this syochroscope when greater sensitivity is required. Shunt peaking is
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wnploycd i){ :111stngvs, and th~ amplifier gain is ccnl rolled varying the degenera-
tive cathode resistal~cc in the first stage. This ~olliifier nlay also be USCCIss au
~.f envelope detector by connecting J probe containing ml r-f crystal tO the input

with not over 12 in. of video cable. With the video gain at the medium setting,
the output voltage is nearly proportional to the power input. The electrical
characteristics of botl~ of these aI~~I)lifkr’s b:Lvc been dcscribcd in the charmckristics
pmt of this section.

A calibrating oscill:ktm is lmilt ij~to tliis instrumcot for use M wtiming standard.

The negative pulse from tlm mul tivihrator iu the sweep generator is coupled to the
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FIG. 187.-High-gain video amplifier circuit.

parallel resonant circuit composed of a 150-ppf condenser and 42.2-ph choke
The voltage generated across the circuit is a damped sinusoid having a frequency
of 2 Me/see. This voltage may be coupled to the vertical deflecting PIate of thr
cathode-ray tube by switch Se and is sustained for a long enough period to cali-
brate the two fastest sweeps. An amplitude standard is provided by c circuit for
measuring pulse voltages by substitution as previously described.

A power supply of conventional design is used. The low-voltage supply gives
320 volts at 115 ma, and both plus and minus 1500-volt cathode-ray tube supplies
are included. A separate low-resistance filter for the sweep generator makes
350 volts available for that circuit.

18s2. The Model 6 Synchroscope. Function. ~The Model 5 synchro-
scope is a laboratory instrument designed primarily for determining the

1The Model 5 synchroscopewas designedby the M~T Radiation Laboratory and
manufactured by Sylvania Electric Products, Inc., and Philharmonic Radio Corp.
procurement wae by- the Radiation Laboratory and others. References are RL
Reports Nos. M-212 and S-18.
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amplitude, dumtion, and shape of short video pulses. Its functions are

quite similar to those described for the 1’4 synchroscope, but its circuits

have a much greater stability, so that more precise measurements can
be made. While it is primorily intended for use in the study of radar
modulator and magnetron pulses, it has found wide application in the
design and production testing of all types of pulse circuits in molar and
allied fields. Its construction for the most part meets Army and Navy

FIG. ls.8,—\fo(M 5 s} 11(’1,,0.(01,{.

specifications, ?JLlt its portability is consith~rab]y restricted by its weight
and bulk.

Charackv-tstics.—A type 5JPI cathode-ray tube operating at a total
accelerating potential of 2700 volts is used in this instrument, giving a
vertical deflection factor of approximately ti5 volts per in. This tube
was chosen because of its very low shunting capacity (about 3 ppf) at
the deflecting plates.

A triggered linear-sweep voltage generator of the feedback type is used.
‘I’he horizontal time base writing speeds are 0.01, 0.05, 0.2, 1, 2, and
5 in./,usec with a minimum sweep amplitude of 4 in. on the 5-in. cathode-
ray tube screen. Either the output of the internal trigger generator or
an externally generated trigger or sine wave having a frequency of 50 to
5000 cps may fire the sweep generator. For externally triggered opera-
tion a positive or negative trigger having a minimum amplitude of 50
volts and a rate of rise of 70 volts/~sec is required. Alternatively, a
sinusoidal voltage having a peak-to-peak amplitude of at least 30 volts
may be used. Sweep voltage input or output connectors are not pro-
vided on this instrument.
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‘Me output of the internal trigger generator is a positive trigger which
has an amplitude of 200 volts, repetition rates of 500, 1000, 2000, and
4000 cps and which is supplied from a low-impedance source. This
pulse has a duration of 15 Ysec between 10 p ~r cent amplitude points
and rises to full amplitude in O.3 psec. It is phasable from 75 psec before
to 25 ~sec after the start of the sweep generator.

The standard si~nal input circuits comprise six input fittings which
may be connected to the top vertical deflecting plate through a selector
switch. The input impedance is 470,000 ohms, paralleled by 15 wf.

-.s.
w . .... . ~.

. .
. . ....’. .,,..,. -a. .-.-a...... .. . ..=s.—- .. ~—— -..... .- -

FIG.189.-Model 5 synchroscope, bottom view.

video ampli$er is not normally supplied with this instrument.A
Space and power are provided, however, for either of the amplifiers
described for use with the P4 synchroscope. An amplifier of more recent
design may be mounted in this unit if an external auxiliary power supply
is used. It has a gain of approximately 180 and is flat within 3 db
between 20 cps and 18 Me/see. The input impedance is 1 megohm
paralleled by 14 ppf. A six-step resistance-capacity attenuator having
signal attenuation ratios of 1, 3, 10, 30, 100, and 330 to 1 is included in
the input circuit. The maximum unattenuated input voltage that can
be amplified without overloading is 0.3 volt. This may be increased
by the attenuation ratio at other attenuator settings. No probes or
signal mixing facilities are provided.

No timing standaTd is incorporated in this instrument. Sweep cali,
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bration and the measurement of time intervals are accomplished with
the aid of separate marker generators. An amplitude standard is provided

by an auxiliary vertical centering control which is used to measure pulse
amplitudes by substitution. The voltage readings are made on an
external meter which connects to pin jacks mounted on the panel.
The over-all dimensions of this unit are 22 by 15* by 17 in.; the weight
without auxiliary amplifiers is 85 lb. A supply voltage of 115 + 10
volts, 60 cps is required at a power drain of 200 watts. The tube com-

plement is 1-5,J1’1, 2-2X2, 1-5 V4C1, 3-6.\C,7, l-(jII(j, 2-(; S117, ]0-6SN7,

1-6X5, 1-6Y6, 1-YR105, and 1-I”R150. All czble fittings are of the UHF

single-concillctor type \vith the exception of one Amphcnol type 80-PC

2F two-conductor fitting on the rear of the unit. The mecha?licu,l COJl-..
ts(ruction of this unit departs from the conventional in mounting tubes

below and components above the chassis. lVhile it does not entirely

meet ~vartime standards, it is well built and should be satisfactory for
field as well as laboratory use

Circuit Description.—The circuits that supply the operating potentials to the
ca~hocfe-my tube elements have been corefully desigue{i to give optinluu] focusing
over the entire screen. A ~vell-filtered negtitive lmtcutial of 1300 volts sul)l)lies
the high-voltage bleeder that contains the focus an(i intensity co]]tr(]ls, An
Lfter-acceler:Lti(JIl Imtcutifil of 1500 volts is :]1s0 included. 13:Ll:ul(r[l ho]izc]nttil
centering volt:iges are obtail]cd froul :L (lu:d lmtentionletcr. Anothc] du:d poten-
tiometer is used to vary tile average horizontal centering potcnti:d :Lud tllc second
anode potential hy equal :mlounts, This :Mignl~tisnl control is scrc]~driver
adjusted :UIC!is n~ountec] tllrorrgh tlic ch:lss is,

Single-pl:lte verti[ll centering is nccessit:lted t]y tllc il]tlo~i(lll of sulwtitutiol)
voltage measuring circuits, The vcrtic:d [tntcriog (w)ltrt]l V:II ics t},,, ],{)tcnti:ll
of the Iolver deflecting l)l:~te, }Y}lilc t]lc ,x)tc]lti:tl f)f tl)r. ll])]x!r ve]ti[,:ll (lcflrf,till~
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pl~te may lx adj Listed by the CALIIJIMTEcwntrol. In n~akillg pulse alllplitudc
measurements, the latter control is used to deflect a pulse through a distance
equal to its amplitude. The pulse amplitude can then be read directly on a
1000-ohnl per ~-olt external meter which is connected to the ViM tip jacks on the
panel, Any of six signal input jacks may be connected to this upper deflecting
plate by the INPUT SELECTORswit~h SA The linear-sweep generator consists of a
scale-of-two type of multivibrator, a bootstraptype sweep generator, a sweep
inverter stage, and a circuit that terminates the sweep on all ranges when the
proper voltage amplitude is reached. The multivibrator made up of T-7.4and l-S
has two stable states and regenerates from one to the other with each trigger
applied. .4 trigger from either the internal or external trigger generator fires V7~

and cuts off VB. This condition is maintained until the sweep voltage attains the
required amplitude, at which time a positive trigger from the cathode follower
J“,, again fires J’g. This restores the initial condition until the next input trigger
is received.

The positive voltage pulse produced at the plate of VS is coupled to the cathode
follower J“s~, whose output intensifies the cathode-ray tube during the sweep.
The cathocie follower reduces the shunt capacity at the plate of 1“8,decreasing the
rise time of this waveform. When the synchroscope is triggered by the signal to
be viewed, it is essential that the sweep and intensifying pulse start as rapidly as
possible. Only about 0.01 ,usec is lost in viewing a fast-rising negative signal,
although slightly more time is lost when a positive signal triggers this circuit.

The fall of voltage at the grid of l’s is direct-coupled to the grid of the clamp
tube V,,, This tube is cut off, allowing the sweep condenser selected by switch
section SS,4to charge through the charging resistor selected by switch SSB. The
voltage across the charging resistor is maintained essentially constant by the
bootstrap cathode follower V9B, thereby generating a linear rise of voltage across
the sweep condenser. The phase of this signal is reversed by the voltage-feedback
inverter ~’l?, and both signals are capacitively coupled to the horizontal deflecting
plates.

When the voltage at the arm of the potentiometer in the cathode circuit of
T“gfirises above the cutoff potential of the blocklng oscillator }’,1, regeneration in
this stage occurs. The positive pulse generated across tbe tertiary winding of the
pulse transformer is coupled to the cathode follower ~7B. As previously nlen-
tioned, this drives the grid of V’S (in the multivibrator) positive, terminating the
gate and the sweep. This eliminates any requirement for switching time con-
~tants in the multivibrator and maintains a fairly constant sweep length on the
cathode-ray tube screen. This length is normally adjusted to 4.5 in. with the
100-k srrewclriver-controlled potentiometer which sets the control grid potential
of VII.

The infer?~al trigger circuifs include a Hartley oscillator, a blocking oscillator
trigger generator, and a linear-sweep time-modulation circuit having two “ pick-
off” stages. These make possible several types of operation which are chosen by
the TRIGOERSELECTORswitch S!. In one of these, the action of the delay circuit
nmybeinitiated hythe internal trigger, anexterndly generated positive ornegti-
ti~e trigger or a sinusoidal voltage. The sweep trigger is generated after a fixed
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delay of 90 Msec, and the positive output trigger may be delayed by an amount
adjustable from 75 psec before to 25 psec after the sweep trigger. Alternatively,
the sweep generator may be triggered directly by the video signal.

The internal trigger generator consists of the LC-tuned oscillator ~’lA and the
blocking oscillator trigger generator Vm. The tank circuits selected by the
REPETITIONRATE switch S]A are tuned to 1000 and 4000 cps. The blocking
oscillator is synchronized by the voltage pulses developed across the IoOO-ohnl
resistor in, the cathode circuit of VIA by the pulses of current resulting from Class
C operation. The grid time constant of the blocklng oscillator is changed by
switch S, c permitting the generation of 500 and 2000 cps repetition rates by
frequency division.

A linear-sweep delay circuit having dual pick-off stages supplies the sweep and
output triggers. The multivibrator made up of l’,~ and l’,~ is fired by the puke
selected by the TRIGGERSELECTORswitch Sz. The negative gate generate(i ~itthe
plate of V,D is coupled to the grid of the clamp tube t“4A, cutting it off. The
charging c$ the sweep condenser through the plate resistor of ]-4A is made lineal
by the “bootstrap” cathode foilower 1“5A.

After the cathode potential of ~’5A hos risen for a fixed period of time, the grid
of Vf,.Ais carried past its cutoff potential. This tube and [-,E are used in *
cathode-coupled mrdtivibrator circuit which immediately regener~t,es. The
leading edge of the negative gate produced at the plate of 1-,,., is differentiated to
generate the sweep triqger.

The variable delay pick-off stage is isolated from the delay sweep generator
}~ythe cathode follower VW. The pick-off multivibrator 1“,, is identical with the
one just described except that the cutoff potential of the input tube may be
varied with the TRIGGER-DELAYCOARSEand FINEcontrols, which set the quiescent
common cathode potential by adjusting the voltage to which the ~rid of the “ on”
tube is returned. The differentiated rise of the positive gate from this stage
triggers the blocking oscillator ~15A, which supplies the positive output trigger
through the cathode follower VISB.

When a sinusoidal input voltage is used for synchronization, it synchronizes
the cathode-coupled multivibrator l’,?. The square waves developed at the
plate of l’,~~ are differentiated, and the negative pulses removed in the cathode
follower V18, which supplies a positive trigger to the delay circuits.

This unit is not usually supplied with a uideo amplifier instaUed. Space and
power are available, however, for either of the amplifiers described for use with
the P4 synchroscope (Sec. 181). The schematic diagram of a five-stage video
amplifier is shown in Fig. 18.14. This amplifier ti~kes advantoge of the 10VV
interplate capacity of the 5JPI and the high-power output of the 829 push-pull
amplifier to give a flat frequency response ( t 3 cib) between 20 cps and 18 MC /sec.
Details of construction and mounting are shown in the accompanying photo-
graphs. .4n input attenuator of the resistance-capacitance divider type is used as
a gain control. Included in the amplifier proper are two 6AC7 amplifier stages
and a 6AC7 paraphase inverter-arnplif ier. These drive a pair of push-pull
6AG7’s, which in turn drive the two sections of the 829 in push-l)ull, Both shunt
and series peaking are used in all stages except the inverter, in which only series
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FIG. 18.12.—Bottom view of the wide-band video amplifier,

~.–
[
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peak]ng is employed, Stray capacities tlirougllout the aluplifier have been kept

to a minimum by c:weful layout and point-to-point wiring. The sizes of the

v,
6AC7 0AC7

peaking inductances are correct for the Izwticul:m layout shown but will require
readjustment for any ch:inges in com]mnents or layout.

An external pc)wer supply {Delivering 225 volts direct current at 280 ma :ml

~.fj v{)]ts :Iltcrr]:lting (urre]]t :Lt 7 :litll, is requirct] for this :Lml)lificl’. It iS of
{,t]tllclltiolull design Jncl uscs :L]x~irof 51{-I-G Y rcctifiw tubes. The /JorLYTSUIJIIIU
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delivers + 1500, —1300, and +-3ti0 v(JIs u]m+ydated in addition to rcgulate{[
potentials of +250 and – 105 volts. The 250-volt potential may be set by a
potentiometer controlling the control grid voltage of 1’20. The use of this elec-
tronically regulated supply is essential if “jitter” in the delay and sweep circuits
used is to be avoided.

A voltage multiplier to supply 12,000-
volt accelerating potential for a type 5RPI
cathode-ray tube is shown in Figs. 18.15
and 18.16. Sufficient brilliance is ob-
tained for direct screen photography of
the very fast sweeps available in this unit.

18.3. Oscilloscope TS34/AP.’

Function .-The TS34/AP test oscillo-
scope shown in Fig. 18.17 is a small,
easily portable instrument that was
designed for llse as a general-p~mpose
oscilloscope for laboratory and field
maintemmcc of radar and similar elec-
tronic equipment. It is useful for sig-
nal tracing and for making voltage and
power measurements by comparison.

Characteristics.—A type 2.4PI
cathode-ray tube operating at an

Selen(um rect(fwrs

J

have 4000v peak
reverse rating

+12,000V

m

Intenslfler
electrode

No 3

c+- *

21Input from hgh
voltage w!ndmg
of power
transformer

$ 6-3.9M

L

1

lntenssfw
electrode

No. ]

6-3 9h4

jJnd,

l;IG. lS.16.—High-voltage multiplier
circuit.

accelerating potential of 800 volts is used. A viewing hood is built into
the oscilloscope with a lens over the face of the tube to give an image
magnification of approximately two.

Both triggered and free-running sawtooth sweep generators are pro-
vided. The triggered sweep lengths are 5, 50, and 250 ~sec, while the
duration of the free-running sweep is variable from 20 to 100,000 ~sec.
Triggered sweep rates of 10 to 1800 cps may be used with the 250-~sec
sweep triggered by all synchronizing pulses. Higher rates may be used
by frequency dividing in the sweep multivibrator. Free-running saw-
tooth sweep rates of 10 to 50,000 cps are provided. Both the triggered
and sawtooth sweep generators may be synchronized by external signals
of either polarity having amplitudes between 0.5 and 75 volts and by
observed signals of 0.1 volt or greater. Positive and negative sweep
voltages of 150 volts amplitude can be supplied to a load impedance of

1Designed by the BeU Telephone Laboratories and manufactured by the Western
Electric Co., Code No. X-61 713-B. Instruction manuals include TM 11-1067 and
AN OS-35 TS34-2 published by the Dayton Procurement Office and tbe manuscript
of the Handbook of MaitieruznceInstruction for Osm”lloscope TS34 /AP publishedby
Western Electric Co. TS34A/AP is an improved version having continuously
variable sweep circuits and being drip-proof and vibration-proof.
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not less than 500,000 ohms from an output jack on the instrument.
Also, a single-polarity sweep of 300 volts amplitude or a push-pull
sweep of + 150 volts amplitude may be supplied to the oscilloscope by
an external generator.

.,.,

FXG.18 17.-–Osrilloscope TS34/AP.

The TS34/AP was designed to operate only with, radar systems or
portions of systems that supply a synchronizing trigger. Consequently
an internal trigger generator is not incorporated in the design.

A direct signal channel to one deflecting plate has an input impedance
of 3.9 megohms paralleled by 25 ppf. Also included is a video amplifier
which has a gain of about 1000, constant to + 3 db between 40 cycles and
3 Mc. A 0.5-~sec delay line is included in this circuit to permit starting
the sweep before the signal reaches the deflecting plate. With no attenu-
ation, a signal voltage of 0.1 to 1 volt may be amplified without overload-
ing. This limit is increased to 100 volts on the 40-db input position
and to 450 volts when the probe is used. The input impedance on the
low-impedance position is 62 ohms and on the high impedance position
is 430,000 ohms paralleled by 30 p~f. A signal attenuator covering the
range of O to 60 db in 2-db steps and a signal probe of the resistance-
capacitance divider type are included in the design. The probe gives a
voltage attenuation of 10/1 and has an input impedance of 4 megohms
paralleled by 12 p~f.

.4 cathode input permits signal mixing by intensity modulation of
the cathode-ray tube beam. A connection to the unused vertical deflect-
ing plate is also available as described above. It should be remembered

j
I
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that an 0.5-psec time difference exists between these signal inputs an{l

the regular video amplifier channel.

An ingenious timing standard is built into this oscilloscope. Pro-
vision forimproperly terminating the O.5-psec video delay line isinclutied.
When a fast, ri~ing pulse is impressed on the video input, a srrics of timing

pulses are produced by multiple reflection. These may be used for

calibration of time intervals not longer than 10 pscc. W’hilt the cali-

bratedattenuator may be used for relative voltage mermurements, there

is no voltage stiandard in this instrument.

I:[G. lSIS.-Topinter~or viewof the TS34/AP.

The dimensions of this oscilloscope are 6 by 8 by 15 in. over all,
and the carrying case is 29 by 9~by 10 in. Its weight is26 lb alone or
461b when in the carrying case withallcables. Powerrequirementsare
115 ~10 volts, 50 to 1200 cps, and 90 watts at 60 cps. Ambient tem-
peraturelimiti are –40°to +120”F. The tube complement is 1-2AP1,
1-5Y3GT, 1-6AC7, 1-6AG7, 4-6AK5, 2-6SL7GT, 1-6SNT7GT, and
1-6X5GT.

The TS34/.4P test oscilloscope has been designed to keep weight
and volume at a minimum, while taking advantage of the ease of manu-
facture derived from the use of complete circuit subassemblies. In this
unit the subchassis is mounted in a rectangular frame of channel con-
struction. The controls are mounted in this channel and are placed
immediate y adj scent to their respective circuits. “Dish” type covers
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are attached to both sides of this rectangular frame by captive-head
screws. The cathod+ray tube mounting is a tubular magnetic shield
which also serves as a portion of the viewing hood and supports the
magnifying lens and illuminated scale.

Circuit Description”.—The cathode-ray tube control circuits have a conventional
high-voltage bleeder circuit with potentiometers for focus and intensity control.
Vertical centering voltage is applied to one deflecting plate only, the opposite
plate having a d-c connection to the output of the video amplifier. Horizontal
centering is accomplished by changing the d-c level of the bypassed grid of the
cathode-coupled sweep amplifier. When switch se is opened, a 2.2-megohm
resistance is introduced into each of the leads from the sweep amplifier to the
horizontal deflecting plates, and external sweep voltages may be introduced
through the connectors marked If-1 and H-2. The connector marked TrMEmay
be used to apply signals to the cathode of the cathode-ray tube, giving intensity
modulation. This circuit has a short time constant (R = 5100 ohms; C = 100
~~f) and is most suitable for fast timing markers.

The synchronizing pulse amplifier V,, is used with both the triggered and
sawtooth sweep generators. A synchronizing signal input, wh~ch may be either
positive or negative, can be obtained from the video signal after the first amplifier
stage or from an external source. Variation of the cathode degeneration controls
the stage gain and the synchronizing signal amplitude supplied to the sweep
generator.

A multivibrator type of circuit having one stable condition is used to generate

the triggered sweep voltage. One triode section of V, is the normally noncon-
ducting tube, while the cathode, control grid, and screen grid of V, act as the
normally conducting triode of the multivibrator. Current flowing in the plate
circuit of T’g liol(is the quiescent voltage to ground of that element to about
50 volts. \Wwn the negative synchronizing pulse triggers the muitivibrator,
the current flow in V, is cut off and the voltage across the sweep condenser con-
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netted between plate and ground rises exponentially towar(l the supply potential.
Reasonable linearity is obtained by amplifying only tbe first 5 per cent of this
exponential to produce the push-pull sweep voltage. Tbe other section of T’s

is used as a diode clipper to eliminate positive pulses and overshoots present in
the synchronizing signal. It also prevents the control grid of J’, from rising

above ground, holding the quiescent plate voltage constant with variations of
duty cycle. The 5000-ohm potentiometer in the cathode circuit of J’,. is adjusted
to just prevent continuous oscillation of the multivibrator, giving maximum
sensitivity to synchronizing signals.

The sawtooth sweep voltage is generated by a continuously oscillating,
synchronized multivibrator using the two triode sections of VII in a cathode-

I
1

I

bJ5g ‘: ‘n’;::””
ampllfjer

synch

**.<L. ———– —_. _..~

WEi-l ‘JII
rfii~
sweep
amph.

fter

FIG. 18.21.—Block diagram of the ‘lW34/.iI’.

coupled type of circuit. Generation of the sweep voltage is accomplished by a
partial charge and discharge of the sweep condenser connected between one plate
and ground with each cycle of oscillation. Tbe time constant of this circuit is
adjusted to keep the voltage change small with respect to the supply voltage for
all sweep frequencies. This gives a reasonably linear sawtooth which is amplified
in the sweep amplifier. Coarse frequency control is accomplished by changing
the capacity of the coupling condenser between the plate of one tube section
and the grid of the other with switch S 5D. The fine frequency control varies the
discharge time constant of this coupling condenser. The potentiometer in the
plate circuit of V,l~ is in tbe charging circuit of the sweep condenser selected by
witch S6C and keeps the time constant of that circuit proportional to the time
constant of the grid circuit so that a constant sweep voltage output is obtained.

Approximately balanced push-pull output voltages are obtained from a sweep
amphfler of the cathode-coupled type. Since these voltages are direct-coupled
to the cathode-ray tube deflecting plates, a control has been provided to adjust
the average potential of the two plates to minimize astigmatism. The horizontal
centering control adj u~ts the d-c level of the bypassed grid changing tbe potential
differences between the plates.

The input attenuator provided in the signal amplifier channel of this oscillosco~
is of the resistance-capacitance divider type described in Chap. 17. Trimmer

I

I

I

I
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capacitors which parallel the resistors between the 20- and 40-db pairs of switch
points on switch S, are adjusted to pass a 20 kc/see square wave without peaking
or rounding off the rising and falling edges. This adjustment will be correct
when the ratio of the trimmer capacity to the grid-to-ground capacity equals the
ratio of the grid-to-ground resistance to the resistance across the trimmer. The
capacitors between these switch points and ground are adjusted in a similar
manner when the probe is in use.

The coupling amplifier 1’, drives the l%ection 0.5-psec video delay line in its
cathode circuit and the synchronizing pulse amplifier from its plate circuit.
The image size control changes the stage gain by varying the amount of negative
feedback.

The delay network is terminated in a calibrated attenuator composed of
resistors mounted on switch S?, and its output drives the three stages of a fixed-
gain video amplifier. In Lhe first amplifier Jr,, a relatively small bypass con-
denser across part of the plate-load resistor is used to give some low-frequency
compensation. The second amplifier 1’, employs shunt peaking to extend the
high-frequency response in addition to the low-frequency compensation. A
variable resistor in the grid circuit of V3 permits adjustment of the over-all low-
frequency response of the amplifier. Shunt peaking is employed in the final
amplifier stage V~, which is direct-coupled to one vertical deflecting plate of the
cathode-ray tube.

In building this amplifier, it should be remembered that any departure from
the original mechanical design may change the operating characteristics mate-
rially. More detailed information may be obtained from the maintenance
handbook previously mentioned.

The power-supply circuit employed in this oscilloscope is entirely conventional
in design. If these circuits are to be used with a 3- or 5-in. cathode-ray tube, a
higher voltage will be required.

18.4. Type 266-B A/R Range Scope.’ Function.—The A/R range
scope Z(Fig. 18.22) was designed to fulfill the multiple functions of a range
circuit calibrator, an auxiliary range unit, and a test scope for radar
systems. It contains a crystal-controlled range mark generator, inter-
polating circuits, sweeps, and a video frequency amplifier suitable for
observing fast pulses. The operational flexibility of the unit as a general-
purpose test scope has been curtailed to achieve good calibrator accuracy
with reasonable portability. Since this unit was designed to measure

1Section 18.4 is by H. J. Reed, Jr., and A. H. Fredrick.
z Developed by the Radiation Laboratory and manufactured by the Alfen B.

Du MOnt Laboratories, Inc. Procured by the Navy Department and the Radiation
Laboratory. Instruction manuals and reports include NAVSHIPS 900, 605 and
CO-NAVAER 1G55-504, published by the Bureau of Aeronautics, Navy Department,
Washington, D. C., and RL Report No, 755. The schematic diagram is RL drawing
number D 1852-A. ‘l’he type 25&A is similar to the 256-B, the principal difference
being an 800-yd “R” sweep on the 200,000-yd. scale of the 256A instead of the
450&w+ec sweep of the 256-B. A closer approach to a unit meeting service specifica-
tions is obtained in the 25&B.



time in terms of rwla, distances, tlli? ‘‘ r:ldar yord” (().00(j~ !-LScc) will

be used in this discussion.

Characteristics. -.l 5(’P1 cathode-ray tube operating Jvith 2000 volts

on the gun structllre and 2000 volts of post-deflection acceleration is

, I 1 1 1 I I I 1 1
-Y1

FIG. lS22. -Type 256-B .41R ranw scope.

used to obtain definition and brilliance consistent with the sweep speeds
and video bandwidth provided.

The sweep generator is of the triggered type, producing both type
“A” and type “R” displays. Type A sweep lengths are 12’20, 12’2,24.4,
12.2, and 4.9 ~sec (200,000; 20,000; 4,OOO;2,ooO; and 800 yd), correspond-
ing to 300, 30, 7, 3, and 1 psec/in. of trace. On the type 256-B units, a
4500-Ysec (1~ psec/in.) sweep is also available.
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Switch positions that allow the -1000-, 2000-, and 800-ycl sweeps
to be delayed between 500 and 20,000 yd and the 4000 and 2000 yd
sweeps to be delayed from 1000 to 200,000 yd are provided. These
delays are controllable through a panel dial which may be calibrated to
be accurate to better than 0.1 per cent. The portion of the 20,000 -
or 200,000-yd A sweep, bracketed by the fost R sweep, can be intensified.
Details can thus be picked o~lt without the necessity of an A sweep cali-
bration matching the delay dial.

Repetition rates are limited to a maximum of 2000 cps on the 20,000-yd
scale and 400 cps on the 200,000-yd scales. The minimum trigger
required for accurate ranging is + 15 volts with a rate of rise of 100
volts/psec. Satisfactory triggering can be obtained with rates of rise
as low as +10 volts/~sec, but recalibration of the sweep delay circuit
may be needed. Externally generated input triggers are shaped in an
input circuit that supplies an essentially constant trigger to the internal
circuits for all trigger amplitudes greater than the minimum required.
This shaped trigger is also available on panel connectors. There is no
provision for bringing out the sweep voltages or for using externally
generated sweep voltages in this instrument.

The start (left edge) of the R sweeps is intentionally made very
sharp. The range delay ‘dial, controlling the position of the R sweeps,
can thus be accurately calibrated to indicate the elapsed time or range
between the trigger and the start of the sweeps. The normal accuracy
of tins calibration is better than 0.1 per cent of full scale; 20 yd in 20,000
or 200 yd in 200,000. Provision is made for calibrating this delay with
the crystal-controlled range marks.

An 81.94-kc/see crystal oscillator, accurate to 0.02 per cent, is used
as a timing standard. Marker pulses 1 psec wide, rising in 0.25 psec
and occurring at intervals of 2000 or 10,000 yd, are derived from this
standard. These pulses can be used as bright or dark dot markers on the
scope sweeps. Owing to the nature of the trigger generator circuit,
2000 yd are lost in the first 10,000-yd marker interval. Consequently
the first ‘‘ 10,000 “-yd marker occurs at 8000 yd. Subsequent marks have
the correct spacing. Marker spacing and polarities are chosen by a
panel switch, and the markers chosen are simultaneously available at an
external connector. Pin jacks on the panel bring out the vertical cen-
tering voltage for pulse amplitude measurements with an external meter.

An internally generated f 100-volt output trigger having a width of
1 psec and a rise time of 0.3 ysec is also obtained from the divider chain.
Thk trigger is accurately locked in phase with the 2000-yd markers.
Its frequency is adjustable to any integral submultiple of 81.94 kc/see
between 80 and 2000 cps on the 20,000-yd range and between 80 and
400 cps on the 200,000-yd and 4500-psec ranges.
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One siynal chanrd is a direct connection to the top vertical deflection
plate of the 5CP1 and is accessible when the attenuator is set at OFF.
The deflection factor for this plate is 79 f 16 volts per inch upward for a
positive signal and the input impedance is 1 megohm paralleled by 32 p~f.
Maximum signal level on this channel is 600 volts d-c plus peak a-c.

The lower 5CP1 vertical deflecting plate is accessible through a three-
stage video amplijicr having a gain of approximately 125. The amplifier
gain is down 3 db at 7 illc and 6 db at 10 lIc. Its pulse response is

such that the sum of the output rise and fall times does not exceed 0.08

I
I

I

FIG. 1823.-Right interior view of the A/R range scope

psec for an input pulse with a rise and fall time of 0.01 psec. The low-
frequency response is such that the vertical position of the trace follow-
ing a 1000-psec pulse does not change by more than 10 per cent of the
pulse amplitude.

A 0.2-volt signal at the input of the amplifier gives at least ~in. scope
deflection. Overload occurs for a l-volt peak input signal at which
point the scope deflection is approximately 1.5 in. The peak signal
plus steady voltage at the amplifier input should not exceed 600 volts.
A step attenuator having ratios of 1/1, 3/1, 10/1, 30/1, and 100/1 per-
mits the observation of signals in excess of l-volt amplitude. This
attenuator is made up capacity-compensated resistance divider units
which are switched in ahead of the video amplifier. The input impedance
is approximately 1 megohm shunted by 20 ppf on all ranges.
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Internally generated range marks and the It sweep gate are introduced
as intensity modulation of the beam. A minor wiring change will per-
mit simultaneous connection to both vertical deflecting plate with one
direct channel and one through the amplifier for mixing two video signals.

This equipment is housed in a steel case 11{ by 16* by 26 in. The
case is equipped with two carrying handles, access panels for internal
adjustments, and a panel cover cent aining clips for the instruction manual
and power cord. Total weight is 104 lb. Power requirements are 115
to 120 volts, 60 to 1’200 cps, 220 watts at 60 cps. The tube complement

FIG. 18.24.—Left interior view of the A/R range scope.

is 1-5CP1, 2-2X2, 1-5U4G, 2-6AC7, 2-6H6, 9-6 SNT7,and 1-807. Panel
connectors are of the LTHF type.

The 256-B range scope was designed to stand a 10g shock. Conse-
quently, the vertical chassis structure is of steel strongly reinforced with
corner braces and structural framing. An effort w-m also made to achieve
a maximum of accessibility and serviceability of all parts. Since the
instrument was intended for battle service, the panel clearances mound
operating controls are large. This feature and the accessibility result in
a unit of large size. All transformers, filter reactors, and capacitors
larger than 0.01 pf in this unit are hermetically sealed. The remaining
components are “ moisture resistant, ” and the entire unit is anti-fungus
treated.
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Cirwuit De.scri@n.-The cathode-ray (uL< circui[s in this instmment US?
eonventiorml high-voltage supplies employing half-wave rectifiers followed by
RC-fiiters. Focusing and beam intensity are controlled by means of poten-
tiometers in the negative supply bleeder system, ATegative bias voltage for the
video amplifier is also obtained from this bleeder.

Essentially distortiordess pattern centering is accomplished by symmetrically
<[displacingeach plate of the horizontal or vertical pair from a nominal voltage
equal to one-half of Lhe low supply voltage (2.50 volts). Dual linear poten-
tiometers are used for this function. Another potentiometer, the auxiliary focus
control, is used to adjust the secoml :mo{le potential with respect to the deflecting
plates. This control is Iocate(i on the front panel, since it must be adjusted for
each sweep rate to obtain optimum focus.

The cathode-ray tube sweep roltages are ol)taiued by chorgiug the sweep rate
condensers between switch LSIC md KI’OLIII(l with a feedback-type constant-current
generator. Tube 1“~.i is the feedbaek mthode foilower which supplies the posi-
tive-going CRT sweep voltage. A negative-going sweep voltage is obtained by
inverting the positive sweep in a unity-gain voltage feedback amplifier, ~“~.<.
Triode l’;~ receives a negative gate either 4000, 20,000, or 200,000 yd long
through switch S, E which is ganged to the sweep rate selector switch &’,c. When
this tube 1“~~is gated ‘1off” it allows the sweep to start and causes it to be restorecl
when it is “on. ” During the time l“,. is off the cathode-ray tube is intensified,
Cousccluently, on the 800- and 2000-yd sweeps the trace runs off the right-hand
side of the tube.

The A sweep multivibrator, which actuates the cathode-my tube sweep
generator and the range delay soJ~-tooth generator, is the self-biased direct-

eoupled single-time-constant multivibrotor ~’ 1. The negative output of this
lllultivibrator, taken from tbe plate load of T-IA, is used to turn the linear s~~eep
clamp tube V3~ off and, via switch ,S,E,to gate ViD M previously described. The
positive output pulse, taken from the plate lo~d of V,D, intensifies the cathode-
my tube on the 20,000- and 200)000-yd scales.

The R sweep delay and ranging circuit, comprised of 1’2, l’~, and T“,, uses a
“l)ootstr:il]’’-ty~)e constant-current generator which charges a capacitor to obtain a
line~r s~veep. This circuit is elaborated by tile use of clamping diodes to relieve
the 10:M1on the bootst~apping cathode follower VJB and to obtain rapid recovely
of the charged condensers upon termirmtion of the linear-sweep period. This is
:Lccomplished by diodes V~ and, in p:irt, ~“!A. The sweep condensers for the
20,000- and 200,000-yd range are each split, into two temperature-compensateti
series groups. The lower of these groups has an auxiliary charging path through
the resistors across etich section of 1’, to the cathocle of VW. current flo~ring in
this circuit is approximately proportional to the square of the elapsed time since
tllc circuit was triggered. These resistors have been chosen so that this current
I):dancrs out the second-or(ler current flofring in the charging resistor (bet~veeu
T-,., and ,S, ,<) clue to imperfect bootstrapping. By this compensation, a swerp
linr:ir to better than 0.1 per cent is obtained at the grid of V,~.

The pick-off diode ~’,~ has the linear-slveep voltage impressed on its plate
JIILIa ~~ri:lhle hias derived from a 10-turo precision potentiometer (~vhicb is
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coupled to the range did) on its cuthwle. M lieu the sweep voltage equals the

cathode bias voltage, ~“VJconducts, and a portion of tbe sawtooth voltage passes
over to the delay amplifier l-j. Here it is amplified until its rate of rise is sutl.-

cient to give stable firing of the 4000-yti R gate blocking oscillato~ J-h.(. slope
and zero potentiometers are provi[led for setting the calibrstiou of the range dial
on the 20,000- and 200)000-yd delays. These controls are accessible through a
side panel in the ease.

A switch, located on the front panel, permits firing the R gate generator
directly from the trigger. This allows the R gate to cover the range bet~veen
the minimum linear delmy rmcl the trigger. As previously mentioned, the nega-
tive R gate output \-is switch LSl F stiarts the short sweeps, and the positive output
via switch ,’1~Gintensifies the CRT durin~ the sweep interval.

The ~i ,iing shzrrdrrrd for the range mark generator is an 81.94-kc/see oscil-
lator t’w,. The Class C plate current pukes of this tube are used to synchronize
the 2000-yd umrker generator blocking oscillator 1“~~. Lt]\\--i]rlIJe~l;ll1reshort
range marks axe derive([ arross the current pulse resistors in the plate and cathode
circuits. A division }>y 5 to obtain 10,000-yd i-tinge Inarks is accomplished in a
r)l:~te-t(j-e:it}~<)cle coupled blocking oscillator 1’, M, This type of rircuit was
cliosen for its stability with respect to heater voltage variations. As in the
])reviOUSCWW,rllrlcnt pUhe outputs arc Ohtailled across the resistor’s iI1 the plate

and catbo(lc (Iirc(iits of l-~,l~. The final rel)etition rates are obtained from a gate-
geller:~ti[lg l,[ockin~ Os(, ill:ttor T’ ,o~ an~l :1 rc routrolled l~y the panel-mounted

Imtentio neter in the gri(l circuit of this sta~e. The nlinimum PRF’ of this circ[lit

is fihout S() cps while tlm u~)per rate is Iiu itcd to almrt 2000 cps l~y the fixed grid
(,ireult resistance, on the 200,()( )()-y{l delay position of ,S,, deck A’IE introduces
:d(litirru~l series resistance in the timing cinmitj limiting the maximum PRF to
400 cps. This is [lone to avoid exceeding the maximum duty ratio of the ~inear-
swwep delay circuit,

A jitter-free trig~er is obttiined hy selecting one of the 2000-yd range marks of
V,~ with the outlmt pulse of 1-,,,,,. This is accomplished in the coincidence tube
l’,,~ w}lich is so bi:~sml (:i]>l)r(Jxir~l:~telytwire rntoff) that no plate conduction
occurs unless the ne~~tive cathode gate derived from the plate circuit of V~Ofi

coinridcs with (that is, brackets’) a positive grid pulse derived frwm the cathode
circuit of V9,1. Coincidence causes 1’,,,, to draw * pulse of plste current for the
duration of the positive 2000-yd mtirk, and the normally off blocking oscillator
t’,,3 fires. Its output t,hrough the paraphase amplifier, V,D, furnishes positive
nod negative trig~ers at the trigger output panel connectors, The internal A
@e trigger is obtained from the timing condenser of the blockirg oscillator VIM.

This point gives an unambiguous negative trigger upon differentiation in the
coupling condenser making the firing of the A gate reliable. When the oscil-
loscope is triggered externally, tbe t]iggers ue shaped in v,, to obtain essentially
constant triggers for the A or R gates. For external triggers, ,S3 converts l’,,~
to a biased amplifier by renloving the positive bleeder-bias connection, Positive
input triggers are then ~ri(l-coupled ~vith the cathode resistor hylmssed. Xeg:i-
tive triggers are introducwl in tile cathode circuit with the grid resistor bypassed.
Tn errch raw the inroming trigger fires the blorkin% oscillator T’,, B. A shapell
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trigger output connectors. ,Slvitcll ,>’:, :dso {lisablcs the rryst:ll oscillator an(l
marker generator when an external trigger is used. This prevents tile possibility
of improper use of the range marks with unsynchronized triggers.

The video amplifier is preceded by a four-step constant input impedance
capacity-compensated resistance attenuator. Each attenuator section is inde-
pendent. The video amplifier, with the exception of the S07 output stage, is a
shunt-peaked Class A amplifier. The output stage uses both shunt and series
peaking. Cathode peaking is also employed in the input and output sta~es.

The high-voltage power supply uses two half-wave rectifiers 1’,, find l’1~ to
supply both positive and negative 2000 volts at 5 ma for the cathode-ray tube
circuits. The low-voltage supply, which uses Vl, as a full-lvave rectifier, delivers
200 ma at a potential of 400 volts. Of this current, 60 ma is dropped to ‘2.50volts
in an RC-filter section. The second stage of the two-stage LC-filter is shunt-
tuned to approximately 120 cps,

18.5. Oscilloscope TSIOO/AP.’ Function. -Test oscilloscope 1% 100,’AI’
has been designed to perform two general functions. It is a precision
range calibrator ~vhich uses a circular sweep to measure the time inter-
vals normally encountered in radar practice with an accuracy of about

0.02 per cent. It is also used with linear-type “A” s~veeps as a general-

purpose portable test oscilloscope for radar equipments.

Characteristics. —.\ type 3DP1 cathode-ray tube operating at an

accelerating potential of 1800 volts is used. This gives a vert;cal deflec-

tion factor of about 150 volts/in. TIVO sweep generators are incl~ldecf in

this instrument, providing gated or continuous circular s~~eeps and

triggered linear sweeps. The length of each revolution of the circular

sweep is 12.361 ~sec (1 nautical mile), accurate to 0.02 per cent. This

sweep is generated continuously. Ml revolutions or the first 1, 30, or

350 revolutions immediately following the synchronizing trigger may be

intensity-gated. Triggered linear-s;veep lengths of approximately 10,370,

and 4300 psec (0.8, 30, and 350 nautical miles) are provided. Either

the intensifying gate of the circular sweeps or any of the iinear sweeps

may be delayed by a continuously variable period to a maximum of
620 psec (50 nautical miles) with respect to the synchronizing trigger.

I Developed by the Radiation Laboratory and manufactured by the United Cine-
phone Corporation, Torrington, Corm. Procured by the Signal Corps, Dayton Procux-
ment Office; and Radiation Laboratory. The .11an uscript o,f ff[[wlbook of ,Ilazntenarwe
Instructions for Test Oscilloscope 7’SIOO/AF’ is an instruction nla]lual printed by
the manufacturer. Also available is the technical order TO-OS-TSIOO/*kI’-2, pub-
lished by the Signal Corps, Dayton Procurement Office. The sections on ]naintcnancc
and the waveforms shown in this latter publication are inaccurate and do not apply to
this instrument. This unit is used with the .\X’/.AP15l5 and other airborne radar
systems. The Model 5 type AJ test oscilloscope (60.ACZ) ~vhich m described hriefl~-
~t t,he end of the present section is of similar mechanical and electrical design.
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The sweep circuits may be synchronized either by the internal trigger
or by a~ externally generated trigger of either polarity having an ampli-
tude of 15 to 50 volts and a minimum rate of rise of 100 volts/psec.

.,

J

FIG. 18.27.—Oscilloscope TSIOO/AP.

Satisfactory triggering may be obtained up to 5000 cps when the sweeps
me triggered directly or to 1200 cps ~~hcn the variable delay is used. A
positive linear-sweep volttige of 225 volts amplitude may be obtained
from a connector on the back of the instrument. This circuit has an
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internal impedance of 100,000 ohms. An input is also provided on the
panel for an externally generated sinusoidal voltage having an amplitude
of 35 to 100 volts rms and a frequency between 78 and 84 kc/see to gen-
erate a circular sweep.

The circular sweep, which is generated by quadrature voltages from
a crystal oscillator, provides a preciszon time base for the measurement
of short time intervals. The period of each cycle, which corresponds to
the time for one revolution of the sweep, is accurate to better than 0.02
per cent. The position of a signal on the circle can normally be read to
+ .05 psec ( t 8 yd). Marker pips generated by the crystal oscillator
can also be made available by adding a panel connector and one wire to
the instrument.

A 100-volt positive trigger and a 70-volt negative trigger having a
pulse width of 0.6 psec are supplied by the trigger generator for synchroniz-
ing external equipment. These triggers are accurately locked in phase

with the circular sweep by frequency division. The repetition rate is

variable from 300 to 1500 EhI/SEC in integral submultiple of 80.86
kc/see. A low-impedance output is provided.

A direct signal channel to either or both vertical deflecting plates is
provided when the linear sweep is used or to the center electrode for
the circular sweep. The input impedance is 1 megohm paralleled by
55 ppf for the upper vertical deflecting plate and 45 upf for the center
electrode. The vid(o amplijier has a voltage gain of about 12 which is
constant to + 3 db between 250 CPS and 2.8 hfc/sec. overloading occurs
with an input signal amplitude greater than 2 volts. The input imped-
ance is 1 megohm paralleled by 32 ppf, and the stage gain is fixed ~vith no
control provided. Only one signal input is provided for the circular
sweep. Signals can be mixed on the linear sweeps, ho}vever, as inputs
to both vertical deflecting plates are provided. One input is ronnectetl
(Iirectly and the other either connected directly or through the video
amplifier.

The over-all dimensions of this oscilloscope are 9 by 14 by 163 in.,
and the weight including the cover is 42 lb. Test cables weighing a total
of 2 lb are also supplied. Power requirements are 115 f 10 volts (the
transformer may be reconnected for operation on 230 volts), 50 to 1200
cps, 110 \vatts at 60 cps. Ambient temperature limits are —22° to
+122”F. The tube complement is 1-3DP1, 1-2X2, l-5 Y3GT/G,
1-6.4G7, and 7-6 SN7C1T. Space is provided in a removable panel cover
for the variety of test leads and cables supplied.

CiTcuit Description.-The cathode-ra!l tube contTol circuits use a conventional
high-voltage blecde[ containing the focus and intensity l)c)telltit)l~~eters. Dud
potentionwtcrs Inwiwle M:mml centering voltxgcs for deflecting the beam. An
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astigmatism control, which sets the voit:lgc ou tlw mllt~ir chvtmtlt, UIN1t,lw
second anode, is mounted on the panel, since it must normally Lr :uljusted to
obtain good focus tvllencllangillgfrolll a cilcularto aliuear display,

Thecircu[ar su>eepis generated byatriode crystal oscillator l'TJ;. Thec]ysta]
is ground to a frequency of 80.86 kc/see giving a period that is equivalent to onc
radar nautical mile. Theoscillator mayalso beused~vith an81.94-kc/sec crystal
for a 2000-yd period. Several circuit changes are necessary to modify this
instrument forusewith alOO-kc/sec crystal (giving a10-psecpe,iod).

The tuned transformer in the oscillator plate circuit (Sickles R1210001) has
two sets of secondary windings which are tuned by panel-mounted air trimmer
condensers paralleled by temperature-compensating fixed capacitom. These
!vindings are each coupled to a pair of cathode-ray tube deflecting plates and arc

tuned on opposite sides of the resonant frequency to give a 90° phase difference
between the voltages across them. When the horizontal and vertical deflection
amplitudes are also equal, a circular trace is obtained. The circle diameter is
controlled by a trimmer condenser across the primary. It may also be adjusted
by the screw-driver-controlled potentiometer in the oscillator plate circuit to
compensate for variation in the deflection sensitivity when the cathode-ray tube is
replaced.

When the oscillator switch S, isin the EXT. position, the crystal is shorted
out and the oscillator stage functions as a low-gain amplifier. A sinusoidal volt-
age from an external oscillator having either of the frequencies mentioned above
may then be connected to the 80-kc IN connector to generate the circular sweep.

The circuits generating the linear sweep include a trigger shaper, a sweep delay
multivibrator, a sweep gate multivibrator, a “bootstrap” sweep generator, and
au inverter to provide push-pull deflection. The trigger shaper consists of the
friode tube sections ~’,~and Vl~. The first tube receives either a positive trigger
cmthegrid oranegative trigger on the cathode and amplifies it to fire the biased-
off blocking oscillator V,B. Thewaveforrn of thepulse produced bythis stage is
essentially independent of the input trigger characteristics and provides the
optimum trigger for the multivibrator following.

The two triode sections of V, are used in a cathode-coupled delay multi-
vibrator whose pulse length is set by the SWEEP DELAY grid-voltage control.
When the’rmG sELEcTswitch ~,is in the + or – DEr,AYEDposition, this multi-
vibrator is triggered by the blocklng oscillator pulse. The fall of the positive
rectangular pulse that is generated at the plate of ~2B is differentiated to provide
a delayed trigger for the sweep gate multivibrator. Withswitch S,inthe -i-or –
uhmELAyED position, the delay multivibrator is not used and the sweep gate
multivibrator istriggered directly bythe trigger shaper. The + and — positions
of the switch S1 refer to the input trigger polarity. The SWEEP DELAY control
has a roughly calibrated dial to indicate the time delay in terms of nautical miles.
S[ope and zero adjustments can be made with the screw-driver-adjusted poten-
tiometers in the control voltage bleeder tomakethe actual delay agree with the
dial reading. This delay is normally used with the l-mile circular or linear
sweep to expand a portion of the viewed signal.

Tube sections VW and V5A make up the sweep gate multivibrator which is
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:dso of the cathode-coupled type. ‘Mc length of the pulse produced by this
circuit is controlled by changing the fee(ltjackci~~~:lcity with the GATEswitch A’~*,
The uositive pulse dcvclopcd at the tap in the plate-load resistor of I-M is couple{]
to the grid of the cathode-ray tube to turn on the be:ml ]vhen the sI~eep voltage is
genemted. Tl~entgativel j~llsef roI~ltl~e~]lz~tec)f I“,fiis cc)cll]led totllegrid of the
clamp tube I“6A. Simultaneous control of the three pu]se lengths selected by
switch L$4A is provided by the screl~-driver-a(ij~lstecl potentiometer in the plate
circuit of t-b~. This nmkes it possible to compensate for the variation of pulse

length with tube and component changes. The s~x( potentiometer is used to

wijust the trigger amplitude when the time interval between trigger pulses is less
than the multivihrator gde length. Stable operation at these high repetition
rates may be obtained when the trigger amplitude is just sufficient to cause the
multivibrator to fire.

Tl~eline:~r-s\veel) voltage isgenerated l]ytlleclanlptllbe J’tAall(ltlle~athO(ic
follower 1“,~, which areused ina bootstrap-type circuit. Sincethe sweep dura-
tion is set by the length of the gating pulse, the capacityof the sweep condenser
must be changed for each gating pulse length if the sweep amplitude is to be con-
stant. The GATE svvitchS~8 performs this function. Simultaneous adjustment
of all sweep amplitudes can be made with the screw-driver-adjusted poten-
tiometer intheplate circuit of ~d~tocompensate fortube andcomponentvaria-
tion. The positive sweep voltage is coupled to one horizontal deflecting plate
from the cathode fo~lower. An attenuated voltage of similar waveform is

developed at thetap in the cathode-load resistor of this stageaod is coupledto
the grid of the inverter amplifier ~6& Thenegative sweep voltage at the plate
of this tube is approximately equal in amplitude to the positive sweep voltage
and is coupled to the opposite horizontal deflecting plate.

A single-stage oideo a@ijer is connected into the main video signal input
circuit when the VIDEOAMP switch ~~ is in the ON position. Series peaking and
cathode peaking are used to extend the bandwidth. No gain control or atten-
uator is necessary, since the gain is quite low (G = 12). The amplifier is con-
nected to either the top vertical deflecting plate or the radial deflecting center
electrode by tbe SWEEP switch SC,,which selects either linear or circular sweep
operation. Direct connection to both vertical deflecting plates or to the center
electrode may be made through the MAINVIDEOand AUX VIDEOinputs when the
video amplifier switch SS is in the OFF position.

The trigger generator is designed to provide positive and negative output
triggers which are accurately locked in phase with the sinusoidal voltage generat-
ing the circular sweep. Any phase shift, or “jitter, “ in this relationship would
cause a broadening of the signal trace or an actual shift in its position on the
circular sweep. Since time measurements aremade bydirect comparison w'itha
scale on the face of the cathode-ray tube, the accuracy of the instrument would be
materially reduced.

By inserting small resistance-damped inductances in the plate and cathode
circuits of the crystal oscillator, relatively short voltage pulses (or pips) are
produceri by the pulses of plate current inthe Class C oscillator. The pips pro-
[lllced inthel~late circ~lit areusecl tosynchronize anotherwise free-running hlock-
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il)g ob~iildor” I “,1,4. ‘1’his circuit oscillates at :i m r,t , dctcrn]iucd l~y Lllc diwharg(:
time constant of its grid circuit which is varied by the OUT.TRIG. FREQ. poten-
tiometer. The circuit constants of this blocklng oscillator have bceu so chosen
that a relatively square negative current pulse of about 15 volts amplitude and
18-ysec duration is generated across the resistor in the plate circuit. This pulse
and the positive 15-volt pips generated in tbe cathode circuit of the crystal
oscillator are coupled to the cathode and grid respectively of the coincidence
amplifier V,~. The fixed bias level of this tube is set t[~ give contl~lction when
these pulses occur simultaneously. Since the crystal gcnemtcd pips have a
12-Psec period, this will occur for the pip immediately following the one that
causes the blocking oscillator to fire. When coincidence OCCUM,the amplified
pip appears as a negative trigger at the plate. Since ~“.!,4has a common plate
circuit with the blocking oscillator ~:4B, this Stage k fired. The O.bsec positive

I:lG. 1S 32.—Laboratory type .4 and J oscilloscope.

trigger generated is coupled to the cathode follower inverter Vs~ which supplies
low-impedance positive and negative output triggers.

A power supply of conventional design is used. The Io\v-voltage supply
gives 400 volts at 40 ma and 270 volts at 45 ma. A – 1700-volt, 2-ma supply is
provided for the cathode-ray tube. The power transformer has a two-section
primary winding which may be connected for operation on either 115 or 230 volts.

Similar Equipnwnts.-The Model 5 type AJ test oscilloscope manufactured
by the Technical Apparatus Company of Boston, Mass., is almost identical with
the TSIOO/AP in electrical and mechanical design. The circuits have been
modified, however, to provide a 6.1-psec (1000-yd) circular sweep and linear-
sweep lengths of approximately 5-, 370- md 2500-psec duration. The repetition
rate range of the trigger generator has rJcw. changed to 250 to 1000 cps. Other
characteristics of the two instruments are essential y the same.

Only component value changes were necessary in the oscillator, sweep gate
multivibrator, and sweep generating circuits. T“he Sickles transformer A-o.
RE13386 was developed to SUPPIy the quadrature voltages for the circular sweep.
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A redesign of the blocking oscillator frequency divider V8A waa necessary h

generate the rectangular S+sec current pulse required for selection of one of the
pips generated in the 163.8S-kc/sec crystal oscillator. The same pulse trans-
former is used, however. No changes wererequired in the other circuits.

While the redesign was made for a specific application, this unit has some
advantages over the TSIOO/AP. The most important of these are higher reading

accuracy obtained with the 10OO-yd circular sweep and the faster linear sweep for
viewing portions of wavefcrrms.

Figures 1S.32 and 1S.33 show z laboratory instrument that used the, same
circuits as the TSIOO/AP. Somewhat greater flexibility was obtained by using
separate cathode-ray tubes for the linear and circular sweeps, eliminating switch
S,. Signal inputs go to both tubes simultaneously, removing some of the ambi-
guity encountered in the use of the circular sweep alone.

18.6. Model III Range Calibrator. 1 I’tinction.-The Model III range
calibrator is a relatively specialized device for accurately measuring small
time intervals in the laboratory. It uses a circular sweep generated by

1Developed by the Radiation Laboratory and the F. W. Sickles Co. and manu-
factured hv the latter company. Procured by the Radiation Laboratory and others.
“Opcratiog Data for the Model 1II (ldihratm “ is W) instruction report published by
tile F, W. Sickles (kr. The Models 1 and 11 Sickles (kdihmtors (RL Report No. 333)
are mrlicr moflcls of this unit which lI:kvc simihr functions.
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a crystal oscillator’ as a precision time base and supp]it?s synchronizing
triggers to external signal generating equipment. Most of its functions
are duplicated by t,hc circuits associated with the circular s~veep in the
TSIOO/AP test oscilloscope (Sec. 18.5).

Chaructrristics. —ii type 31 )1’1 ca{hodr-my tube is used. l’his tube

has a signal electrode in the middle of the screen for producing radial

deflection of a circular time base. .in accelerating potential of 2000

volts is employed, giving o, radial deflection sensitivity of about 225

volts per inch for a positive sigrml on a 2.5-in. diameter circular sweep.

FIG. 1S.34.— Xlodel III rrmge r:dibrator.

Either continuous (type J) or gated (type X) circular sweeps having
a fixed frequency arc provided by this instrument. Three models having
sweep periods of 10, 10.74 (1 radar statute mile), and 12.2 psec (2000
yd) per revolution have been constructed. The corresponding oscillator
frequencies of 100, 93.11, and 81.94 kc/see are generated with an accuracy
of about 0.02 per cent. Pulse position on any given sweep revolution
can be read to about f 0.1 ysec with the circular scale on the CRT screen.
The circular sweep generating circuits cannot be triggered but must
supply a synchronizing trigger to external equipment. A single revolu-
tion of the circular sweep may be intensified and delayed with respect to
the output trigger. When properly calibrated, the delay should agree
with a calibrated range dial to within ~ 1 per cent. Higher accuracy
is not necessary, since it is necessary to have only an indication of the
particular sweep revolution being illuminated. The maximum delays
for the three models are 300 ~sec, 25 land miles, and 50,000 yd. A delayed
output trigger may be derived from the narrow (intensifying) gate output
if clmired.
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The internal trigger yerwrator provides positive and negative output
triggers having an amplitude of 100 volts and a pulse length of 0.6 psec.
These pulses are locked in phase ~vith the crystal oscillator and are
developed across resistances of 1000 ohms. Nominal repetition rates
of 400, 800, 1200, 2000, and 2300 pps are selected by a five-position switch.

A sinusoidal output voltage from the oscillator that generates the
circular sweep may be obtained from a connector on the rear of the chassis.

FIG. 1835.-Chassis view of the N’lodelIII range calihr~tor,

While no input connrctor is providedj :In externally grner:~tcd sinllsoidal
voltage may be used to generate a circular slveep. The oscillator, ~t,hich
should have a frequency near that for ~vhich the unit ~vas designed,
should be connected through a 2.5-ppf rondenser to the internal oscillator
grid pin of the socket from lvhicb the crystal has bwm rrmovecl.

The siqnal channd to the center electrode of the CRT either is a

direct connection or passes throllgh :~vi(lco amp]ificr. The input imped-
ance with the amplifirr switched out is 750,000 ohms paralkled by 37 ppf.

The single-stage vidro nmplijicr has a voltage gain of approximately
18 wh~h is constant ~vithin f 3 dh between 50 cps and -! hIc/sec. Over-
loading occurs lvit}1an inpllt sigma] cxcwding 3.5 volts peak. The ampli-
fier input impedance is 750,000 ohms parallchxl by 25 pwf.

The over-all (Dimensions of i I\is{Init :Lre 11 by 17 by 10 in, high, an(l
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it weighs 40 lb. Power requirement are 117 f 8 volts, 60 cps, 110
watts. The tube complement is 1-3DP1, l-2X2/879, 1-5V4G, 1-6AG7,

To vertical
defl. plates Wdeo
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Phase amphf!er

oscillator
Spllbng

transformer
(ga,n = 18,

bandw,dth=

#

To horiz 4Mc/sec )
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o

input

L-”-3
Trigger outputs

FIG. lS.36.—Block diagram of the Model III range calibrator
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FIQ. lS.37.—Model III range calibrator circuit

1-6SK7, 5-6SN7, 1-VR105, and 1-VR150. The only cable provided is a
nonremovable 6-ft power cord. Panel connectors are Amphenoi type
80C.
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( ‘ircd Dcscriptiott.-—Thc mthodc-ray tube rircads include a high-voltage
Meeder circuit of conventional design which contains the Focus and INTENSITY
potentiometers. Centering voltages are applied to one of each pair of deflecting
plates through the REIOOO1 coil assembly. Either a direct-coupled or an ampli-
fied signal may be applied to the center electrode via the vnmo switch S,. Posi-
tive intensifying pulses are coupled to the grid of the CRT.

Tube V, is used in a crystal oscillator sweep generating circuit which produces
a voltage output of stable frequency across the primary of the tuned trans-
former in the plate circuit. The secondary tuning condensers may be adjusted
to give sinusoidal output voltages ha~:ing a 90” phase difference across the two
sets of secondary windings. Each of these voltages is coupled to a pair

.-

I

I

FIG 18:38.-200 yard “J” scope attachment

of cathode-ray tube deflecting plates, generating a circular trace with a diameter
controlled by the primary tuning condenser.

The measurement of a longer time interval than that required for one revolu-
tion of the circular sweep requires an auxiliary circuit to indicate the number of
revolutions made by the sweep before the signal is observed. This is accom-
plished by using a calibrated delay circuit to delay a pulse whose duration lS
somewhat less than the period of the sweep. This pulse is appiied to the grid of
the cathode-ray tube. In this manner, any particular revolution of the sweep,
out to the maximum delay of 25 to 30 revolutions following the trigger, can be
intensified. The range of the illuminated revolution is indicated on the calibrated
delay control.

The circuits used include a trigger shaper, a delay multivibrator, and a sweep
gate multivibrator. The positive trigger from the blocking oscillator is coupled to
the grid of the trigger shaper VW. The output of this stage fires the delay multi-
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vibrator VS. The length of the puke prt~(lure(l })y this st:~gc nl:Ly be adjustcft
with the RANGEcontrol which varies the hiss voltage on the grid t)f the normally
off tube. Slope and zero coutrois m:Ly hc :Ldjusteti to make the pulse lengtl~
agree with the control calibration. The neon tube in the control bleeder reduces
the effect of changes of plate voltage on the gate length.

Either the positive rise at the start of the pulse at the first plate or the positive
fall of the end of the pulse at the second plate may be coupled through switch Ss
and an RC differentiating circuit to the first grid of the sweep gate multivibrator
V.. This $tage produces a positive pulse, the length of which is adjusted by the
GATE WIDTH condenser. It is coupled through the G.4TEswitch ,S’aand a high-

voltage coupling condenser to the grid of the cathode-ray tube. Tbe first revolu-
tion of the sweep after the trigger is intensified when switch s’, is in the 0-2000

6SK7 6SK7 6SK7 3DP1 + 25o

1~=
240k 240k 240k 5CCJk lCOk 250k

FIG. 1839-Cirmit of the 200-Yd “J” scope.

YARDS (or equivalent) position. In the 2000 ~.imw position tile intensifying gate
delay is controlled by the n.4~GE knob.

The internal trigger genertitor provides positive and negative output triggers
which are accurately locked in phase with the sinusoidal voltage genemting tbe
circular sweep.

Tube V, is used in a single-stage low-gain ?’ideo arllplijer’ circuit. Signals may
be introduced into the video amplifier input circuit or bypwsed around the
amplifier by the VIDEO AMPLIFIERswitch S1. Shnnt peaking in the plate circuit
is used to extend the bandwidth. X o gain control is provided.

When a higher reading accuracy than that obtained with the 80- to 100-kc/
sec sweep is required, an auxiliary 800- to 1000-kc ‘SW sweep may be use(l. A
design that has seen considerable use with the fiIodcl III calibrat(w is shown
schematically in Fig. 18.39, It consists of two wnplifier stages irl]ow platt>
circuits are tuned to give a total frequency multiplication of 10, a high-f rc(luent,y
phase-splitting transformer (Sickles No. 12907), and a cathu{lc-r:ly tulw lvitl~
its associated controls.
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18s7. The TS126/AP Test Oscilloscope. 1 Function.—The TS-
126/AP test oscilloscope is a small portable synchroscope and pulse
generator which was designed for field maintenance and calibration of
the ranging circuits of certain airborne radar systems. A simple cable
adapter permits its use as a general-purpose instrument. It ‘is

,.
useful

*.

,._
FIG. lS.40.—Oscilloscope TS126/AP.

for signal tracing and the measurement of short time intervals in pulse

circuits.

Characteristics. —The cathode-ray tube is a type 2.%P1 which operates

at an accelerating potential of 1200 volts gi~,ing a vertical deflection factor

of 200 volts per inch. The tube face is recessed about 1 in. behind the

panel, and a green light filter is provided.

‘l’he triggered sweep generator uses a high-impedance audio choke for

linearization which is center-tapped to give push-pull sweep voltages.

1 Developed by the Radiation Laboratory and the Calvin Mfg. Corp. and manu-
factured by the latter company. Procured by the Signal Corps Dayton Procurement
Office as part No. 54P3964, The “ Preliminary Instruction Book for Range Calibrator
TS-126/AP” was published by the Galvin Illfg. Corp. This unit is used with the
.kN/APG-5. 8, 14, and 15 molar systmns.
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Sweep lengths of 25- and 125-Psec duration are provided. This unit is
designed to operate with trigger recurrence rate between 950 and 1650
cps but may be modified for rates outside this range. Either the internal
trigger generator or an external trigger of 40 volts or greater amplitude
may be used to synchronize the sweep generator.

Positive marker pips having a spacing of 2.44 ~sec (400 yd) are
generated by a gated oscillator in this unit and serve as a timing standard.

They may be coupled internally to the input of the video amplifier or to
external equipment from one pin of a cable fitting on the oscilloscope
panel. The time interval between the trigger and the first marker is
adjustable from 3.4 to 5.2 ~sec (550 to 850 yd). A 409.50-kc/sec crystal
filter is used to adjust the oscillator frequency accurately. This fre-
quency is determined by a slug tuned LC resonant circuit and may be

changed readily if desired.

A negative trigger having an amplitude of 100 + 10 volts may be

supplied to external equipment by the internal trigger generator. The

output pulse has a rise time of O.18/psec, a duration of l/psec, and a

repetition rate variable from 950 to 1450 cps. It is designed to operate

into a minimum load impedance of 4000 ohms paralleled by 250/p~f.

A positive pip of 10 volts maximum amplitude which may be delayed

by a variable amount out to 49 psec (8000 yd) is also provided. It may

be coupled internally to the video amplifier and to external equipment

having an input impedance of about 1000 ohms. The purpose of this

marker is to check the ability of the system under test to lock on and

track a moving target. With the addition of a blocking oscillator and

cathode follower, it can be used to supply a delayable output trigger.

The delay control knob is not calibrated, but the delay is linear to about

1 per cent with its rotation.

A signal channel to the top vertical deflecting plate is connected either

directly or through one of two high-voltage capacity dividers. The

input impedance for direct connection is 1 megohm paralleled by 40 ppf.

Deflection factors of 200, 1000 and 4000 volts per inch are available.

The video amplifier has a gain of 25 and a bandwidth between 0.707

gain points of 2.3 Jlc/sec. Overloading occurs with a signal exceeding

~ 3 volts peak amplitude. The input impedance is 147,000 ohms paral-

leled by 25 ,upf. These values are obtained with the attemmtor switch

on position 5. .~ five-step low-voltage attenuator is pro~ided for the

video amplifier, giving vertical deflection factors of 370, 100, 30, 15, aml

8 volts per in. Since the video amplifier is coupled to the lower deflecting

plate, two channels are available for mixing signals.

This oscilloscope is 10~ x 10~ X 14* in. over all including the front

cover, and the weight without cables is 32 lb. Power requirements are
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115 t 10 volts, 400 to 1600 CPS,82 watts at 400 cps. Arnlient tempera-
ture’limits are – 67° to 122°F. The tube complement is 1-2AP1, 1-2X2,
I-5 Y3GT, 2-6AG7, 1-6SL7, and 5-6SN7. For use as a general-purpose
oscilloscope, one of the large cables should be cut and connected to the

. . . ..
FIG. lS41, -Chassis”view of the TS126/AP.

junction box shown in Fig. 18.44. A panel cover with space for the small

test leads and space fuses is included,

Circuit De,scription.—The cathode-ray tube circuits employ a conventional high-
voltage bleeder circuit which includes the focus and intensity potentiometers.
Dual centering potentiometers provide balanced d-c voltages for the deflecting
plates. Push-pull sweep voltages are used; but since the signal deflections are
normally small, single-ended inputs suffice for the vertical deflecting plates.

The sweep circuits include a multivibrator, a clamp tube, and a large choke for
linearizing the charging rate of the sweep condenser. The multivibrator employs
tube sections V,. and V,. in a circuit that has a quiescent state and produces only
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me cycle of oscillation for each trigger pulse supplied. These triggers m~y be
,obtained from the internal trigger generator or from an external source. Rec-
tangular voltage pulses having a duration determined by the setting of the sweep
switch SIE are .ge”nerated at each plate. This switch controls the pulse duration
by changing the plate-to-opposite-grid coupling rapacity.

The negative pulse from the plate of V,~ is coupled to the grid of the clamp
tube, causing this tube, which has been conducting a relatively l~rge current, to be
biased off. The sweep condenser, whose size is determined by the sweep switch

SIA! then charges thro~lgh the inductance in the plate circuit of J’, D generating J
positive linearly rising pulse. A voltage of approximately equal amplitude but of

opposite polarlty M reduced at the opposite end of this center-tapped iliductanc~.
These push-pull voltages are coupled to the horizontal deflecting plates of the
cathode-ray tube giving balanced deflection of the beam. Wlwn the, vertical
plate switch S9A is in the LOWposition, the beam is intemiiied by the atL~noate~l
multivibrator pulse generated at the tap in the plate resistor of l’:~.

A shocked oscillator is used as a timing standard in this unit. }Vith the delay
circuit jumpers in the “B” position, the negative multivibrator pulse from the
plate of V,B is coupled to the grid of the clamp tube VW. cutting off the cnrrent

flowing in this tube starts oscillation of the parallel resonant circuit in its cathode
circuit. The amplitude of oscillation is maintained at a constant level by positive
feedback from the cathode follower VM for the duration of the multivibrat(~r
pulse. A slug-tuned inductance is used to adjust the oscillator frequency, while
the screw-driver-adjusted potentiometer in the cathode circuit of ~3A rontrol:~
the amount of feedback. The sinusoidal oscillator output is fed through switch
S3A to the clipper-amplifier Vd. The output of this stage is differentiated by the
inductance in the grid circuit of the output cathode follower Fs. This cathode
follower ha- a positive quiescent cathode potential set by the CJUTPUTpoten-
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tiometer. All portions of t]le input sigmd hfiviug iL lower potential level are
clipped, giving an output of iL train of posit]ve marker pips whose umplitucle is
determined by the setting of the potclltiometcr. These may be coupled to the
]ideo amplifier or to the output connector.

~hen the marker delay [irruit jumpers are in the ‘1A” position, the positive
multivibmtor pulse is fc{l to the ~licl of t}w marker delay tube V!”. The pulse
rise time is redum{ m:ltc)’ia]]y ])y the !’CSiSt:Lll(C-C:ll) [LCity net\vork i]~ th(. gri(l

circuit. Thegli(l-to-(:Ltljo (!c l)otrl]ti:l! III:Ly i)cwrie(] bclo\v cutoff bydjustiilg

L

L -_

115volts
400-1600 [

cm

.–~.–- ----

r——
Z axis Input

Range marks out

Tr!gger output and (rip.!:

Ground

$
.

Connectsto the range
connectorP, type

AN 3106 -28-2S

1:1(,.Is 44. Cal)lc Ula[)tcl

the m;no SET l]~)t(:llti{]l]l(]tcr so thwt :~
(Icfillitc lx:rifxl of tin~e cl~lmes Iwfom
tlie grill Ij{)tcutial rises al)fjvc (utoff
M)(I confluetion Iwgitls. This (k’[:ly.
tllr t)lltl)[lt ljulsc, Irllich is c(JuI]I(,(It,)
tll(! osrill:ltor” (Ialllp tube, 311([ tllr
IIla!ker ljil)s by x like alliount.

IWICJ1switch ,S, is thrown fl{)l)l tl]e
NOUM;\L to the FnEQ. AD,J. ]x)sitio]l,

tl]e oscillator bias is chauge(l lx) lwl-

]I]it continuous oscillation. Also, m
filter crystal having a nmximum im-
l)edance tit 409.5 kc/see is connecte{l
in the cathode circuit of ~“~. Whe],
the oscillator is tuned to this fre-
quency, a large increase in output
voltage is observed, providing an at,-
curate check of the oscillator frc-
(plenty.

A delayed marker genemtor is also
included in the design of this oscillo-
scope. The negative rnultivibrator

pulse is differentiated by a short time constant RC-circuit, and the resulting neg~.
tive pulse is used to trigger the delay multi-vibrator ~6. Tlm dulation of the
pulse produced by this circuit is an essentially linear function of the grid voltage of
V,~. This potential is controlled by the TRACK~R potentiometer which is
mounted on the panel. The screw-driver-adjusted TRACK~Rz~~o potentiometer
provides an adjustment of the minimum pulse length. The positive pulse pro-
duced by this circuit is differentiated, amplified, peaked, and clipped in V, and V,
as described previously for the timing oscillator. A single positive pip of variable

amplitude is obtained from the cathode-follower output and is coupled to the
video amplifier and output connector. This pip, which is delayed with respect

to the system trigger, may be used directly as a video signal or may trigger an
external blocking oscillator and cathode follower circuit to generate a delayed
trigger.

An internal trigger generator uscs V,A ss a free-running blocking oscillator and

V,. as clipper amplifier to give a fairly low im~edance negative output trigger.
When the TNT.TRIG. switch is in the ON position, plate voltage is supplied to VT
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:Lnt] t[~c trigger i~ couph!d to hot]) t,h(: main rmdti vibrator all([ the uuLpul (,oli-
1Lector. A screw-driver-adjusted variable resistance in the grid circuit of the
blockin goscillatorisused to set the repetition rate.

A single type 6AC7 pentode Vs is used as slow-gain signal amplifier. The
input signal may be introduced from an external source through a connector on
the panel or from the internal marker generators through switch .SS~. A five-
position resis’ante-calmcity attenuator is included for g:~iu control. Shunt
peaking is used to extend the video bandwidth. The ampiifier output is capaci-
tivelycoupled t,othelowe rvertica ldeflecting plate of thec~thode-ray tube.

A 400-cycle power supply of conventional design is used to supply voltages of
2,50 volts of 105 ma and –llOO voltsat 2 ma. Transformer and filter reclesign
are necessary for 60-cycle operation.

18.8. Direct-coupled Oscilloscope for Potentiometer Testtig. ' l’unc-
h’on.—This oscilloscope was originally designed to provide a Visual
indication of the departure from linearity of precision wire-lrouncl p{Jten-
tiometers. To do this, the potentiometer under test is mcrh:mirnll~-
coupled to a master potentiometer of considerably higher accuracy and
l}oth are connected across a 10-volt d-c supply, The volt,agc at the
arm of the master potentiometer deflects the CRT beam horizontally }Iy

an amount proportionalto the shaft rotation, while thediticrence voltage

between the arms of the potentiometers is amplified to produ[w the

vertical deflection. By calibrating a scale on the CRT screen in terms

of per cent nonlinearity, the potentiometer characteristic for all shalt

positions is obtained directly.

A later circuit design considerably extended the usefulness of the

instrument by including a simple thyratron sweep generator. “~his
made it generally applicable to the wide variety of applications requiring
an oscilloscope with high-gain direct-coupled amplifiers.

Charac/eris~ics.—.4type 5CP7cathodmytz AeAe(having along persist-
ence screen) is operated at a total accelerating potential of 4000 volts.
Thelatter voltage is obtained from an audio oscillator supply to provide
voltage regulation, stabilizing the deflection sensitivity of the cathodc-
ray tube. Tbesweep voltage may reobtained frorntheinternal thyra-
tron swccpqenerator, or an externally generated sweep voltage having an
amplitude of at least 10 volts may be used. Sweep rates of approxi-
mately 2 to 10,000 cps are provided in five ranges.

The gain of the direct-coupled differential amplifier is adjustable in
steps cov~ring a range of linearities of 0.1 to 5 per cent Of fdl scale (1-in.

deflection on the CRT screen). The corresponding differential input

1Section 188 is by B. Chance and H. J. Reed, Jr.
2 Developed and constructed at the Radiation Laboratory; RL drawings Nos.

A-14295.4 and .4-14602.4 are the original schematics for this oscilloscope.
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potentiuk for lwtent icmlct(rh supplit’tl \\-itll 10 volts :lrc 10 to 500 mv.
\

“~he bandlvidth of 10 31c, wc is adcquat c for I’o]lo]ving the rapid ffuctua- ‘

tions of linearity normally encountered. 1,ess than 1 mv ~mbalance in
the output voltage rcs~!!is from variation of the inpllt potential from
o to 10 volts. The gain of the amplifier is sufficiently stable that the
output scale may be calibrated directly in perrentjage accuracy and

FIG. 18 45.—Potentiometer-testing oscilloscope.

readings to 0.01 per cent linearity may be made. Drift is small enough
that measurements can be made over a period of several hours without
readjusting the zero.

The over-all dimensions of this oscilloscope are 8 by 13* by 19 in., and
the weight is 50 lb. Power requirements are 115 f 10 volts, 60 cps,
100 watts. Tubes used are 1-5CP7, 1-5Y3, 1-6B4, 1-6SH7, 4-6SL7,
‘2-6SU7, 1-6V6, and 1-6X5.
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Circrd De.scription.-The cathode-n~ tube circuits include a conventional
high-voltage bleeder, containing the focus mrf intensity controls, and an auxiliary
focus potentiometer which sets thesecond anode potcutiul. Direct muplingto
JU deflecting plates is employed so the horizontal and vertical centering controls
adjust the bias levels in the sweep and signal amplifiers.

Atype M4thyratron, V6, isusedin arelaxation oscillator togenerateaposi-
tivc-going sawtooth sweep voltage. Coarse frequency control is obtained by
sivitching the sweep condensers with S2, while a 4-megohm potentiometer in the
charging circuit affords fine frequency control. The sawtooth voltage is coupled
through the cdhode follower V’7A to the cathode coupled amplifier inverter’ Va.

l’ositive cmd negative sawtooth voltages are obtained at the plates of this stage

,-03.

SY

FIG.1846.-Circuit of potentiometer tester

and are coupled directly to the horizontal deflecting plates of the CRT. The
potentiometer iuthegrid circuit of l’,Aisa sweep amplitudecontrol, while the
one in the grid circuit of V’W controk the horizontal centering. The intensifica-
tion pulse for the CRTis obtained by Redifferentiation of the cathode-follower
output. Anexternal sweep input tothe grid of thecathode follower is provided
on the first position of switch S9.

A three-stage direct-coupled differential amplifier is used to drive the vertical
deflecting plates of the cathode-ray tube with over-all negative feedback used to
obtain the high order of stability required. The first stage is, of course, the most
critical. The cathode-coupled differential amplifier used has its plate voltage
reduced by a bleeder, permitting the use of comparable values of cathode and
plate resistors. Wlththe values chosen theplak current islow, roughly l~@.
The cathode resistor is split into two parts having resistances of 3 megohms each.
The balance of the tube sections V,A and V,., pretested to 0.5percent for type
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6547, is further improved by the 10-megohm balance control between the plates ,~

which is adjusted for optimum rejection of ‘[common-mode” grid-bias changes.
The plates of VI.4 and V,B are directly coupled to the grids of 1’,., and Vt,,,

:md the plates of the latter are coupled to the grids of Vj and Vi through potential
dividers. A dual 25-k potentiometer is inserted in this network to compensate
for small differences in the characteristics of T-M and V,ri. ‘Ilk control is used
as a means of adjusting the trace of the oscilloscope to the center of the screen
when the input is shorted and should not be use(l as a positioning control. Tubes
I“s and T’, are pentodes to provide sufficient gaiu and to give a large output
voltage. (hthocle followers V5A and ~b are interposed between pentodes V,

and lr~ and the cathode-ray tube deflecting plates to avoid capacitance loading
and to provide a low-impedance driving point for the feedback attenuator.

h’e~ative feedback is established over the three amplifier stages by connection
from the outp~lt mthode follower to the appropriate cathodes of the first stage,
If these cathodes arc short-circuited, there is no feedback for differential signals.
The over-all gain may be adjusted by varying the resistance between these
cathodes, :111(1resistors associated with switch ,Sl have been selected to give gains
corresponding to between 0.1 to 5 per cent nonlinearity for a full-scale deflection
on the CRT. Direct feedback to the cathodes is preferred to voltage addition
in the ~ri[i circuits, as both input grids are completely unencumbered.

The res(dt of supply voltage v:~riatiou on the amplifier balance is indicated in
Table 1S-1. In dl cases except the variation of the unregulated supply, the

T\BI.It181. ~~~l;m OFVO1;r.4GE V.\ RI.4TION ON ZEROPoIxr OFTE.\cE ONOSCXLI.O-
SCOPE. l)];vJ.ITrL)xs .i~~ IS 311r,LIvoLTs (31 EASURED WITH G.41N = 15,000).

I l-nl’(,gll-
I:ltcrtsupply

Itcgulatcd snpPly NTegativesupply Heater voltage

supply Voltq+ 250 1 400 225 250 275 95 105 115 5.7 6.3 6.9
Amplifier output O 0 +5 01-4 -3 0 +3 +2.5 o –1.0

fluctuations have been impressed upon the system artificially. Stabilization
of the positive and negative supply voltages and the heater voltage by methods
to be discussed reduces the fluctuations due to external line voltage variation to a
negligible amount. The remaining limitations on the stability of the d-c amplifier
are initial drift which lasts approximately 30 sec and long-time drift due to differ-
ences in the aging of ~lA and VIB. With high-impedance input signal sources,
the practical limitation in the sensitivity of the oscilloscope is set by electrostatic
pickup from the high-voltage oscillator transformer, and a few millivolts of ripple
are seen on the oscilloscope display at maximum gain with 10-megohm input
impedances. This effect is negligible with inputs from the usual potentiometers.

The gain-frequency characteristic of the amplifier without feedback and with
15-ppf phase-advance condensers between the plates of V2 and the grids of VS

and V~ is indicated in Fig. 18.47. With feedback, however, the bandrvidth is cut
down to approximately 10 kc by a condensei-between the control grids of V, and
V, in order to avoid oscillation with high feedback ratios.
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The low-voltage power SUIIPIVis cunvcn~i~mul aud employs series regulator
tube V,,. Almost complete com~ensation for line voltwze variation is obtained
by including a portion ;ftheble~der
for the unregulated supply in the grid
circuit of the control tube VIZ. The
common resistance is a 10-k variable
resistor which is adjusted to give a
minimum variation of the regulated
voltage. Because filament voltage
variation has a large effect upon the
zero point of the first two tubes, a
Sola regulator transformer has been
used to supply the heaters of VI and
V,. Operating atlowcurrents, these
regulators have given somewhat bet-
ter stabilization than the quoted value
(1 per cent), andwith selected type

1~
10 103 ~04

Frequency m cps

F]~. lS.47.—Gain-frequency characteristic,, f
amplifier without feedback,

6S1
of (

J7’S
Iefle

excellent independence of line voltage has been obtained. The va
ction sensitivity of the cathode-ray tube with line voltage was foun

,riation
d to be

llG. 18.48.-Top view of the potentiometer-testing oscilloscope chaeais.

toogreat topermitthe use of anunregulated high-voltage supply, soa l-kc/eec
audio oscillator Vls and selenium rectifiers are employed to obtain a more stable
voltage. Thed-coutput voltages obtained are t2kv.

Layout details am shown in ~lg. 18.48. Particular care haa been given to



18.9. The TRE General-purpose Monitor.!’ f’utwfior~.-’~his is a
very useful gcner:~l-purpose osc~illos{:(jpehavil~g~~variety of triggered and
free-running siveeps and a video amplifier that contains an electronic
switch for the alternate display of two sets of information. .4ccurately
delayed expanded sweeps are available; and since the sweep speeds and
video amplifiers are calibrated, both amplitude and time measurements
may be made by displacing the trace on the CRT.

Characteristics. -As design specifications for this oscilloscope were
not available at the time of writing, it has been necessary to estimate
them. Obtaining accurate characteristics by” circuit analysis alone is
impossible for many of the circuits lwed bccausc of tbc relatively large
effect of the stray ]viring caparitics and tllbe cap:icities. An estimate

of these has been made, howcvm-, :md the results should at least be of

the right order of magnitude.

A type VCR-97 cathode-ray tube is operated at an accelerating
potential of 3000 volts. Both triggered and free-running linear sn-eeps are
generated by a “ sanatron” circuit (Yol. 20) and a paraphase inverter
TO give push-pull deflection of the beam. The estimated lengths in
LUiCrOSeCOIIdS of the triggered s]veeps for the various settings of the

SWEEP RANGE switch S’1 are as follows: position (1) 5, (2) 20, (3) 100,

(4) 500, (5) 2500, (6) 10,000, and (7) 50,000. Free-running sawtooth

:sweep rates of 20 to 200,000 cps should be obtainable. .kn amplifier is

used in the input trigger circuit, so satisfactory synchronization shouhl
be obtained with a relatively small trigger, perhaps 5 to 15 volts in ampli-
tude. An ordinary phantastron may be switched into the trigger input
circuit to provide an accurately adjustable delay in the start of the
triggered sweeps. For the constants used, a maximum delay of 1500 to
2000 psec would be expected.

Two separate video amplifiers and an electronic switch are used in the
signal channels of this oscilloscope. Each channel consists of an input
cathode follower, a three-step attenuator, and a low-gain wide-band
amplifier. Assuming that the gain without feedback is very high com-
pared with the gain with feedback, over-all gains of 5, 1, and 0.2 may be
expected for the three attenuator positions. Corresponding output
impedances of 1000, 200, and 40 ohms would be expected. The band-
width should be about 6 Me/see for a gain of 5 and something greater
than 10 Me/see on the other positions.

I Section 18.9 is by E. F. MacNichol, Jr., and H. J. Reed, Jr.
2Developed by the Telecommunication Research Establishment (England) and

described in their specification DCDWT 10C43. Circuits included with this section
are TRE Diagrams No. FTR 82/971 and FTR 82/973.
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Circuit Description.—The indicator circuits are shown in Fig. 1849. Syn-
chronization outrigger signals areapplied totheinverter-cathode follower V1. A
synchronization potential of continuously variable magnitude and reversible
phase is obtained from a potentiometer between the plate and cathode of V,.

This potential is applied in negative sense, positive excursion being limited by
V, Atothe suppressor of the free-running sweep tube V,whose operation will be
described later. When using triggered sweeps, the synchronization output at
the cathode of V,isapplied tothe grid of the trigger amplifier Vs. For positive
triggers, V3isbiased offandthe griddriven positive until current islimited by the
12-k grid resistor. For negative triggers V,isbiased positively, normally draw-
ing grid current until cut off by the trigger. The diode V,, prevents positive
overshoots of negative triggers from producing pulses in the plate circuit. The
differentiating transformer !f’,’is switched so that its output is negative for either
trigger polarity. This trigger isapplied either directly tothetime base generator
or to the sweep delay circuit.

Thedelay ci~ctiit isaconventional phantastronl using aVRll6, V,2, whichis
triggered on the anode-clamp diode VIO. The screen waveform is differentiated
in the transformer T! whose output triggers the time base. A 220 p~f condenser
across thecathode resistor delay sthechange in cathode voltage, producing a more
rapid change in screen current than would otherwise be obtainable.

The sweep uokge genemtor is a screen-coupled “sanatron.” The Miiler
integrator VT is cut off in the quiescent condition as its screen potential is held
negative by the trigger tube VS. A type VS-70 neon lamp is used to obtain a
fixed voltage drop between the plate of V,andthe screen of V,regardless of the
currents drawn. Triggers areinjected into the grid of Vsthrough the diode V5A

cutting it off momentarily. The plate of Vsand screen of V7thenrise, causing

space current to flow in V7 and starting the Miller rundown. The negative-going

sawtooth voltage charges the condenser associated with switch i5’lA and holds the

grid of VS at —10 volts, limited by the diode V5E. The rate of descent of the
plate voltage is governed by the time constant associated with switches ~4c

and ~m and the voltage to which the grid resistor is returned. Precision com-

ponents determine this time constant, andthegrid-resistor voltage is measured

by a calibrating meter to which all measurements in the instrument are referred.

When triggered sweeps are used, this voltage ispresent giving accurately cali-
brated sweeps. Wenthefre&runntig s~veeps areused, thevoltage is adjustid
by the “manual velocity” control. The sawtooth pulse is paraphrased by V,,

and the resultant push-pull sweep is applied through blocking condensers and
d-c restoring diodes V,s and V,, to the horizontal deflecting plates of the CRT.

The plate waveform of V, is a positive rectangular pulse that has a large
amplitude andlasts forthe duration of the sweep. A small part of this waveform
is used to intensify the beam of the CRT, being applied to its grid through a
blocking condenser. A d-c restorer V,? sets the grid waveformat a fixed value
so that the intensity control does not need to be adjusted when the duty ratio is
changed.

The free-running time base is produced by the addition of an extra tube to the

1See Vol. ’20 of this series.
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sanatron. In effect, this tube supplies a trigger to the regular sanatron circuit
at the end of the sweep flybmk. This is accomplished by applying the plate
potential of 1’7 through a bleeder to the grid of 1’,, During the rundown Vi is

cat off as the bleeder is returned to —300 volts. This holds the cathode of V,~

positive with respect to its plate. Xear the end of the flyback V~ starts to con-

duct, dropping the cathode potential of V5A until V6 is cut off. Cutting off 1“6
restarts the cycle. The negative synchronization pulses from V, hold V, off for
their duration, delaying the start of the sweep until they have terminated.

The video” amplifier, whose circuit is shown in Fig. 18.50, has two inputs
which are alternately s~vitched by a scale-of-two circuit. Signals are applied to
the input attenuators either directly or through the cathode follo~vers J’, and 1’,.
The attenuators comprise the resistance-capacity dividers ~ssociated with the
sfvitches S, and ,S,,. As the gains of the CV-9 video amplifiers V, and V, are
very high, t},? over-all gains are determined almost entirely by the feedback
ratios. ~Jvitching is accomplis}led by a square !vave froll~ the scale-of-ttvo circuit

which is applied to the gri(k of J’S and V4 through the level-setting diodes V,
and Vg so that amplifiers V~ and V~ conduct on alternate half cycles. On nega-
tive half cycles l’:~ brings the grid of Vs negative beyond cutoff while V8B is

conducting. This action permits normal bias contro~ of V,, and the video signal
on its grid is amplified. As long as the grid is not driven positive by the video
input, 1“~~ is disconnected from the video circuit. On positive half cycles the
situation is reversed; V~ amplifies the video signal !vbile 1-, is cut off. Tube VCis
a pmaphase inverter to supply push-pull deflection.

The scale-of-two circuit is essentially a multivibrator ~vith no stable state but
with coupiing time constants, much longer than any expected repetition periods.
TO secure most rapid switching action, coupling is also achieved by means of :1
short time constant low-impedance feedback path to the grids Ivhich reduces the
effect of the capacities to ground of the large couplin~ cou(lensers. ,Negativc
triggers for the scale-of-two circuit are obtained from an external source thlougli
the diode l’~~ )vhich prevents positive overshoots from also ol)eratin~ ttw (i!f~lit.
Tbe triggers could be obtained by differentiatin~ the lv:iveforl~~s at the plate
t~ft}~e gate tube of the sanatron VGso that the scale-of-two would transfer at tile
start of the flyback of the sweep. The s~vitching transient jvo~lltithen be invisi})le
as it would coincide with the time the CRT is Mankmi.

One vertical deflecting plate of the CRT may I)e connected (Iirectly to the
plate of V~, to the cathode of V,, or to the input connector through the f(lnctiull
switch ,S,. The other vertical deffectin~ plate (Y,) goes either to the plate of 1“,
or to am auxiliary centering control and meter jack for signal amplitude ]ueasurr-
ments. Direct-current restoration potentials for the horizontal deflecting plates
of the CRT are obtained from symmetrical centering potentiometers via leads
X, and X,. The potentials applied to the centering co)ltrols are slvitcbed })v

~96.Eand A“6F so that the relationships between the potentitils of the sets of deflect-
ing plates are such as to give best focus for any input selected. The thirf] :modr
of the CRT is s~vitched by S6J~to maintain focus.

A center-set O- to l-ma meter is used as a voltmeter to ]neasule the difference
in potential between either the horizontal or the vertical deflecting plates, its
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function being selected by AS,,. When the amplifiers are used, the meter is
inserted in the grid-bias circuit of V4 and measures input volts directly.

18.10. Other Radar Oscilloscopes. -Space limitations in this chapter
do not permit the inclusion of all of the radar test oscilloscopes developed

cluring the war period. Consequently, the instruments described in the

preceding sections were selected in an attempt to present a representa-

tive group. There are other oscilloscopes that were produced in quan-

tity and were rather widely used. A number of these will be mentioned

briefly, and the references given may be consulted if additional informa-

tion is desired.

The type Q oscilloscope (types TO>”-lGA and TON’-1I3L) is a small

laboratory instrument that combines the functions of a synchroscope and

a general-purpose oscilloscope. It uses a type 2AP1 cathode-ray tube

\vith 25 to 5000 cps salvtooth sweeps and four triggered sweeps ranging

from 4- to 10OO-Asec duration. For external triggering, a positive or

negative trigger of bet\veen 10 and 150 \’olts is required. The internal

trigger generator covers the range of 185 to 4000 cps and puts out a

150-volt positive and 75-volt negati~,e trigger, A 23 Tc’sec oscillator is

included for calibration of the 4-psec triggered sweep. The single-stage

signal amplifier has a bandwidth of 1.5 JIc,sec and a gain of 15 with a

maximurninput signal of 2. Ovolts. This instrument was designed at the

Radiation Lahoratorv and was manufactured by General Electronic

Industries, Division of Auto Ordnance, C,reenwich, C’onn,, and b,v thr

l;rowning Laboratories, Winchester, llass, The operation and con-

strllction details are dcscribcd in ItI, Itcport hro. hI-140 which contains

t}~e circ~lit, diagrams A-f3-l,5f)-A and A-3975-A.

The TS-28 /UPN’ is a test svnchrosrope, designed to check the range

:~nd coding circuits of beacon indicators, which has been supplied for usr

in servicing the Y.J, YII, YK, and AN ~(~PN”-3 radar beacons. A type

.5( ‘PI cathode-ray tube is used with triggered sweep speeds ranging

from 1 to 60 psec/in, and free-running sawtooth sweep rates of 20 to

3000 cps, The triggered sweeps can be phased from – 10 to + 100 psec

\vith respect to the output trigger. Positive and negative output triggers

having repetition rates of 330, 500, 1000, 2000, and 4000 cps are supplied,

and markers having periods of 2, 10, and 25 ~sec accurate to 1 per cent

are generated for calibration of the sweeps. The two-stage video ampli-

fier has a bandwidth of 5 Nfc. This instrument was designed at the

Radiation Laboratory and was manufactured by the Belmont Radio

Corporation, Chicago, Ill. The preliminary instruction book is NAV-

SHIPS 900, 521-IB.

The TS239/UP is a general-purpose portable oscilloscope with type A

presentation for use in the maintenance of radar systems. Its design
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specifications are the result of a fairly comprehensive survey of the require-
ments of a large number of radar systems, but volume production was not

attained until a few months before the end of the ]var. A type 3BP1

cathode-ray tube is used with triggered sweeps having sweep rates in

the range of 0.5 to 50,000 psec per in. Any 10 per cent section of the

sweep in the range of 10 to 50,000 psec per in. can be expanded at least

ten times. A variable delay controls the start of this expanded portion

The positive output trigger has an amplitude of 50 volts and a PRF of
400, 800, or 2000 cps. The video amplifier has a signal input range of

0.1 to 120 volts peak and is essentially flat from 20 cps to 5 J1c/sec.

Calibration of this amplifier may be accomplished with an internally

generated square wave signal (150 cps) which may be varied from 0.1
to 1 volt peak to peak. This unit was designed by the >“avy Bureall

of Ships and the Bell Telephone Laboratories, Inc.

The TS262/TPS-10 is a test oscilloscope designed for testing the

AN/TPS-10 radar and AN-/TPX-l IFF equipment and is a part of the

A>” /M P\I-13 test equipment. The indicator is a type 3PB 1 cathodc-

ray tube with a variety of sawtooth and triggered sweeps. A delayed

output trigger is provided so that the rise of all pulse ~va~,eforms in the

lFF or radar modulator may be seen on the s~veeps. The video ampli-

fier has a gain of 100 and a bandwidth of 1.1 hfc/sec. An input to an
r-f envelope detector is also provided for viewing magnetron pulses. .l

sa~vtooth voltage may be obtained from this instrument for sweeping

:]n f-m test, set,. The construction of this oscillosco~e is its most out-

standing feature, as the entire unit is enclosed in a pressurized cylindrical

container \vith operating controls brought out through panel seals, In

addition, it is completely tropica]ized and }~ill operate at ambient tem-

peratures of – 40° to + 1200F so that satisfactory operation may lm

obtained under almost any climatic condition. This instrument \vas

:lesigned by the Radiation I,aboratory and manufactured by the Harvey

l-iadio J,aboratorics, Inc., Cambridgej Mass, operational instructions

are contained in the technical manuals for the AN/TPS-10: TM 11-1368,

TM 11-1468, and TM 11-1568 published by the War Department.

18.11. Auxiliary Circuits.—A number of pieces of’ auxiliary equip-

ment providing special functions have been designed for use with oscillo-

scopes not so ecluipped. Included in this category are synchronizers,
marker generators, delay lines and circuits, and signal circuit devices
such as probes, attenuators, and video amplifiers. C’ircuit designs for all
of these can be found in the complete circuits of the oscilloscopes already

described. The characteristics and references on a fe~v more are included

here for those \vanting data on complete units designed for general

purpose use.

The Model G synchronizer ~~as designed to convert the standard com-

1

I
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mcrcial oscilloscopes into synchroscopes for laboratory use. Sweep
writing speeds of 0.2 to 600 psec are provided in nine steps when the
synchronizer is used with an oscilloscope having a horizontal deflection
factor of 40voltsperinch. These sweeps may reinitiated by a positive
or negative trigger having a minimum amplitude of 50 volts and a rise
time of at least 0.5 psec. Circuits providing a fixed trigger delay of
20 ~sec and delay variable from 14 to 1200 ~sec are included. The
internally generated positive and negative triggers have an amplitude
of about 200 volts, a rise time of 0.25 psec, and a continuously variable
PRF of 250 to 2500 cps. A pulsed oscillator having sinusoidal 100-
and 500-kc/sec output voltages is used for sweep calibration. In addi-
tion, one tube is included for general-purpose use as an amplifier, inverter,
or cathode follower. This unit is very flexible operationally, as the

inputs and outputs of all circuits are brought out to panel jacks to be
interconnected with jumper leads. The circuits diagram and operational
details of this synchronizer are given in Vol. 22 of this series and are
des&ibed in RL Report No. M-195A. It was produced by the Browning
Laboratories, Inc., Winchester, Mass.

The Model PH variable trigger-delay unit was designed to provide a
continuously variable delay between an input trigger and the output
trigger supplied by the unit. A phantastron delay circuit using a type
6SA7 vacuum tube is used to cover two ranges of 10 to 600 #see and 100
to 2400 psec. It will accept a positive or negative input trigger of at
least 30 volts amplitude and 0.3-psec maximum rise time and generates
delayed positive 75-volt triggers adross 75 ohms impedance and 200-volt
negative triggers across 4000 ohms. The rise time of the output triggers
is 0.2 ysec. This unit was designed and a limited quantity produced at
the Radiation Laboratory. It is described in RL Report No. 891 which
includes the circuit diagram, RI. drawing No. B-13967-A.

The Model B-8127 sweep calibrator is used to calibrate triggered sweeps
in terms of time, to provide a basis for estimates of sweep linearity, and.
to generate timing markers for use in the analysis of other \vaveforms.
The output of the calibrator consists of a series of narrow positive or

negative pulses, having variable amplitudes of O to 40 volts. The first
pulse generated immediately follows the synchronizing trigger. The
time between successive pulses is 2.5, 10, 50, or 100 Mec which may be
held to 0.2 per cent under normal conditions of operation. The num-
ber of markers produced is determined by an adjustable gating pulse
]vhich is continuously variable from 20- to 2500 -~sec duration, Either
the output of the internal trigger generator, having a PRF of 300 to
2000 cps, or an externally generated positive or negative trigger having a
minimum amplitude of 50 volts, ~ rise time of at least 0,5 psec, and a
1’RF of 200 to 4000 cps maybe used to synchronize the marker generator.
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olltpllt triggers having amplit{ldcs of 150 I,olts p(witiv{, or 80 v{)]t~

nqytivc and rise times of (). S ~sec are sllpplied for synrhrorrizing cxtermd

cqllipment,. This unit JVaS (Iesigned by the Rudiatiorr J,ahoratory an(i

produced l)y the United Cinephonc Corporation, ‘1’orrington, (Yonn.
It is described in RL Report A-o. hi-223.

The Modrl C .swwp crrlilwator is sonm\rhat simpler than the Nlod(,l
13-8127 just described but performs the same functions. It accepts an
externally generated trigger having a minirnurn amplitude of 50 r~)]ts,
a rise time of at least 0.3 ~sec, and a 1’RI? of 200 to 15,000 cps. ‘III(:
output is a series of positive calibration markers ha~’in~ time spacin~s
of 0.3, 1, and 2.5 psec for a maximum of 30 ~sec follo~ving t}lr inpllt
trigger. ‘l’he marker amplitll(lr is variablr from 6 to 60 volts. an~l th(,
output, impedance is approxinmtc]y 2,5 ohms. ‘l’he cirmlit, (Iiagrarn of
this lmit is shoirn in Fig. 18.51. 1’, an(l V, form a trig~crc(l mlllti-
vihrator ]\-hoseout pllt, a 30-psec posit ivc pulse, is coupled to the cathode
follower T’,,, The lolv-impedim(e p{llsr at the cath{)(le of I’3 raises t,hr
cathode of the diode Vi to a mm-c pt)sitivc potential than its plate, rapidlv
cu&ing off the current through this tube. This starts oscillat,if)n in thr
f,C-circllit selcctwl hy the \t.lnKl:lLsl’.\c1x~ slvitch, and p,)sit ivc fcr(l})ack
from one scx-tion of 1‘~ maintains this osrill~tion at a const :mt c rnplitucfe.
The sin~woidal o~ltput is peaked in J7,, firing the }Ii:wc(l-of’f blocking
oscillator VT on each cycle. Markers generated at the cat.llode of VT
are coupled to the output jack through the parallel cathode followers
V8 and V,. L, consists of 43 turns of NTO.26 enameled !firc on a 1-in.
form ~vith the tap 15 turns from the ground end, while L, has 82 turns of
No. 28 enamrled wire on a l-in. form, tapped 26 turns from the ground
end. This unit ~vas designed and a limited quantity produced at the
Radiation Laboratory.

A crystal-controlled range mark and trigger generator is shown in
Fig. 18.52. This unit has a considerably higher frequency accuracy
(about 0.01 per cent) than the triggered IX-controlled oscillators but
must supply the synchronizing trigger to all equipment used with it.
Crystals having frequencies in the range of 75 to 110 kc/see may be
used without component changes. Assuming a 100 kc/see crystal,

mixed 10- and 100-~sec markers are obtained at amplitudes of 20 and
40 volts respectively. Positive and negative output triggers have a
maximum amplitude of 100 volts, a duration of 1 psec, and a PRF of
200 to 2000 cps. Pips generated across the transformer winding in the
cathode circuit of VIA are used to synchronize the blocking oscillator VID
at the crystal frequency. A current pulse from this stage is used to
synchronize the 10/ 1 blocking oscillator VZD, and the outputs of both
stages are mixed and amplified in VZ~ to obtain the marker output. 4
second blocking oscillator divider Va~ is synchronized with V*E to obtain
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the trigger PRF. The positive output pulse from the tertiary winding
of the transformer associated with Vs~ is par:~phased in l’:1~ to obtain
the output triggers. This circuit M’as(Icsigncd ilt the ]kfhtion Labora-

tory, and a fe~v of the units described irerc I~uilt there. IIlmost i(lentical
circuits were used in the :iX/A1’S-15 l“iL(liLI’range unit and are described

in the instruction manual for that systcm.
The TS102/A1’ is a crystal-controlled rangy rmwk generator which

was produced for field USC. It is used Jvithairix)rnc ra(l:~rs; AX/,IPG-], 2,
and 13; AN/APQ-5, 7, and 10; and some ship radar systems, Tho
output of a 327.8-kc/see crystal oscillator is used to generate positive
and negative markers having an timplitude of O to 30 volts, a d(lratit)n

FIG. 18.52.—Crystal-c,>,,trolled marker generator circuit.

of 9.4 psec, and a spacing equivalent to 500 radar yards. These markers
can be phased from 0° to 360° with respect to the output trigger. Both
positive and negative output triggers having amplitudes of 50 volts,
durations of 0.8 pscc, and a PRF of 400, 800, 1600, or 2000 cps are sup-
plied from low-impedance outputs, A ~-sec least-count manually
operated stop watch for testing range rate calibration is also included.
This instrument was designed by the Bell Telephone Laboratories and
produced by the Western Electric Company, Inc. Western Electric
Manual CGANO8-35TS1O2-2 describes its operation and maintenance.

Several types of electronic probes have been developed to raise the
input impedance of video amplifiers as discussed in Sec. 17.8. Two
practical circuits are shown in Fig. 18.53. The first uses a type 6AK5
pentode as an inverter for negative pulses and a cathode follower for
positive pulses to drive a 75-ohm line to the main video amplifier. The
stage gain is approximately 0.1, and the bandwidth has been made as
high as 70 Me/see. A resistance-capacitance divider reduces the input
impedance to 1 megohm paralleled by 8 ppf.

The second probe is a cascade cathode follower with “ bootstrapping”
of both the grid and plate of the SD834 subminiature input triode. The
effective input impedance is increased to about 20 megohms paralleled.
by 1 ~pf. A larger tube than the 6Y6G should be employed if distortion
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of very fast negative pulses is to be avoided. Those components enclosed
in the dotted lines are mounted in the head of the probe with the con-
nections to the rest of the circuit made through a specially constructed
15-in. cable. The grid return and cathode leads are No. 30 Formex
insulated wires running through two concentric Vinylite tubes. Over
this is a +in. braid which makes the connection to the plate of the SD834.
The cable is completed by a final Vinylite outer tube for insulation.

‘-;l-–-----:----: --------1+300
$

+402

pro)e
1 IM 4/7[
1
1
I
1
!
1
,
1
I
/ 510k
\
(
!
1
1

,
L-. ---. .– -$

(a)

-150

(b)
FIG. lS53.-Probe circuits. (a) Single stage; (b) cascade cathode follower.
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CHAPTER 19

THE DESIGN AND CONSTRUCTION
OF ELECTRONIC APPARATUS

BY W. G. PROCTOR,l J. l’. HOLDAM, JR., AND A. C. HUGHES, JR.

The present chapter contains some general considerations regarding
the desigu and construction of electronic apparatus. Whereas the
preceding parts of this volume have dealt with the functional design of
various circuits, this part deals with practical design problems and con-
struction methods.

The reader should appreciate that this chapter deals primarily with
the design and construction of experimental and preproduction models
of electronic apparatus. The experience on which these comments are

based’ was obtained at the Radiation Laboratory during World War II.
The design of equipment for military application has many problems

not found in the design of equipment for commercial or laboratory use.
Perhaps the most important of these is the extent to which components
are standardized.

Another unique facet of designing equipment for military application
is the existence of detailed performance specifications covering the opera-
tional performance of the equipment. From the military point of view
the desirability of such specifications is obvious. The effect of such
specifications on the designer, however, is quite drastic. The equip-
ment designed for commercial use is often designed and then “sold”
to customers. In the case of military specifications, however, the cus-
tomer, i.e., the .\rmed Forces, dictates the performance. The difference
rests, of course, on the fact that costs have little influence on equipment
designed for military application whereas they are major factors in equip-
ment designed for commercial application.

This chapter is divided into two topics: predesign, and design and
construction. The former is a discussion of some of the more funda-
mental concepts, whereas the latter gives detailed recommendations of a

1Sections 19.1 to 19.8, inclusive, are by W. G. Proctor and J. V. Holdam, Jr.
2EDXTORS’NOTE: To a greater extent than is true in other chapters of this volume

the present chapter reflects the personal viewpoints of its authors on its somewhat
controversial subject. It is presented as a background for further thought and dis-
cussion, rather than as a definitive treatment of the subject, and it is in this context
that it should be approached by the reader.

667
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modus operandi and contains some examples of the type of work with
Jvhich the authors are most familiar. Considerable emphasis is given
the special problems of lightweight design. For military applications,
this has proved to be a very important part of the design problems.

19.1. Design Specifications. -In order to design a piece of electronic
equipment properly one must have the following kinds of information:
What is the equipment supposed to do; how much weight will betoler-
ated; what is the maximum power consumption; to what treatment will
the equipment be subjected; and for such treatment, how do the avail-
able components and construction techniques respond? During the war
this information was incorporated into specifications written by various
branches of the Armed Service whose function it was to ‘procure the
electronic military equipment.

There are three classes of military specifications: general specifica-
tions which concern classes of equipment; equipment specifications which
concern a specific equipment; and component specifications ~vhich con-
cern the components used in building the equipment. The first two
describe, among other things, conditions that equipments are likely to
encounter and how tests are to be made to simulate those conditions.
General specifications and eq~liprnent specifications are used by the
design engineer us T goal tolvard ~vhich the design is pointed. The
component specifications are ~lsed by the design engineer as a basis for
the performance that he can expect from the individual components used
in the equipment design.

Among other things the general specifications contain

1. Lists of applicable specifications and drawings covering compo-

nents, spare parts, requirements for handbooks, etc.

2. The scope of the general specifications and equipment nomen-

clature.

3. Requirements as to materials and workmanship.

4. General requirements concerning interchangeability, safety devices,

life, operating conditions, etc.

5. Detailed requirements applicable to the specific equipment.

6. Jlethods of test and inspection.

7. Packing instructions.

8. Notes that include the addresses of organizations from which the

applicable or component specifications may be obtained.

One section of the general specifications, indicated by 5 above, is

devoted to detailed requirements of the particular equipment. This

section, the equipment specification, specifies performance, physical
characteristics, and miscellaneous characteristics. The performance
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characteristics in the case of radar and associated equipment usually
include such factors as detection range, coverage, scan rates, noise figure
of the receiver, range accuracy, angular accuracy, etc. The specifications
as to the physical characteristics include the allowable size of the com-
ponents, how the complete system will be divided into components,
the allowable weight of each component, the total weight of the whole
system, the size of the antenna assembly, wave length, etc. The other
specifications include such things as the permissible power requirements,
required allowances for interconnection to other equipment, the accepted

FIG. 19.1.—Sample specifications.

test equipment that must be used in testing, the minimum allowable
power output, and requirements as to the ease of maintenance. The
equipment specifications usually include waivers that nullify certain
parts of the general specifications. For instance, requirements covering
maximum altitude of operation for an airborne radar set, normally set
at 50,000 ft, are waived and a new maximum altitude established if the
radar set is not intended for high-altitude operation. The equipment
specifications are almost always written in conjunction with the manu-
facturing company that plans to manufacture the equipment and gen-
erally reflect the manufacturer’s feelings about the possibility of making
equipment to meet the military require.ments. During the war prac-
tically all of the equipment specifications were tentative; this allowed
the manufacturers and designers considerable leewav in requesting modi-
fications or waivers if the design turned out to be impossible or impractical.
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The JAN1 specifications probably comprise the most important list
of component specifications. They cover practically all the elements
of interest to the circuit designer; carbon, power, wire-wound, and pre-
cision wire-wound resistors; paper, electrolytic, mica, and mica substitute
capacitors; transformers; inductors; impregnating materials; variable
resistors; vacuum tubes; etc. The JAN specifications provide a very
useful handbook of components, the prewar counterpart being the cata-
logue information available from the manufacturers. The advantage
of having standardized specifications is that the same characteristics are
specified for each component and more if not all of the characteristics
are given for each component. A group of component specifications are
shown in Fig. 19.1.

TABLE 19:1.—RANGE OF OPERATING CONDITIONS ~NUMERATED IN GENERAL

SPECIFICATIONS

Temperature.

Relative humidity
% . . . . . . . . . . . . .

Pressure . . . . . . . . . .

Voltage fluctuation

Vibrati~

Shock . . . . . . .

Airborne equipment

–55° to +71.l°C 0p-

erative; –55°c to

+85°C nonoperative

95

To >5 in. Hg (50,000-
ft altitude)

Aircraft d-c supply.
22 to 30 volts

10 to 500 Cps
Max. amp 0.03 in.

10 g

Shipborne equipment

O to + 50°C interior;
–50° to +50”C ex-
posed

95

Primary voltage
* loy.

Ship: 5 to 30 cps
Max. amp ~ in.
Speed craft: 10 to 300
Cps.

100-200 g

Ground
equipment

–40° to +70”C

95

Primary voltage
:.1070

5–250 CpS

19.2. Use of Specifications.-The general specification has a very
profound influence on design. Perhaps the greatest influence is exerted

by that part of the general specification which sets forth the extremes in

operating variables such as temperature, humidity, and pressure. Table

19.1 shows the different expected extremes in the more important varia-

bles for the three major classifications of radar equipment, i.e., airborne,
1Joint Army-Navy (JAN) specifications are the result of coordinated effort toward

standardization on the part of representatives from the Armed Forces, Government
procurement and production agencies, and interested industries.
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shipborne, and ground. Information in the general specification, as exenl-
plified in Table 19.1, has the effect on the design of immediately limiting
the possible circuit designs, construction techniques, and components.

The design restrictions imposed by the general specification rarely
come as a surprise to the design engineer, since considerable thought has
usually been placed on the design problems before specifications are
written.

The equipment specifications determine the exact circuit design.
It is this part of the specifications which is subject to the greatest amount
of discussion. In general, the using service tries to write the specifica-
tions so as to squeeze the maximum possible performance out of the
equipment being built, whereas the design engineer attempts to have the
equipment specificatimrs written to give him the greatest leeway in
circuit design. As has been pointed out in the preceding section, the
equipment specifications rarel,y become final until the equipment is in
production. The design stage is llsually based on tentative equipment
specifications which are constantly being changed m a result of inter-
change of ideas and opinions between the design engineers and the pro-
curing Services. As far as radar eqllipment is concerned, equipment
specifications usually contain considerable Iceway as regards per-
formance. This arises from an inherent characteristic of all r~dar sets,
that performance depends not only upon the quality of circuit design
but also upon the quality of maintenance and skill of the operator.

Component specifications are the designer’s building blocks in design
just as the components themselves arc the building blocks in construction
Usuallyj cwh of the ~ariable conditions, specified in the general specific:L-
tions under ~vhich the over-all eqlliprnent must operate, ~~ill cause some
variation in the characteristics of each component. ‘l’he designer uses
the component specifications to select the component that has variations
under those conditions Ivhich do not limit the operation of the ecluip-
ment. This is the meat of design once the general circuit has been
evolved. It may well turn out that the general specifications influence
the design to a much greater extent than simply determining component
selection. For instance, for certain types of mechanical construction
some of the possible operating conditions may be mutually exclusive to
satisfactory operation for any available component, If such a situation
exists, it is then necessary to modify the condition that the component
has to meet by special mechanical or clrwtriral arrangement of the cir-
cuit. An excellent example of this sitrlation is the design of modulators
used in radar systems. The practice of pressurizing such units has become
almost universal. This has been ncrcssary in order to meet the altitud~
specification and the Jveight spccificati(m in xirlmrne radar systems. By
making the modulator pressurized, the components arc not wrbjccted to
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the low barometric pressure even though the airplane is flying at very
high altitude; furthermore, the components are not subjected to high
humidity conditions.

Since there is only a small number of such tricks that can be employed
by the designer, it is generally necessary to select components that will
meet the general specifications. The following is an example of the
type of information included in the component specification in the JAN
handbook. Since large numbers of resistors are used in electronic
equipment, a l-megohm carbon resistor is taken as an example.

1. Temperature coefficient. A 1.O-megohm carbon resistor (at 25”C)

may have any value between 1.0 and 1.52 megohms at – 55°C;

it may have any value between 1.36 and 0.74 megohm at 105”C.

2. Derating. A carbon resistor is expected to meet its load-life

requirements when dissipating its full rated wattage at an ambient

of 40°C, 50 per cent of its rated wattage at an ambient of 70”C,

or 10 per cent of its rated wattage at an ambient of 94”C.

3. Load life. Resistors are required to operate at their rated wattages

at an ambient of 40°C without suffering permanent change in

resistance of over 10 per cent. At an ambient of 85”C, this

requirement is 200 hr.

4. Overload. Resistors are required to stand voltages of 2.5 times

rated continuous working voltages for 5 sec without suffering a

permanent change in resistance over 5 per cent. This is, of course
6.25 times the rated wattage.

5. Voltage coefficient. A &watt resistor may measure 3.5 per
cent greater at 100 volts than at 10 volts. (Hence distortion
may be introduced with resistor dividers used with large-voltage
waveforms.)

6. Security of terminals. Resistor terminals are expected to with-
stand a 5-lb pull without sustaining mechanical injury.

7. Exposure to humidity. After an exposure to 95 per cent humidity
at 40°C for 250 hr, the change in resistance of a resistor should
not exceed 10 per cent. (Hence, a few per cent change is possible
as a consequence of a few weeks’ shelf life in humid regions.)

Some components, principally tubes, are not available with different
characteristics. For these components, the designer simply has to face
the manufacturing tolerances and design his circuit so that it will operate
properly with either low-limit or high-lird components. An example
of this type of component is given in Table 19-2, which lists some of the
characteristics of several common vacuum tubes. A perusal of thk
table will make it immediately obvious that one of the principal tasks
facing the designer is the reconciliation of the wide tolerances that he



SEC, 19.3] F( “K1)A .llE.VY’.4LSOF TEMPERA TURE-RISL’ .4.VAL YSIS 673

must expect from the ~-acuum tubes with the performance requirements
set forth in the general and equipment specifications.

It sometimes happens that some important characteristic of a
component is not mentioned or specified in the available component
specifications. In such a situation, it is necessary for the design engineer
to establish for himself the probable limits of this characteristic for
available components and select a component that best meets his need.
For inst~nce, the JAN specifications of carbon resistors do not cover the
variation of resistance ~vith frequency or the amount of inductance in an
average resistor.

‘~:.llL,~1’.;2.--’I,lLAILAI.J.IN Si>MCLtic.+rl{,sSI.’(.)H~.+cru,[ ‘~~B~s
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19.3. Fundamentals of Temperature-rise Analysis.—0ne cf the most
t,erious problems that the design engineer must face is proper mechanical
design to facilitate cooling of components. The data givcm in Table
] 9.1 indicates that equipment built to military specifications must be
designed to operate over very wide variations in ambient temperature.
(h the other hand, the data given in Sec. 192 on the performance of’ a
standard resistor component as a function of variations in ambient
temperature point up the difficulties in designing equipment with com-

ponents whose characteristics vary so widely with changes in ambient

temperature. Certainly for airborne equipment, the single most diffi-

cult problem arises from the wide variation in pressure and temperature.
The difficulty usually arises from the fact that the equipment is adjusted

under high-temperature conditions (on the ground) whereas it is expected

to operate, without further adjustment, under low-temperature conditions

(in the air). Although the equipment has its principal operating use

under medium- or low-temperature conditions, it must be designed so

that it ~vill not “burn up” when operated under high-tempm-at u re

conditions.

Since large temperature variations do so much to restrict th(~ (lcsiguj

considerable effort has been directed to developing efficient means of
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cooling equipment, This section treats in an elementary fashion the

information that the designer needs in order to plan the cooling in the

system; basic heat transfer formulas are given, and the cooling of closed

and open units is discussed. 1

correlation bet~~een calculations based on the formulas given here

and the physical tests is good only if the physical configuration of the

heat-dissipating object is simple. ~onsequentlyj the formulas are of

principal advantage only in showing the basic limitations of heat transfer
so that the physical configuration in the unit can be adjusted for maximum
efficiency. It is almost always necessary to confirm any analysis by
experiment.

Basic Heat-transjer Formulas. —Heat is transferred in three familiar
ways: conduction, radiation, and convection. Expressions are given for
these three heat-transfer methods, more because they form the basis
for subsequent discussion than for any use that might be made of them
directly. z Only the first tlvo m-ebased upon physical lalv; the expressions
for convection were derived empirically. ITnmodified air is ass~lmed to
be at 20”C, 50 per cent humidity, and standard atmospheric pressure.

1, Conduction.—The power dissipated by conduction is

(1)

where A is the area of the heat conducting region in sqllare inches

normal to the direction of heat flow, A T is the temperature differ-

ence existing between two points d in. apart, and K is a constant
of heat conductivity which differs with the material: copper 9.0,
iron 2.0, aluminum 3.3, carbon steel 1.1, rubber 0.00-1, and cloth
or felt 0.0016. Thus for steel about 1 watt is conducted through
1 sq. in. of contact surface for points 1 in. apart having a tempera-
ture difference of l°C. Note that components which are required

to dissipate large amounts oj heat should be mounted so tlial con-

tinuous metallic contact is made to a large metallic surface, SUCILas
the frame.

2, Radiation.—The power dissipated by radiation is

P = 37e10-’2[(Tc + AT)4 – T,’] watts/in2 (2)

where 2’. is the absolute ambient temperature, A 7’ is the temperature

difference in degrees centigrade between the radiating body and

the surrounding objects, and e is an emissivity constant that varies

I For analysis of complicated heat-transfer problems, vol(lmrs such as Llc.idams,
Heat Transmission, McGraw- Hill, 1942, should be consulted.

1These basic formulas for heat transfer were taken fmm 1Tagnetic C’ircuik and
Transformers by the MIT Staff in Electrical Engineering.
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for different materials, typical values being ideal black body 1.0,
lamp black 0.98, rough insulating materials 0.90, oxidized iron
0.75, oxidized copper 0.65, polished aluminum 0.005, and polished
silver (mirror), 0.0025.

An approximate form of Eq. (2), which gives a good approxima-
tion if AT is small, is

P = 37e10-J24Tj AT. (3)

For an ideal black body with a temperature difference of 1° above
its surroundings, at 50”C the power radiated is 0.005 watts per
square inch of surface.

3. Correction in Still Air.—The power dissipated by convection in
still air is

P = 0.0016 (AT)125 watts/inZ (4)

for the upper side of a horizontal surface,

P = 0.0012 (AT)125 watts/in2 (5)

for a vertical surface, and

P = 0.0008 (AT)12’ watts/in2 (6)

for the bottom side of a horizontal surface, where AT is the tem-
perature difference in degrees centigrade between the surface and
the air about it. A l-in. cube having a temperature 1°C higher
than the surrountlng air loses heat by convection at the rate of
0.0072 watt.

Cooling a Sealed GniL-General empirical formulas relating the heat
transfer from a heat generator inside a sealed unit to the outside atmos-
phere are not too satisfactory, because the efficiency of heat transfer is a
sensitive function of the geometrical configuration of the heat-producing
components and the sealed housing. The geometry to be considered
is a heat source in air surrounded by an airtight metallic container also
in air. This treatment does not include conduction of heat to the wall
of the container by metallic contact; the effect of such conduction, how-
ever, can be estimated from Eq. (1). In any practical system, it is
necessary to consider the flow of heat from several components through
the housing to the surrounding atmosphere. This can be done approxi-
mately by summing the results of calculation of the heat flow from each
separate component.

The basic formula for heat transfer under the conditions specified
above is

P = (JA AT \vatts, (7)
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where U is a coefficient of heat flow in watts per square inch of exposed

surface per degree centigrade, ~ is the exposed area in square inches, and

J I’ is the temperature difference in degrees centigrade of the air inside

and outside the container. The problem, of course, is evaluating U for

the components under investigation.

In a practical design [” is usually the only variable; P is simply the

total amount of power in ~ratts generated inside the unit. The tempera-

ture difference A 1’, in degrees centigrade, is the difference bet\veen the

maximum operating ambient specified in the general specifications and

the maximum operating ambient for the most sensitive component speci-

fied in the component specifications. For instance, most components

w-e not guaranteed by the manufacturer for operation at temperatures

:Lbove 1000(<, ljut most systems must operate at an ambient temperature

of at least 700(’, so Al’is usually of the order of 30°C’.

For these conditions, theheat emission byradiation can beneglectcd;

:md since the \valls of the containers are usually thin metal, the resistance

t o the conduction of heat through the metal is negligible. The principal

resistance to heat flow is caused by the air films on the surface of the

component and on the surface of the housing, The value of the over-all
coefficient of }leat transmission is the sum of the resistances to its flow
and is expressed as a conductivity by the formula

(8)

\\flere [ ‘ is the over-all coefficient of heat transfer in watts per square inch
per degree centigrade, the surface is the external surface, and the tem-
IJeratilre is t!w mean temperature difference bet!veen the air inside the
ra})inet Jnd outside the cabinet; )li is the internal film coefficient of heat
transfcr in !jatts pm square inch per degree centigrade, the surface is the
intern:~l sLIrfacc, and the temperature is the mean temperature difference
bet !~cen the inside air and the inside surface; ho is the external film coeffi-
cient of heat transfer in ~vatts per square inch per degree centigrade, the
surface is the external surface, and the temperature is the mean tempera-
ture difference bet~veen the outside air and the external surface; R is the

ratio of the external surface area to the internal surface area and multiplies
the value of the internal film coefficient so that the outside surface may
be used in calculations; z is the efficiency of the external surface and differs
from one only ]vhen fins or other extended surfaces are used. The
thickness of the Tvall of the cabinet in inches is represented by X, and
K is the coefficient of heat conductivity of the material of the cabinet.

JVit,h most metal cabinets, the tcrnl -Y/K is negligible, and R and z
are unit,y, When this is true, 1’;q. (8) becomes
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(9) I

I
Considerable experimental data at the Radiation Laboratory have 1

established certain values of h for conditions approximating those found I
in the metal housings used in practice. For the” following ~onfigurations

and air conditions, h has the values indicated.

1.

2.

3.

4.

The value of h for any surfa
unit may be taken to be
0.007 watt/in2/OC when
there is no forced circula-
tion.
Using z No. 2, 15-watt blow-
er-motor combination, sup-
plying 15 cu ft of air per
minute at a nozzle velocity
of 3500 ft /rein on the inside

,ce on the inside or outside of a closed

Blower

~Bp

\ \\\ \\ \ \\ \\

FIG. 19.2,—Triple-walled container

of a cylindrical container 9 in. in diameter and 15 in. long, the
value found for hi was 0.025 watt/sq in./°C.
The same blower, directing air at one end of the same unit on the
outside, gave a value for ho of O.O15 watt/sq in./°C.
With small amounts of forced convection parallel to the surface,
h approaches 0.02 watt/sq in./°C. From this point on, the value

increases about linearly to 0,055 watt/sq in. /°C with an air

velocity of 42 ft/see, measured where the presence of the surface

does not affect the velocity. A way of achieving such a flow over

the surfaces of a unit is illustrated in Fig. 19.2. only one of the

walls completely encloses the unit; the others are only partial

walls used to restrict the flow of air to a broad, flat stream.

The figures given arc approximations only; they can be reproduced

reasonably ~vell provided the physical arrangements have the proper

configuration. Also, the coefficients may be deceptive, since, as the

capacity of the inside blower is increased, the additional wattage required
for the blower motor must be added to the internal heat load. In most

equipmcmt, there is an optimum rate of heat transfer because increasing

the average heat transf(~r may mean a greater variation of the tempera-

tures in various parts of the container. The total heat transfer is based

Ilpon the mean temperature difference bet\vecn the air in contact }vith

the inside and outside ,surfaces.

In Fig. 1~.2 it is apparent that different film codficirnts apply to

(Ii fferent regions of the unit. The arm of the surface may hc divided
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up into different regions where judgment or simple experiment (as
studying air flow by the drift of small bits of tissue paper) indicates
different values of h. The heat carried away from each of these regions
is then summed.

Cooling an Open Cabinet with Changing Air. —When it is not necessary
to have a sealed cabinet, heat may be carried away by drawing air from
the outside, circulating it through the cabinet, and discharging it again
on the outside. The specific heat of air at 50 per cent relative humidity
is 0.43 Btu/lb/°C. At 20”C and atmospheric pressure this is 0.57 watt-
min/ft3/OC. As the relative humidity increases to 100 per cent, the
specific heat of air increases to a maximum value of 0.44; hence, humidity
is neglected in the calculations.

The heat loss is
P= NATV watts, (lo)

where AT is the mean temperature difference between the air entering

the unit and the air leaving the unit in degrees centigrade, N is a coeffi-
cient for the specific hc~t of air obtained by multiplying 0.57 watt-
min/ft3/”C by the ratio of 290”A to the absolute temperature of either
the input or output air temperature (since the density changes with
temperature), and V, in cubic feet per minute, is the rate at which air is
being exchanged through the unit.

For positive circulation, fans or blowers must be used. The blower
may be located at the intake, pushing the air through the cabinet; it
may be located at the cfisehargc; or two blowers may be used, Theo-
retically, it is more cfficicnt to have the blower handle the coolest air.
Owing to intcrfcrcnccs that cause MMy currents, however, a better cir-
culation may be obtainccl by exhausting the warmer air. As a general
rule, the path of the air stream should bc vertically upward to obtain the
benefit of the gravity circultition; ducts or baffles are useful in obtaining
adequate circulation. Blolrcrs, turned by a motor of given rating, are
rated for certain air volumes Irhich remain independent of small back
pressures that arc obtuincd as air is Mown through the unit.

The incorporation of filters into the intake port is common practice
when the equipment is to bc used in dusty atmospheres. A typical filter
is about ~ in. thick and made up of many layers of fine metal screening
covered with oil. Such filters have a mcommcndml capacity of about
2 cu ft of air pm minute per s{luw-c inch. The resistance of the filters
to the flow of air constitutes practically all of the resistance to air flow
in the unit. Cronscqucntly, it is ncccssary to know the filter-pressure
air-velocity characteristics before the proper blower and motor can be
rletermincd.

Although the totaI amount of }wat being removed from the unit can
be determined by measuring the temperature diffm-cncc at the input and
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exhaust l>orts, separate experiments arc necessary to determine \vhcthcr

or not hot spots exist in the unit. It is uf’tcn possible to equalize the

temIJcraturc inside the unit by appropriate usc of baffles; holvcvcr, it is

occasionally necessary to usc separate small blowers directing air upon the

hot components. The same principles arc involved in cooling a separate

component as in cooling a complctc unit.

If the heat dissipated inside the unit is not too great, gravity cooling

may be employed. This has the obvious advantage of requiring no

fans \\-hich arc, themselves, a source of maintenance trouble. The

temperature rise can be calculated using Rqs. (7) and (8) and using

the value for U given for natural convection. The use of louvers and

slots reduces the temperature rise to about two-thirds the value calcu-

lated from IIqs. (7) and (8).

Testing Procedures. -–.4s previously indicated, it is very difficult to

predict accurately the temperature rise either in the unit as a whole or

in any particular section. As a result, heat runs and tests are necessary

to determine the exact performance. The most satisfactory method of

testing is by the usc of thermocouples. By using several thermocouples

connected through a multiple selector slvitch, it is possible to measure the

temperature variations }vithin the unit during one heat run. Techniques

that are less accurate but often useful employ the use of crayons, paint,;,

and pills that change color as a function of temperature. These tech-

niques are particularly valuable during the trial-and-error stage of

adjusting mechanical baffles to eliminate hot spots on a chassis.

In setting up tcstsj several factors affect the relation between the

test results and actual operation.

1. For a given poIver input and cooling arrangement, the temperature
rise above ambient varies directly with the ambient. Over an

ambient range of 10° to 50”C the rise above ambient increases

approximately 10 per cent. (This is due to the change in the

density of the air.)

2. Type tests of complete sets under specified low and high ambient

conditions require large test chambers, in which a high rate of

air circulation must be maintained in order to maintain the required

temperature and humidity conditions. This means that the heat

dissipation will be greater than in still air conditions.

3. When the cooling air is supplied to airborne equipment by air-

scoops, the decrease in density due to altitude is offset by the

decrease in ambient up to 40,000 ft. Such equipment must be
supplied with auxiliary cooling, however, for ground operation.

19.4. Lightweight App~ratus.—During the war, considerable effort
was placed on the development of lightweight apparatus. The develop-
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ment ~vas carried out at considerable cost in engineering and design time

both on the part of system design engineers and on the part of the conl-

ponents manufacturers. The emphasis for lightweight construction and

design \vas originally placed on equipment to be used by the Air Forces.

It later became apparent that all electronic equipment should be light-

weight, since its utility is greatly enhanced if it is air-transportable.

The importance of saving a few pounds in the design of an equipment

cannot be overlooked. For instance, it is estimated that a saving of

1 lb in the net ~veight of a commercial aircraft is worth approximately

$2000 to the air lines during the life of the aircraft. Stated another
way, if enough \veight and space can be saved by proper design of equip-

ment so that an additional seat can be added to a commercial aircraft,

the saving is worth roughly $38,000 to the air line.

By directing so much attention to the problem, great strides have been

made in reducing the weight of electronic equipment. This has been

accomplished by coordinated effort on the part of the design engineers

and on the part of the designers and manufacturers of components.

one of the most serious limitations to lightweight construction is the

inherent ruggedness of the equipment as required by military specifica-

tions. Early experience showed, unfortunately, that breakage is one of

the most serious problems connected with supplying combat units. As

a result of this experience, military specifications now require that the

equipment be very rugged. In the postwar development of commercial

applications many of these specifications can be ignored because the

equipment will be handled more carefully; nevertheless, war-learned
lessons in building el~ctronic equipment for rough treatment should not
be quickly forgotten.

19.5. Minimum-weight Design.—The comments that follow are

concerned with weight savings by proper circuit design; a later section

contains information on weight-saving by construction techniques. The

discussion presumes that the basic circuits have been satisfactorily
worked out. The circuit components and considerations that hold the

most promise for weight-saving are power consumption, power supply,

tube selection, tube operating conditions, and component selection.

Obviously these are related, but a detailed consideration of each points

out the salient factors to be investigated.

Power Consumption.—It is often the case that component size is

determined by the total amount of power consumed rather than the

‘(compressibility y” of the circuit. This is so because the power generated

in the unit must be dissipated to prevent the components from operating

at excessive temperatures. The four principal sources of heat in a

vacuum-tube circuit are tube filament, plate dissipation, load dissipation,

and voltage divider dissipation. These sources of heat can be either
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eliminated or cut to the minimum. It is usllally desirable to determine

the minimum plate voltage supply for each tube. It \vill often happen

that enough tubes operate at the same voltage to ~varrant a special voltage

supply. (;athode followers, input amplifiers, and other pov-er-consuming

circuits that do not contribute materially to the circuit operation arc

eliminated if at all possible. This can often be done by minor rearrange-

ment, in the circuit and by careful proportioning of the circuit into the

various major units.

Wherever possible, tubes are eliminated, and those ~vhich arc USP(I
are chosen for low heater power. l;or instance, diodes can sometimes
be replaced by crystal or electrolytic detectors. The use of double
tubes generally results in less power dissipation than the usc of single
tubes.

Regulated voltage is always costly in terms of transformer and filter
weight and size; consequently, each circuit is analyzed to determine
the exact amount of regulation required. Considerable po~~,eris saved
if circuits that, do not require regulation are not run on the regulated
powwr suppl~-.

Fouxv- Supplies.—It is often the case that the heaviest component in a
unit is the power transformer. Maximum design efficiency is achieved
only by careful analysis of the transformer requirements and by design-
ing a special transformer to meet those requirements. As indicated
above, taps on the transformer can be used to supply medium voltage
buses, thus eliminating the necessity of dropping resistors from a high-
voltagc bus. T-his is particularly applicable to circuits that use many
pentocles, since the screen potential is usually constant. Supplying
the screen voltage by means of a separate voltage bus eliminates the
power loss in a dropping resistor and, being 10}v impedance, reduces the
number of screen bypass condensers required. For many applications
it is possible to use the primary voltage supplied ~vithout passing it
through a transformer. For instance, for electronic equipment designed
to operate in aircraft, considerable saving is effected by running the
filaments in series parallel from the 28-volt d-c bus. If filament sta-

bilization is required, nonlinear series elements can be incorporated into
the circuit without requiring the transformers to supply the wasted
power. For some applications, the use of a dynamotor to supply the
high voltage is more efficient than converting direct to alternating cur-
rent in a rotary couverter and stepping up the voltage in a power trans-
former and rectifier circuit,

Component Selection. —Volume 17 contains descriptions and illustra-
tions of most of the important components that have been developed
during the last three or four years. In almost every case, the component
has been reduced in size and weight, and the reliability has been improved.
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Component size affects the final weight, of a unit in ways that arc not
immediately obvious.

In most cases, the reduced size and ~reight have been effected by the
development of new insulating materials and sealing compounds (for
transformers and condensers) and by ignoring preconceived ideas of size
(miniature and subminiature tubes). As indimtcd above, the cfcvelop-

ment of these smaller and lighter components has been very costly, but
some of the cost has been amortized so that the components are now
available for commercial use at more reasonable prices.

FIG. 193.-Ts-pical work space.

19.6. The Design Process.—There is no guaranteed formula for
generating new ideas, and this chapter does not purport to give one. It is
assumed that the designer of new equipment has the necessary creative
ability. ‘l’his section gives some of the design techniques that the authors
have found to be useful.

Figure 193 shows a typical work space assigned to a circuit designer,
and Figs. 19.4 and 19.5 show typical examples of electrical mockup
chassis (ignominiously called “breadboards”). Results are produced
only when such physical arrangements are augmented by skilled special-
ists. Such personnel are not included in the list of illustrations, but
they rank far above physical arrangements in importance.

The design process outlined in this section is idealized for the sake
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FIO. 19.4.—Metal electrical mockup chassis.

FIG. 195.-Wooden electrical mockup chassis.
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of generality. It assumes that the design engineer has at hand all of
the inf m-mation discussed in the preceding sections and has the physical
facilities and supporting personnel necessary to carry out the separate
steps. Each step in the design process is indicated by a numbered
paragraph. It is probably fair to say that no system or part of a system
has ever been designed by the process outlinedbelow. The urgency of
\varoften established atime schedule that wasincompatible withcarrying
out, the complete process. Experience has shot~n, ho~veverj that while
some of the steps may be combined, none of them can be omitted without
risk of unfortunate results.

The problem that is considered is the design of a functional part of a
complete system, such as a modulator, synchronizer, or range unit of a
complete radar system. For very complex systems, the responsibility
of design may be subdivided even further; this requires greater coordina-
tion among the designers working on each separate part.

1. The first step is to make a block diagram of the complete system
to be designed. Such diagrams are very important so that each designer
working on the individual units knows exactly how his unit fits into the
Ivhole system. Usually, the system is broken down into functional
units; but as the units are designed, minor changes may be made. One
of the most important benefits of a system block diagram is to specify
the various inputs and outputs of each block to enable the designer of
each block to know what he has in the }vay of inputs and what he has
to supply in the way of outputs. The process of ~vriting down the inpllts
md outputs of each block usually points up places Ivhere over-all effi-
rlency call i,: imm-n~:~d by not follo~~ing strictly functional subdivisions.
For example, a functional division of a radar system that includes a

receiver and a range unit would put the receiver in one unit and the
range unit in another. It is generally more efficient, however, to put the
final video stages of the receiver in the range unit, thus allo~ving inter-
connection bet~veen the receiver and the range unit at low lm-cl. This
results in considerable saving of power.

2. After the complete system is broken down into blocks, the design
engineer in charge of developing a particular block makes a block dia-
gram of his unit.. In this breakdown, the complex unit is divided into
convenient components each of the same order of complexity which, in
turn, may be broken down into single-function circuits that initiate or
operate upon waveforms. The purpose of the block diagram is to organ-
ize the job and to clarify the relationship that exists among different
parts of the circuit. Waveforms, voltage levels, impedance levels, and
timing diagrams clarify the unit whenever they are known.

3. Having specified the complete functions and known operating
conditions of each block, the designer fills in the blocks with rircllit dia-
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grams. ‘~his is usually done by one of two methods or a combination
of two methods. In breaking doivn the unit into functional circuits,
the designer makes usc of his previous experience and knowledge of the
field of electronic design; conscqucntly, many of the blocks can be filled
in by circuits with which the designer has had previous experience.
The circuits will rarely be in a finished form, since they have not been
previously applied to the particular application that the designer faces.
Previously developed circuits, hoivever , am an excellent start tolvard
filling out the complete unit. The second method is based upon the
designer’s fundamental knol~lcdgc of the operation of vacuum tubes and
electronic components. Iinolving holv these components behave and
knowing what the circuit is supposed to do enable the designer to la-y
out a rough circuit diagram. ,it this point in the design, the lmit con-
sists of circuits whose general performance is known but that have never
been tried m the particular application and circuits that have been
invented on the basis of knowledge of the desired functional performance.
The former, having been previously tested, have their principal constants
already fixed, whereas the latter must have the constants determined.

4. A theoretical analysis of the circuit is useful at this point. This
consists of revielving the development, of the prm’ed circuit to establish
a firm basis for the minor adjustments called for. An independent analy-
sis is made of the new circuits to establish the probable range of circuit
constants and the theoretical performance. Such analysis usually points
to alternative methods of performing some of the functions and is used
as a basis for experimental tests which follo]v.

5. Since the usual assumptions made in theoretical circuit analysis
are quite broad, experimental checks are necessary. Often the designer
will interrupt analysis to build a circuit and test it. On the other hand,
when an experimental circuit exhibits unexpected characteristics, the
designer usually reverts to analysis for explanation of the phenomena.
In any case, experimental checks of the various circuits are necessary.
This phase of design is very important, as it is a basis for the establish-
ment of the variable parameters in the circuit. As a rule, the circuits
are tested in as small units as possible to reduce the number of parameters
and to facilitate a detailed examination of each parameter.

6. After the parameters and operating conditions of the new cir-
cuits have been satisfactorily established and the old circuits have been
reworked to fit into the rest of the design, the complete unit is wired up
on an electrical mockup chassis. Unforeseen difficulties usually arise
when the whole unit (less power supply) is tried out for the first time.
It is generally necessary to change some of the constants and perhaps
even add new elements. Since the unit in this stage of development
has little physical resemblance to the final unit, many important char-
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acteristics cannot be tested. If the initial checks indicate that general
operation is satisfactory, the remaining steps in the design process can
be undertaken. If the unit M a whole does not check satisfactorily,
then it is necessary to repeat some of the steps already carried out.

Developing a circuit up to this point is often considered the principal
problem; certainly it is the most interesting to the designer. Satis-
factory operation on an electrical mockup chassis, however, does not
preclude unsatisfactory operation of the finished product. It is very
important that the remaining steps in the design process be faithfully
followed.

7. The next step in the design process is to test the whole unit to
establish the power requirements, the required voltage stability, and the
heat dissipation, and to find circuit elements critical to physical con-
figurations. In general, the initial determination of these character-
istics will be very disappointing, and it then becomes the job of the
designer to work over the circuit to establish efficient conditions for
each of these variables. As was pointed out in Sees. 19.4 and 19.5, the
weight of the unit is closely allied to the amount of power that it con-
sumes. The power requirements must therefore be cut to the minimum.

Manufacturing difficulty is closely allied to the tolerances required
in the components. Operating stability is closely allied to component
tolerances and optimum subassembly design; stability can usually be
achieved by using precision components or by matching components.
In many instances it is better, from the manufacturing point of view,
to match components in a compact subassembly design than it is to use
precision components. Such techniques also increase the serviceability
of the equipment by making possible easy and rapid changing of sub-
assembly units.

Aa pointed out in Sees. 19.4 and 19.5, considerable saving in weight is
accomplished by reducing the requirements on voltage stability. Regu-
lated power supplies are necessarily less efficient and heavier than unregu-
lated power supplies. A careful test of the required voltage stability
permits the power supply to be regulated no better than is necessa~,
to avoid unnecessary weight.

8. The information gained in these tests is coalesced with a general
circuit review to check for wasted power, unnecessary tubes and com-
ponents, proper interconnection to other units; to design the power
supply and subassemblies; to decide on a satisfactory method for testing,
maintenance, and calibration; and to make up a tentative parts list.
Best results are usually obtained by working on these problems concur-
rently. Some of these considerations receive more emphasis than others,
depending upon the use to which the equipment is to be put. For
airborne equipment, particular emphasis is put on reducing weight and
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volume; for other applications, these characteristics assume less impor-
tance. As work progresses on thk step, the various subassembly designs
are fabricated so that the effect on the other characteristics can be checked
by test.

It is very important at this stage of development that the design
engineer decide definitely how the equipment is to be tested, maintained,
and calibrated. Having been in the process of testing the unit himself,
he is in an excellent position to determine which test points are most
important, which adjustments are critical, and what criteria will be used
in making the adjustments. Questions such as these must be answered
before the design reaches prototype stage so that proper cognizance can
be taken of them in the mechanical layout of the prototype models.

It is likewise important that the design engineer make absolutely
sure that the unit will operate properly with the rest of the units of
the system. In many instances it is necessary for him to assist in the
testing of the other units (which are presumably in the same stage of
de.velopment) and to invite the design engineers of the other units to
test his own. Only by close collaboration at this stage of development
can the final product be assured reasonable chances of success. In
some instances, it may be necessary to make a combined test of several
units in a system before they pass out of the experimental-chassis design
stage, This is usually undertaken only if it is more efficient than making
a precise measurement on the characteristics of each unit.

9. After the efficiency and reliability of the circuits have been estab-
lished, prototype model construction can proceed. If the prototype
model is to be of any value to the manufacturer, it must contain the
same components that the engineer recommends be used in the final
product. Hence, it is very important that he check the availability
of the components }vhich he recommends and satisfy himself that the
unit will pass all of the tcwts !vhen the recommended components are
used. It is also advisable that the designer consult the production
engineers Jvho will have charge of producing the unit, This enables him
to rectify conflicting vic}vs and establish the necessity of following the
design principles that he recommends.

10. After the prototyp~ model is constructed, it is subjected to severo
testing. This step is the final laboratory proof of thr design. If the
model responds satisfactorily to these tests, it is consider-cd to be ready
for incorporation into the system and tested as a component part of the
syst?m.

If the design process has been carefully followed, prototype model
tests do not show many uncxpect,ed characteristics, lt, rarely happens,
hov-mm-, that a prototype behaves exactlv as cxpcctml, and it is usually
neccss:lry to make minor rrvisions in thr circllit :Lnd in the physical
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layout. Ifthenecessary revisions areminor, they canusuallybeaccom-
plished on the prototype model without retracing the earlier design steps
and building a new model.

Table 19.3 gives the design-process in outline form; the numbered
steps correspond to the discussion.

TABLE 193.-STEPS IN THE DESIGN PROCESS

1. Block diagram of complete system

2. Bloclr diagram of unit

3. Fill in blocks with old and invented circuits

4. Theoretical analysis of invented circuits

5. Experimental checks of separate circuits

6. Experimental checks of complete circuit
7. Experimental tests todeterminc:

a. Power requirements

b. Component tolerances

c. Operating stability

d. Required voltage stability

e. Heat dissipation
f, Breakcfo,vn into electrical subassemblies

8. Circuit revic!v to:
a. check for wasted power
b. Checkfor unnecessary tubes
c. Check propt,r i]ltercol~]~ections tootllrr units
d. Design polvcr supply
r. Design s(lbnss~lllblics
,f. DrcIdc on n)ctbocl of testing, maintenance, andcabbration
g. Establish find tentative parts list

9, Prototype model construction
10. Prototype model tests

Table 194 is a list of phrases that have meaning to the electronic
apparatus designer. TIechanical engineers have frequently used a list
of words, such as lubrication, life, vibration, etc., to remind them of
design details. The list in Table 19.4 is for the same purpose applied
to electronic design.

19.7. Construction Practices for Laboratory Equipment.—The term
“laboratory equipment” implies small numbers of equipment fabricated
from readily available or handmade parts, used and maintained by tech-
nically trained personnel, and operated under reasonably constant,
temperature and humidity conditions. It also implies that weight aml
size are of secondary importance. Such equipment is characterized by a
multiplicity of adjustments, selected compon~ntsj open construction, and
very high performance.

Equipment for military or commercial use implies large numbers of
equipment, utilizing special parts and tooling, used and maintained by
average oerwnnel under lvidely ~ariablr ronditit)ns. l’roperly designed
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Drift of characteristics with time
Voltage and current ratings
Derating factors
Voltage breakdown
Efficiency
Power output
Power in; VA in
Frequency, voltage limits of eourccs
Component tolerances
Tolerances of coefficients
Effect of supply voltage changes
Regulation

II Hysteresis in voltage, flux, etc.
;;

Effect of temperatureII,, Power factor; Q
~~ Shielding

Effect of earth’s magnetic field
;;II Magnetic coupling of transformers

Distributed capacitance, inductance
iiII Lead inductance

Electrostatic pickup~~
Mutual inductance pickup

;;II Rise above ambient
Ambient limits
Radiation, generation of noise
Input, output impedance
Contact, thermat emf’s
Grid current

Heater-cathode voltage
Heater-cathode leakage
Effect of power source subbarmonics
13ffcct of power source transients
Ground currents
Leakage
Condenser “soaking”
Source impedance
Stray capacitance
Impedance-frequency characteristics
Amplitudr-frequency characteristics
Phase-frequency characteristics
Nonlinearity, distortion
Voltage-current characteristics
Loading of source
Phase shifts
Photosensitivity
I)eionization time
Stability, phase, gain margins
Pressure, density of air
Fiuishcs
}Yeigt,t
Size, s!]:ipe, form factors
cost
.ivailabilily in drsircd tolerances
\lOunting ,nc:ms
Pmkaging for shipment
Diffcrencc hetwccn manufmturers

Resistance to thermal shock
Life, shelf life
Humidity, salt spray, immersion
Mechanical strrmgth
Inflammability
Electrolysis; corrosion
Vibration, shock, shockmounting
IkIerhanieal resonance
Operating position
Lubrication, wear
Sparking
Fungus; dust

Torqtlc, speed
Smoothness
>’onoperating service conditions
Producible by a specific mfgr.
Generation corrosive or toxic fumes
Use of critical or expensive materials
Adequate name plates
Minimum tube types
Size, insulation of hook-up wire
overload protection, fusing
Safety in maintenance, operation
Ease of maintenance, operation
Handles
Illumination of dials
Sharp corners
‘rest points

.— ——— ——— ——
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FIG. 19,6.—Exanlple of construction of laboratory equipment using Latlltul) rack IMUCI.
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and constructed equipments of this nature are characterized by few
adjustments, standard components, compact construction, ruggedness,
portability, and guaranteed minimum performance.

Obviously, these differences between laboratory and commercial
equipments have a profound influence on construction practices. Per-
haps the greatest difference stems from the fact that laboratory equip-

RG. 19.7,-–Example of rmnstructiou for lalmratory equipment with ladder mounting of
components.

ment is generally constructed by persons qualified to follow circuit

diagrams. This usually mrans that the only drawing that need be

made for laboratory equipment is the circuit diagram. On the other

hand, production equipments are constructed by persons who neither
see nor have to understand circuit diagrams. .\t first glance it might,
seem that w-hat is good practice for one is good practice for the other,

but this is not true. If only small numbers of equipments are to be

built, it is economically more efficient to hire a more highly skilled work-
man to build the units from a circuit diagram, If large numbers are to
be built, however, it is economically more efficient to spend considerably
more time and engineering effort in planning the construction so that
it can be carried out by unskilled personnel.



692 l)ESIGi~ OF ELECTRONIC APPARATUS [SEC. 198

Improvisations are the general rule in laboratory equipment, and the
construction is al~vays carried out ~vith flexibility in mind. Laboratory
equipment is usually constructed by making maximum use of point-to-
point wiring augmented by standard terminal strips. Extra space,
unused solder lugs, multiple tie points, etc., are desirable in laboratory
equipment. Such “haywire” techniques have no place in commercial
production, as they only add confusion in the assembly process.

IIG. 19.8.—Exampleof ronstructian forlahoratory equipment

l~any laboratory equipments never get beyond the electrical moclmp

stage illustrated in Figs. 19.6 and 19.7, which, after all, are perfectly

usable forms. Generally, however, laboratory equipment is carried at

least one step further, and the circuit is incorporated in a semipermanent

fashion on a chassis. Figure 19.8 illustrates laboratory construction.

19.8. Construction Practice for Commercial Equipment. —This sec-

tion is intended to correlate and augment the various comments that

have been made on the design and construction of commercial equip-

ment. 1

1The term “ commercial equipment “ is intended to cover both industrial and
military applications. Construction practices for industrial and military applications
differ m~in)y in the rigidity of the specifications; the general features of design and con-
struction are the same. The term “ commercial equipment” does not include equil~-
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Since electronic equipment is being considered, the fundamental
requirement for construction practices is that the electrical circuit will
operate satisfactorily. This may or may not be a serious limitation on
the method of construction; it depends upon the units under considera-
tion and whether or not the requirements for a satisfactory electrical
operation are in conflict with some of the other requirement slistedbelow.
For many applications, especially where the’ circuit contains high fre-
quencies, high voltage, high-gain amplifiers, etc., the physical configura-
tion of the circuit i.s important. In designing the layout it is necessary
to consider cabling losses; distributed capacity; distributed inductances;
electrostatic, electromagnetic, and microphonics pickup; etc. In many
instances, it is impossible to take proper cognizance of all of these varia-
bles, and, as a result, prototype models invariably .require a certain
amount of reworking. During the carrying out of Steps 7 and80f the
design process, however, it is possible to discover which circuits are
critical, and priority of space, location, and attention is given to them in
the model construction. Circuit operation can almost always bc
improved by dividing the unit into separate subassemblies. This does
not mean subassembly in the sense that the tubes and heavy components
are mounted on a chassis while the light components are mounted on
removable terminal strips. What is meant here is the division of the
circuit into separate mechanical subunits that when fastened together
on a framework form the complete unit. This type of construction has

found considerable application in lightweight equipment because it is

more economical from the standpoint of space and weight. However,

it has a distinct advantage as regards operating reliability as well, which
is the point that is stressed here.

The second major consideration is that the mechanical construction
be sound. The unit must be mechanically rigid enough to ~vithstand
the knocks of normal handling and shipping. It has been found through

experience that few units fail to pass vibration tests if they are mechan-

ically rugged enough to withstand ordinary shipment! Adequate

mechanical construction applies also to protection of knobs, dials, switch

handles, cathode-ray tube faces, and other parts of the unit that are

mounted external to the chassis. Locking devices are employed to

protect moving parts from accidental movement. Such devices are
used to secure large tubes, tuning dials, screwdriver potentiometer
adjustments, etc.

One phase of Step 8 in the design process is the determination of the

ment for private use, such as home radio receivers. Because of the highly competitive
nature of the field of home appliances, the construction practices employed in manu-
facturing them are necessarily radically different from those employed in manu-
facturing equipment for military and industrial uses.
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best method of testing, maintenance, and calibration. These considera-
tions are vital to the proper operation of any unit; hence, the construc-
tion must take them into proper account. The process of testing and
calibrating usually requires the measurement of certain voltages, cur-
rents, waveforms, etc., and the designer takes proper account of this
requirement by marking the critical test points. Proper construction
facilitates access’to these test points, bringing them to one test panel
if possible. Testing and calibration is greatly facilitated if all of the

FIG. 19.9.—Typical component strip subassemblies.

test points and all of the calibration controls are located together and

are easily accessible.

The quality of maintenance that ispcrformccf on any unit is greatly

influenced by the ease with \vhich the maintenance can be carried out.

The general principles to be obscrvccl in constructing a unit for ease of

maintenance are as follows: The maintenance shoulcl be performed from

the operator’s position, i.e., the unit should come apart from the front;

maintenance must be possible }vithout turning off the unit, disconnecting

cables, etc.; maintenance must be possible \vith the simplest of tools;

any tool other than a straight scrcivdriver and a crescent lvrench is

considered special by the average maintenance man. The use of snap
nuts, cowl fasteners, captive bolts, riveted nuts, lving and thumb nuts,
flexible couplings, etc., greatly facilitates access to maintcmmcc and
calibration points.
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Provision must be made for adequate cooling and protection against
moisture, dust, vibration, and shock. Manufacture is facihtated by
di~iding the construction into a multiplicity of separate operations.
Special component strips, illustrated in Fig. 19.9, permit independent
fabrication of many subassemblies.1’ Maximum use of mechanical sub-
assemblies is discussed in later sections; however, some mechanical sub-
assemblies are necessary in almost every unit. Figure 19.10 is a 30-mega-
cycle if receiver strip with approximately 20-db gain per stage. It is
virtually impossible to obtain- satisfactory operati& o~ such ‘units by

any other method than point-to-point wiring as illustrated in the figure.

FIG. 19.10.--Radar receiver strip, a typical mechanical subassemblyy.

Such units require considerable care to provide proper shielding and hence
are nearly always constructed on mechanical subassemblies which are in
turn mounted to the major units in which the circuit operates.

This section would not be complete without some discussion of the
relative merits of open and closed units. Examples of open-unit con-
struction are shown in Figs. 19.11 and 19.12. In operation, of course,
these units are covered with thin metal dust covers. In this type of
construction each component is either hermetically sealed or constructed
to withstand the expected operating conditions. Figure 19.13 illustrates
closed-unit construction. In this example the complete unit is enclosed
in a pressure tight chamber, and hence the individual components need
not be constructed to withstand the full variation of operating conditions.

Closed-unit construction finds its greatest application in airborne

1Army Air Force Specification ARL.102-A, Navy Specification RE 13-A-554, and
Civil Aeronautics Authority Manual 16 contain much valuable information on the
best way of handling component strips, wiring harnesses, tie points, etc.

I

I
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systems that are expected to operate satisfactorily at very high altitudes.
Such construction generally results in considerable saving of weight

... ——-— -- -

-. . — ——
FIG. 19.11.—Bombing radar range units, top view. Example of open construction.

and space, in spite of the added weight of the pressure chamber. How-

ever, units that are constructed in this manner are generally more difficult

to service because of the necessity for breaking the pressure seal to get
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to test and calibration points. l’roblems of heat dissipation become

quite severe for closed-unit construction and may require both intrrnal

and external blowers.

.—,.,.— . .
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open-unit construction more and more practical in comparison with
closed-unit construction. To some extent these improvements in com-
ponent construction are otfset by continuing improvements in aircraft
design lvhichenable them cooperate at greater altitudes. Inallproba-
bility, closed-unit construction will continue to be preferred for modu-
lators, r-f generators (in the microwave range), high-voltage sources,
and other special units for airborne use.

FIG. 19.13.—Exarnple of closed-unit construction, Cover not shown.

19.9. Mechanical Assemblies in Electronic Apparatus. ‘—It is impossi-
ble for the designer, whether physicist or electrical engineer, to escape
the mechanical aspect in the design and construction of electronic
equipment. hfechanical responsibility in design encompasses the prac-
tical geometry of the device, the correct choice of materials, finishes,
lubrication, cooiing facilities, etc. The parts to be fabricated are designed
so that they may be made with the available facilities, and a complete set
of prints is prepared. Fundamental y, all electronic equipment is
mechanical. Since this phase of production is so important, it is advis-
able for the designer to enlist the aid of a mechanical engineer and assign
to him the mechanical aspects of the design process.

JSections and 199 and 19@0 are by A. C. Hughes, Jr., and J, T’. Holdam, Jr.
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Mechanical assemblies are divided into several classes on the basis
of the type of engineering effort necessary to protiuce each. Components,
such as resistors, condensers, etc., are mechanical assemblies; their
mechanical characteristics are given in the component specification.

‘llc machinery for maliing components is another class. The develop-

ment, of such machinery may be necessary if the design employs a new or

specially built component. Housings, holders, brackets, connectors,

tube sockets and clamps, chassis decks, front panels, terminal strips, etc.,
form a third class and are generally available from commercial manu-
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facturcrs in an adequate mechanical design. Ho~vever, when space and

lreight arc critical, it 1s usually necessary to make special designs of

some items in this class, The fourth and most important class is assem-

blies with moving parts. This class is further di~ided into electrical

~nd mechanical assemblies. For example, potentiometers, variable
resistors and condensers, motors and generators, relays, magnetic clutches,
synchros, and switches are electrical; dial and counter mechanisms, hand-
operated gear trains, servomechanism gear trains, mechanical computer
elements, and drive mechanisms are mechanical.

The design of mechanical assemblies is carried out in tht stime sequence
:1s the design of the electrical circuits. The first six steps gi~cn in the
design process in Sec. 19.6 apply almost directly to mechanical ciesign;
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Steps 7 and 8 may apply only partially; and Steps 9 and 10 apply directly.
In general, the mechanical design lags the electrical design because of the
greater time required to try out new ideas. Also, the expense of making
mistakes in the mechanical design is greater because of the shop time that
is wasted. When the mechanical characteristics cannot be synthesized,
the early stages of electrical design include some mechanical assemblies;
but they are fabricated in very crude style. The counterpart of the
electrical mockups used in the early electrical design is the mechanical
breadboard; a part of Vol. 17 of this series is devoted to the use of mechan-
ical breadboards.

The successful completion of the first six steps in the design process
supplies sufficient information on the mechanical requirements of the
unit to finish the mechanical design. If the mechanical assemblies are
at all complicated, it is advisable to make a mechanical schematic dra~v-
ing on lvhich are specified the various electrical and mechanical inputs,
the gear ratios, shaft speeds, etc. Figure 19.14 is an example of this
kind of schematic diagram.

The construction details are determined by consideration of the power
and torque requirements of the assembly and the conditions under ~vhich
the equipment must work, etc. This phase of the design is straight
mechanical engineering and is adequately covered by current engineering
literature.

19.10. Lightweight Construction.—The general circuit design con-
siderations that require emphasis when the design and construction of
a unit is to result in minimum ~veight and space have been partially
covered in Sec. 19.9. This section deals with the problem from the
standpoint of construction and points out the steps in the design process
(Sec. 19.6) where an effort toward lightweight design and construction
is most rewarding.

Presumably, the desire for lightweight construction is known from
the outset, and a great deal of progress is made in Steps 1 and 2 of the
design process. During the system and unit block diagram stages, it is
advantageous to consider the pros and cons of unit size, cabling, power
supply, and power dissipation.

Equipment serviceability, a very important characteristic, gets pro-
gressively poorer as the units are combined into larger units. Also,
large units cannot be so advantageously located as small ones, since they
require special mounting provisions. This often tends to counter-bal-
ance the reduced inter-unit cabling by requiring even longer cable runs
between the units that are used.

For a general case these arguments can be summed up as follows.
The total weight and volume of a system become progressively smaller
~s the units are combined into larger and less numerous units. The
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serviceability and flexibility of location tend to become poorer as the units
are combined into larger and less numerous units. The compromise
that is reached in any particular system depends on the system itself
and on the application for which it is designed. There is usually a best
compromise for each system, however, and reaching it requires a thorough
analysis of the variables.

l’hc next phases in the design process that require particular emphasis
in lightweight design are Steps 7, 8, and 9. During the experimental
tests and general circuit rcvieiv, particular emphasis is placed on reducing
the total amount of po}rcr that is consurnrd by the unit. operation of
the tubes at the minimum possible plate voltage and the selection of
tllhes for low heater dissipation have already been mentioned. l’here

QIN. 6
t I , 1 L

FIG. 19.15.—Delay multivihrator suh:wsenibly.

are at least two other methods by \vhich the total pofrer consumption

may be reduced. In amplifier circuits ~vhere it is necesstiry to maintain

a definite pass band, the value of the plate resistors is usllal]y det,erminetl

by stray capacity of the load and the shunt capacity of the tubes. By
employing construction techniques that minimize unwanted capacity
and by selecting amplifier tubes for minimum shunt capacity, the pass
band can be maintained even though the plate resistors are made quite
large. This materially reduces the quiescent power dissipation in an
amplifier circuit. Tubes that operate on time asymmetrical waveforms
can often be arranged in the circuit so that the tube is cut off most of the
time.

It was pointed out in the discussion of the design process (Sec. 19.1)
that efficient power-supply design requires careful consideration of
multi-bus supplies, the use of available direct current for the tube heaters,
and a careful analysis of the minimum regulation required.

Subassembly Design. —Experience at the Radiation Laboratory has
shown that a very profitable approach to lightweight design is careful
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use of the subassembly technique. The approach to this problem has
been made in two rather different ways, both based on the use of minia-
ture and subminiature tubes and very small components. Neither of
these techniques is much beyond the development stage, but prototype
models employing them have been built and show great promise in
reducing the weight and space of most units.

Figures 19.15 and 19.16 are illustrations of the “ circuit-within-a-tube”
approach to subassembly design. The advantages of this type of con-
struction are many fold. The unit can easily be hermetically sealed;
replacement of the circuit is very simple; and the performance of the
circuit can be held to close tolerance. Hermetic sealing is advantageous,

FIG. 19. 16.—Twin-T subassemblyy.

since the individual components are not required to operate over the
~vide temperature and humidity range to which the complete unit is

subjected. By filling the envelope with a dry inert gas such as helium,

heat dissipation is facilitated, leakage is reduced to the minimum, and

the possibility of voltage breakdown when the unit is operated at high

altitudes is minimized. Such a unit is changed with the same ease that

an ordinary tube is changed. Hence this type of construction increases
the serviceability of the unit. By adjusting the values of the components

to match the characteristics of the tube, during the subassembly y fabrica-

tion, the performance of the circuit can be held to much closer tolerances

than if this type of construction were not employed. The price, of

course, for this advantage is the increased cost of the subassembly; no

attempt is made by the repairman to service the subassembly itself.

The unit shown in Figure 19.16 is a twin-T filter. This unit was

produced in very large quantities for use in an amplifier of special design

that was part of an airborne radar system. The bandpass and attenua-

tion characteristics of the twin-T filter were very critical, and it would

have been impossible to guarantee satisfactory operation of the unit in

which the twin-T was employed had this type of construction not been
used. By dividing the series and shunt resistances into pairs, nonpre-
cision parts were employed, the padding resistor being selected to com-
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pcnsatc for the t,olcluncc in tlw associated resistor. This is an illustration

of application of this type of construction to obtain performance within

very close limits while using components that am not held within C1OSC

limits.

Another type of construction that holds great promise by reducing

the unit size and \veight is illustrated in Figs. 19:17 to 19.19. The unit

shown is an experimental airborne navigational range unit. It contains

50 tubes, \veighs 18 lb, and is approximately 12 by 10 by 8 in. The

details of the subassembly construction are shown in the figures. This

type of subassembly has most of the advantages, except hermetic sealing,

of the subassembly methods discussed above; it has the additional

advantage of being consicierabl y more flexible, since larger circuits can

be built on one subassembly. By building a complete functional circuit

on one subassembly, stray capacity is reduced to the very minimum;

hence maximum power”efficiency is obtained by use of large plate resistors.

In the unit that is taken as an example of this type of construction, the

subassemblies are held by grooved support guides; the dust cover keeps

the subassembly plug mated with the chassis socket. The principal

adjustments are either on the front panel or on one side, easily accessible

for maintenance or operation. Since all of the intercircuit wiring passes
through the connectors underneath the chassis, this type of construction

is admirably suited for the inclusion of many test points. Figure

19.20 is a block diagram of the complete unit Each of the various
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blocks is a separate functional circuit. Figures 19.21 and 19”22 show
the circuit and layout of one of the subassemblies.

The unit is made very compact by holding the tubes,with clips rather
than tube sockets and by mounting all of the “large” components on
one side of the terminal strip and small components on the other side.
This permits the terminal strips to be stacked very closely together on
the chassis.

FIG. 19.18.—Details of subassembly construction.

The principal disadvantage of this type of construction is the large
number of connectors that are used. Completely suitable connectors are
not commercially available. However, this type *of construction is very
promising, and it appears to be fundamentally sound. It is admirably
suited to both production and maintenance, since the subassembly
construction permits multiple independent fabrication and very easy
replacement of malfunctioning units.

19.11. Lightweight Mechanical Assemblies. I—The following discus-
sion is concerned with lightweight mechanical assemblies used in radar,
radio, and other electronics equipment. In many cases well over half
of the weight of a radar set is taken Up by mechanical assemblies such

1Section 19.11is by A. C. Hughes,Jr.
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as revolving scanners, gear trains for scope indicators, servo gear trains
in general, and azimuth and range dials, counters, etc.

One of the simplest rules in designing lightweight equipment is
to specify light materials such as alloys of magnesium and aluminum.
These lighter metals cannot replace steel and brass completely, since
shafting, bearings, some gears, cams, and general wearing surfaces may—
require the heavier

e,
metals; but framework, castings, brackets, covers,
., ,..

FIG. 19. 19. —Detds of subaswmbly construction.

spacers, handles, cranks, some gears, chassis decks, etc., can be made
from lighter metals with appreciable savings in weight.

There are two well-known factors that require careful attention when
light metals are used in conjunction with heavy metals—the difference
in coefficient of linear expansion and electrolysis.

Where there are many parts and the design is complicated, wooden
mockups or cardboard models are valuable. Seeing the design in three-
dimensional solid pieces is very helpful in making the assembly compact

F@we 19”23 shows an example of mechanical design of rather high
space-use. The device shown consists of a constant-speed motor,
speed-reducing gear unit, a slip clutch, and two p.otentiometers. Between
the two potentiometers are an end-return torsion spring, a mechanical-
end stop, and a cam and push rod to operate a Iimlt switch. The unit
weighs 32 oz and is 2 by 4 by ~ in. in size.



706 DESIGN OF ELECTRONIC APP.4RA T US [SEC. 1911

& the densitj- rises, maintenance and rcplacrmeut become mow

difficult. Subassembly methods of construction tend to alle~iate those
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difficulties for mechanical assemblies as \\-ell as for electrical asscmblit,s.

A mechanical subassembly is usually thought of as a group of parts

having no permanent mechanical connection to any other mechaniwl

parts or group of parts. Since mechanical assemblies in electronic
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equipment are usually closely related to one circuit, usually an electrical
subassembly in itself, it is often convenient to make the mechanical
assembly and the circuit one subassembly. Figure 19.24 shows an

FIG. 19.22,—Subassembly of 20-kc oscillator.

FtQ. 19.23.—Lightweight mechanical assembly.

experimental mechancial subassembly and ele~trical subassembly moun~
ing card joined in this manner. The saving in space, wire, and conneatma
is appreciable. Electrical parts can be fitted into voids and spacea af the
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mechanical unit that would otherwise not be filled. Connector problems
and the weight of connectors may be avoided by wiring all the parts of a
mechanical unit directly into the electrical unit of the same subassembly.
Where mechanical units are subassemblies by themselves, it is an advan-
tage to have them automatically plug in as they are fastened into place.

19.12. Summary .-The importance and use of specifications are
discussed. The fundamentals of temperature-rise analysis are reviewed
and equations for the cooling of open and closed apparatus by convec~ion
and forced circulation are included. A systematic design procedure and a
check list of design factors are described. Frequent reference to this list
is made in other chapters. The design and construction of lightweight,

]’lG. 1924 —Mechanical and electrical suhasscmbly.

heat-dissipation electronic apparatus is treated. Importantminimum

points covered include the following: the use of both mechani~al and

electrical subassemblies; reduction of heater dissipation; reduction of

plate voltages; normally-olf operation of’ tubes; reduction of voltage-

dividcr dissipation; provision of separate regulated screen voltages; use
of the minimum arnolmt of voltage-supply reg~dation; and elimination of
excess stray capacitance thereby allowing load impedances to be increased
without loss of bandwidth. Design and construction differences between
laboratory and commercial or military apparatus are briefly considered.
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measurement of, 461
time-derivative, 37o

Data output devices, 362–374
measurement of, 461
time-derivative, 37o

Data representation, 28, 29, 60
Data smoothing, 25

in servo loop, 347
Data transmission, 372
D-c resolvers, 110
D-c supplies, laboratory, regulated, 556-

567
Decibel phase-margin diagram, 310
Derivative feedback, 329-332
Design, detailed, 188

minimum-weight, 680
preliminary, 179
subassembly, 701–704

Design factor check list, 688-689
Design process, 11-13, 221-224,682
Design specifications, 668

USC of, 670
Detectors, 189
Dickson, L. E., 258
Diehl motors, 391, 437, 474
Differences, 55
Differential amdyzer, MIT, 89, 369
Differential equation, complete solution

of, 239-258
setting up of, 236

Differential gear, 39
Differentiation, 64-78

based on inductance, 72
with current amplifiers, 72

Differentiator, bafl-smddiek, 77
drag-type, 76
mechanical, 76
simple RC-, 64

Dimensional analysis, 247
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l)iscrlmination, 32, 42–48, 511

\vith other types of data represcntat iou,

48

l)lscriminators, 378

current, 44

voltage, 43

I)ivision, 32, 4%450
basedon Ohm’s law, 58

Doetsch, G., 227
Doherty, It. E., 257
Draper, (;. S.,245,247,341,371
Drivers, 180

resolver, 188
step-up, 188

I)u Mont I,ahoratories, Inc., Allen B.,
617

Dumore (b., The, 425
Dynatrol, 450

E

E oscilloscope, 664
Eckman, D. P., 370, 399
F;clipse-Pioneer Dwision of Bendix Avia.

tion Corporation, 364, 443, 489
EDVAC computer, 40
80 relay, 432
Electric Indicator Company, 414, 47I,

419
Electrodynamometer multiplier, 57
Electronic apparatus, design and con-

struction of, 667–708
mechanical assemblies in, 69$3700

Elements, single-purpose vs. multipur-
pose, 7

Elinco B-35 motors, 414,471
Elinco B-50 motors, 419
Elinco B-64 motors, 471
Energy-storage units, 255
ENTIAC computer, 40
Eppley Laboratory, Inc., 495
Equation, characteristic, 240

system (see System equation)
Equation solver, illustrative design of, 133
Equations, fourth-degree, roots of, 263

graphical methods for, 262
higher-degree, 262
simultaneous, solution of, 135
third-degree, roots of, 263

Error cancellation, 24
Err0rs,21–23, 186

displacement steady-state, 26o

F;rrOrs, independent linr:w,ty, 363
steady-state, 25!)

correctmn of, 341
transient, correction of, 340
velocity, 259, 342, 343

l~;vmrs,L, W,, 263
Kvcritt, Ji7.1,., 377
Exponentia]s, 122
P;yrm, N, It., 357

F

Fairchild Camera and Instrun,ent (’em.
pany, 36!)

Fccdhack, 16, 24, 54, 63, 12!}
dcrivatlvc, 329–332
\vithout high gain, 18
and implicit functions, 131
with integration, 18
Miller, 80
phase shifting by, 150
RC, velocity servo with, 487
tachometer, 32{>332

Feedback amplifier, 210
Feedback amplifier integrator using im

ductance, 83
Feedback amplifier RC-differentiator, 65
Feedback amplifier RC-integrator, 79
Feedback transfer function, 230, 266
Ferrell, E. B., 272, 298, 306, 341, 455
Field control, motors for, table of, 425

of motors, 423
Field current control of generator vult-

age, 57
Figures of merit, servo, 320
Filtering in servo loop, 347
5AJ test oscilloscope (60ACZ),626,634
5BPlcathode-ray tube, 577
5CP1 cathode-ray tube, 577, 618, 657
5CP7 cathode-ray tube, 647
5JP1 cathode-ray tube, 578, 584,603
5LP1 cathode-ray tube, 578, 595
5SP1 cathode-ray tube, 588
Fourier transformation, 231
FPE 25-9 motor, Diehl, 437, 474
Fractional Horsepower Motors, Ltd., 425
Fredrick, A. H., 347
Frequency analysis, 26&31 8
Frequency diagrams, decibel vs. log, 271

304, 328
Frequency discrimination, 46
Frequency response, 267, 376

graphical plots of. 27&292
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Frequency standards, 587
Friction, 357

Coulomb, 357
dynamic, 357
lumpy, 357
measurement of, 460
static, 357
viscous, 357, 452

Functions, generation of, 90-128
immittance, 230
implicit, and feedback, 131
miscellaneous, 120-128
system, 230

G

G synchronizer, 658, 664
Gaffney, F. J., 663, 664
Gain function, 267

with quadratic factor, 287–290
Gain marzin. 298
Galvin M~nufacturing Corporation, 641
Gardner, M. F., 22&229, 235, 241, 259
Gear ratios, 355
Gears, 55, 59

differential, 39
General Electric Company, 404, 437, 472,

503, 536, 540, 546, 548
General Electric Company, Ltd., 425
General Electronic Industries, 657
General .Motors Research Laboratory

modulator circuit, 514
General Radio Ezperzmenter, 590
General Radio Strobotac, 458
Generation of functions, 9~128
Generator voltage, field current control

of, 57
Generators, amplidyne, 437

controlled, 401, 436
crystal-controlled range mark, TS-

102/AP, 662
delayed-pulse, 591
drag cup, 75
electromagnetic, 74
induction, 75, 86
pulse, 641
sweep (see Sweep generator)
trigger (see Trigger generator)
video pulse, 593
Ward-Leonard, 401

Giannini, G, M., 368
Gibbs, Thomas B., and Company, 368,434

Gille, W. H., 397
Gillette, F. N., 664
Glow tube modes, 499
Glow tube regulator, 53o
Glow tubes, drift, 500

temperature effects on. 499
Goldstein, H., 578
Goniomcter, 105
Graeffe’s method, 257
Graham, R E., 349
Green, C. B., 504
Ground-position indicator (G1’1), 173
Guillemin, E. A,, 230
Gyroscope, 77, 78

H

H + B triangle solutions, 40
Hall, A. C., 230, 252, 263, 264, 293, 295-

297, 311, 321, 328, 341, 342, 344,
345

Harris, H,, 245, 294, 311, 312, 332, 33!1,
341, 353, 453

Harvey Radio Laboratorim, IJ,c., 658
Hazen, H. L., 321, 353
Heaviside calculus, 229, 235
Helipot, 368
Helipot Corporation, 368
Hewlett-Packard 2001) oscillator, .lfi,j
Hickman, R. 1!7., 510
Hill, W. R., Jr.f 510
Hogg, F. L., 510
Holtzer Cabot, 425
Holtzer Cabot RBD-0808 motor, 390,

423, 424
Hoover, Ltd., 425
Hoskirrs, W. M., 516
Hewlett, J., 357
Hughes, Henry, and Sons, 425
Hunt, F. V., 510
Hurewicz, W., 353
Hydraulic devices, 397
Hydraulic wrvos, 398
Hysteresis, 75, 360

I

Identity operations, 32, fXH3
Impedance, 60, 130

change of, 61
internal, of VR tube, 530
nonlinear, 503
regulator output, 527, 531
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Implicit-function loops, stability in, 21
Implicit-function techniques, 15
Inertia,452

measurement of, 455
Input function, 234, 235
Inspection te~ts of servos, 462
Integral controllers (se. Controllers,

integral)
Integration, 78-89

based on inductance, 82
in spheri;al coordinates, 190-212
multiplication by, 56
with respect to dimension other than

time, 86
of voltage with respect to time, 83

Integrator, ball-and-disk, 8S, IN)
electrolytic, S9
feedback amplifier, using indu~tallcc,

83
mechanical, 88
using tachometers, 83
velocity servo, 84
watt-hour rectors as, 87

Integrator systcm operation, 1!)4
Integro-differentii~l functions, 126

J

Jofeh, 1,., 332, 339, 357, 35!)

1(

Keller, E. G., 257, 258, 355
Kollsman Instrument Division of Sauare

D Company, 366, 367, 371 ‘
Kreezer, G. L., 354
Kryloff, N., 355

L

Lambert’s law, 122
Lampson, C. W., 518
Laplace transform pairs, 228
Laplace transformation, 226
Lauer, H., 272
Lawson, J. L., 563
Lawson regulator, 562
Lear, Inc., 404
Lef%bed)er, P., 355
Lee, Y. W., 269
Leeds and Northrup vibrator, 514
Le]and aircraft inverter, 544

Lesnick, R., 272
Level, 60
Levers, 39, 55
Levinson, N., 350
Lightweight apparatus, 679
Lightweight constructmn, 70&708
Limit switches, 403
Linear-sweep delay, 5$)1
Linear system, 23&239
Linearity error, independent, 3(;3
Linkages, 104
Lissajous figure, 57!)
Liston, M. L)., 514
I.iu, S., 258
Liu, Y. ,J., 263
I,oading, 130
Log bridges, 124
Logarithmic function \v,tl)dmlcs, 125

Logarith]rls, 55, 122

Loop gain, 375
cha-ugcs in, 345

Loran plotting hoard, 165

J1

Mac(kdl, I.. .1., 230, 235, 272, 341, 354,
434

McLachlan, X. \\”.,227, 22!)
Magnesyn, 364
Mandelatam, L., 355
MIT differential analyzer, 89, 369
MIT Instrumentation Laboratory, 365
MIT Servomechanisms Laboratory, 472
Matson, L. E., 272
Mayer, P. E., 401
Mazda lamps, 502
Measurement standards, 574
Mechanical assemblies in electronic ap-

paratus, 69%700
Mechanical devices, addition with, 39

subtraction with, 39
Mercury-contact relay, 432
Merrirnan, M., 257
Michel, J., 357
Micrupot, 368
Microswitch Company, 404
Microsyn, 365
Microtorque potentiometer, 368
Miller feedback, 80
Minneapolis-Honeywell (‘-l automatic

flight control, 3’37
.Minneapolis-Honeywell motor, 5:2

.
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hfill)]{:a])(jlis-l Ir,ll{,y\vt,llILegljl:l,tor ( ‘0]11.
parry, 369

hlinorsk,v, X,, 342, 353, 355
Jfodel 2 synchrmcopc, 663
Model 5 synchroscope, 602–611
Modulator circuit, General Motors lie-

search Laboratory, 514
Modulator equating circuits, 514
\’modulators,53, 37>386

condenser, 44, 57, 516
switch-type, 43, 37!3

\Ionitor, TltE gc]leral-I>tlrl~t,sc,652-6.57
YIorack, 31. If , 409
}Iotor tcmpcraturc, mcasllremrnt of,

460

Ilotor time constant, 461
Ilotors, 38&400

:\-c, relay rwutrol of, 445
smturablc reactor control of, 44o
vacuum-tube control of, 437

1)-35, Elinco, 414, 471
13-50, Elinco, 419
(’K-1, lkmdix-Pioneer, 449
(’K-5, Bendix-Pioneer, 392, 479
Crosley Dynatrol, 450
d-c, control of, 400

relay control of, 427
thyratron control of, 405–417
vac~lunl-tube control of, 417–427

Dirhl, 3!)1
for ti(~l,lcontrol, tihlr of, 42.5
fit,lcl-col~trollc(l,389, 423
lrPE 25-!), Diehl, 437
impulse, 449
measurement of, 452
NSH-12, Boriine, 420
permanent-magnet, 389
PM-1-M, 414
repu]sion, 393
series, 388
shaderf pole, 393
shunt, 389
singlr-phase, 393
split-phase, 393
split-series, 388

control of, 418
step, 449
synchronous, 392
two-phase induction, 390
universal, 393

\foulic, W., 370
Xloyer. E. E,, 401
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Nfultlplication, 32,48-60
by integration, 56
Il]cchanical methods of, 59
nonlinea rmethodsof, 55
based on Ohm’s law, 58

hlultipliers, 48
electrodynamometer, 57
linkage, 59, 60
probability, 59
sector, 59
time coincidence, 59

31ultivibrator, delay, 591
Mu-Switch Company, 404
Muter Corporation, 369

x

Navy Bureau of Ships, 658, 664
Navy Department, Bureau of .*rro-

nautics, 617
Networks, parallel impedance, addition

using, 32
,\”ichols, X. B,, 272, 291, 3531 354
Xilsen Company, P. J., 37o
902 cathode-ray tube, 577
.N-onlinearelements, 55

construction of, 91
Nonlinear functions with simple rlr.

ments, 93
.Von[inear 3 lechanics, 355
Nonlinear methods of multiplication, 5.5
Nonlinear positioning, 372
Nonlinearity in servo systems, 35W355
hTSH-12 motor, Bodine, 420
h’yquist, H., 295
N’yquist diagram, 270

0

Ohm’s law, division based on, 58
multiplication based on, 58

102-A test set, 663
Operational methods, 226
Operations, grouped, 129-171

speed of, 25
Operators, 230
Oregon Electronics Manufacturing Com-

pany, 555
Oscillation dampers, 332-341
Oscillatorcircuit, 180

uae of thermistors in, 547
oscillators, 188, 596

bridge, constant-voltage, 546
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Oscillators, feedback, constant-frequency,
547

regulated a-c, 54Ii
relaxation, 355
timing, 588
200D, Hewlett-Packard, 465

Oscilloscope, cathode-ray, 576
E, 664
general-purpose, 657

TS 239/UP, 657
for potentiometer testing, 647–652
Q (see Q oscilloscope)
T&34/AP, 611–617, 664
TS-34A/AP, 611
TS-100/AP, 62G635
TS-262A/TPS-10, 663

C)ster, John, Mfg. Co., 425

P

P1 cathode-ray tube screen, 578
P4 synchroscope, 59>602

revised model, 663
P413 aymchroscope, 663

high gain video amplifier for, 600, 663
P5 cathode-ray tube screen, 578
P7 cathode-ray tube screen, 578
1’11 cathode-ray tube screen, 578
Papalexi, N., 355
Parabolic-\vaveform method, 144
Parameters, nondimensional, 244

relational, 244
Pearson, G. L., 504
Performance analysis, 185
Perkins, G. S., 356
PH variable trigger-delay unit, 659
Phantastron, 591, 652
Phase advance, 322
Phase detectors, 37$386
Phase discrimination, 47
Phase function, 267
Phaae margin, 298
Pha~margin diagram, 317

decibel, 310, 328
Phase shifting by feedback, 150
Pha~ahifting condensers, 370
Phase system, minimum, 293
Philharmonic Radio Corporation, 602
Phillips, R. S,, 321
Pitometer Log Corporation, 489
Pltot marine log system, 488
Plan-position indicator (see PPI)

PM-l-M motors, 414
Pneumatic devices, 397
Porter, A., 357
Potentiometer testing, oscilloscope for.,

647–652
Potentiometers, 48, 55, 91, 183, 367--

369, 461
cascaded, 93
cosine, 111
ganged, 93
linear, curve fitting with, 95
loaded, 94

analysis of, 95
RL-270, 369
RL-274, 369
sine, 55, 111, 162

RL 11-C, 465
RI. 14, 112

Power-control circuits, full-walre and
half-wave, comparison of, 40]

Power control elements, 51%522
Power devices, 38&400
Power dissipation, reduction of, 26, 27
Power supply, 602, 610,617, 626, 651
PPI with range and azimuth markers, 17,5
PPI follow-up servo, 471–475
Precision, 22
Preisman, A., 355
Probability multiplier, 59
Probe, cathode-follower, 586

electronic, 662
voltage-divider, 586

CAOR-62142, 664
Puckle, O. S., 580
Pulse counts, addition of, 40

subtraction of, 40
Pulse digital computers, 40
Pulse generators, video, 593
Pulse test equipment, 573-664

development and design of, 573-593
practical designs for, 594–664

Q

Q oscilloscope, TON-lBL, 657, 664
TON-lGA, 657, 664

Quantity, representation of, 27-31
Quinn, C. E., 514

R

Radar beacons, AAT/CPNT-3, test
equipment for, 657
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Radar beacons, YJ, test equipment for,
657

YM, test equipment for, 657
YK, test equipment for, 657

Radar mile, 590
Radar test equipment, 573

characteristics of, 57*593
Radar test oscilloscope designs, practical,

594–664
Radar training device, 190
Radar yard, 590
Radiation, 674
Radio Corporation of America, 516
Range calibrator, II, 664

III, 635–641
Range circuit, 617, 623
Range scope, 25&A, 617

25*B A/R, 617–626
Raytheon Manufacturing Company, 540
RBD-0808 motor, Holtzer Cabot, 390
RC-differcntiator, cathode-follower type,

70
feedback amplifier, 65

HC feedback, velocity servo with, 487
R(7 integrating circuits, 78
RC-integrator, feedback amplifier, 79

simple, 78
Reactors, saturable, 021

a-c control with, 440
Rectifiers, 182
Reference elements, 494–507
Regeneration, 82,295
Regulator circuits, 52*570
Regulator control elements, 51%522
Regulator design, practical, 52~570
Regulator elements, 49*522
Regulator stability considerations, 533
Regulators, 218, 235

a-c, simple, 528
Brown servo-operated, 542
carbon pile inverter, 545
combination of, 527
compensating networks for, 509
current, 49%570
d-c, miscellaneous, 567

simple, 529
design considerations for, 523
electromechanical, 541
electronic degenerative, 531
glow tube, 530
high-voltage, 568
Lawson, 562

Regul&tors, mechanical degenerative, 534
saturable transformer, 535
servo-operated, 542
stability of, 493
voltage, 49*570
VR-tube, simple, 567

Reich, H. J., 377, 409, 413, 451
Relaxation oscillators, 355
Relay, D-168479, Western Electric, 432

type 80, 432
Relay control of a-c motors, 445
Representation, change of, 62, 129
Resistors, nonlinear, 55
Resolution, 363
Resolver drivers, 188
Resolver servo, 188, 47+480
Resolver servo system, 345
Resolvers, 55, 105, 162, 183, 203

a-c, 106
Arms, 475
d-c, 110
loaded-potentiometer, 164

Response curves, nondimensional, 247
R-f envelope indicator, 663
Ridenour, L. N., 518
Right-triangle solution, curve fitting

method of, 143
phase shift method of, 149
squaring method of, 138
waveform method of, 144

RL 5 synchroscope, 663
RL 11-C sine potentiometer, 465
RL 14 sine potentiometer, 113
RL-270 potentiometers, 369
RL-274 potentiometers, 369
Roberts galvanometers, 517, 518
Robinson, G., 258
Roots, 120, 121
Rosenfeld, S., 516
Russell Electric Company, 546

s

Sack, H. S., 494
Sampling circuits, 507–51 1
Sanatron, 653
Sargent, W. E., 514
Scale, change of, 61
Scale factors, 27, 60, 130, 184
Scarborough, J. B,, 258
Schliestett, G. V., 245, 247
Scophony, Ltd., 425
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Scotch yoke, 117
Scott, G. G., 514
%cant, inverse, 119
Secant approximation, 102
SectOr multipliers, 59
Series sources, 35

addition with, 35
subtraction with, 35

Servo acceleration, 356
Servo accuracy, 320
Servo accuracy considerations, miscel-

laneous, 35>361
Servo design techniques, 221–224
Servo experimental techniques and meas-

urements, 451–467
Servo figures of merit, 320
Servo loop, data smoothing in, 347
Servo stability, 320
Servo-system performance, correction of

321–345
(See also System performance)

Servo systems, block diagrams of, 232–234
complete, tests of, 462–467
nonlinearity in, 35W355
special, 468-489

Servo theory, 225-361
Servomechanism design procedure, ir,-

troduction and summary of, 21>224
Servomechanisms, 23, 215

general principles of, 215
use of, in computers, 23

Servos, 23, 181,208
acceleration, 398
airborne radar antenna-control) A&”/

APA-46, 434
AN/APG-5 range follow-up, 468–471
design of, by experimental techniques,

224
hydraulic, 398
instrument, 219
nonlinear, 219
power, 219
PPI follow-up, 471–475
range-tracking calibrator, 421
resolver, 188, 475-480
thyratron, 468
thyratron velocity, 485
variable-gain, 475
uses of, 217
velocity (see Velocity servos)

Severinghaus, J. W,, 663
Shanely, F., 397,404

Sharp, 11. S.,258
Sickles circular sweep transforn,er, 634
Sickles Company, F. W., 635
Signal amplifier, 600
Signal channel, 596, 612, 620, 628, 637,

642, 652
Signal Corps Dayton Procurement office,

626, 641
Signal input circuits, 604
Signal mixing, 587
Silverstat, 428
Sine potentiometers, 162
6AS7-G tube, 418, 520
Size, reduction of, 26,27
Smith, E. S.,227–229, 247,257, 370,399
Smith, F. I,., 377
Sobczyk, A., 291
Sohon, H.,247
Sola Electric Company, 54o
Space cams, 59
Sparrow, H. T.,397
Speed, measurement of, 458
Square root approximation, 103
Squares, 55
Stability, 25, 295, 305

servo, 320
Stability margins, 305
Step displacement, 235
Stiction, 357
Stroboscopic disk, 459
Strobotac, 458
Subtraction, 32, 35

with mechanical devices, 39
of pulse counts, 40
with series sources, 35
bysimple vacuum-tub ecircuits, 41
with synchros, 36

Subtraction circuits, 511
Sweep, circular, 628
Sweep calibrator, B, 663

B-8127, 659
c, 661

Sweep circuits, 599
Swccp generator, 595,603,611,614,618,

626, 642,647
Sylvania Electric Products, Inc., 5!)5, 602
Synchronizer, G, 658,664
Synchros, 49, 55, 364, 461

~ddition tvith, 36
subtraction with, 36

Synchroscope, 641, 657, 65!)
model, 2, 663
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Syucl,rw.up,., m,~(lel 5, 602–61 1
P4, 595+602

revised model, 663
P4-E, 663
RL model 5, 663
TS-28/UPN, 657

System equation, 236-239
part solutions of, 258-264
short-cut methods of, 258–264

System performance, evaluation and cor-

rection of, 31%361
special problems of, 31%36 1

T

Tachometer feedback, 32%332
Tachometer ripple, 462
Tachometer test card, 458
Tachometers, 370, 483

commutated condenser, 76, 86, 370
electrical, 74
induction, 370
integrators using, 83

Tangent, inverse, 119
Tangent approximation, 101
Tape wheels, 59
Technical Apparatus Company, 634
Telecommunication Research Establish-

ment, 652
Telegon, 366, 367
Teleplotter, 369
Temperature coefficients, 33
Temperature compensation, 27
Temperature-rise analysis, 673-679
Terman, F. E., 377, 381, 451, 467
Test equipment, 573

pulse (see Pulse test equipment)
radar (see Radar test equipment)
video, 573

Test equipment signal channels, 583
Test oscilloscope, TS 126/AP, 641–647

TS 262/TPS-10, 658
Test oscilloscope (60ACZ), 5 AJ, 626, 634
Thermistors, 504

use of, in oscillator circuit, 547
[11 range calibrator, 63S641
3AP1 cathode-ray tube, 577
3BP1 cathode-ray tube, 577
3DP1 cathode-ray tube, 578, 626, 636
3EP1/1806 cathode-ray tube, 577
3PB1 cathode-ray tube, 658
Th.vratron characteristics, 405

Thyrd mn rontrol of (1-c )]]olor~, 105-117
Thyratron deionization tin,e, 405
Thyratron servos, 468
Thyratron tubes, characteristics of, tablo

of, 410
Thyratmn velocity servo, 485
Thyratrons, 521
Thyrite, 503, 548
Time coincidence multiplier, 59
Time delays, addition of, 39
Time-interval discrimination, 47
Time-modulation circuit, 189, 591
Time standards, 587
Timing standard, 596, 604, 613, 619, 625,

642
Tolerances, 21–23

definition of, 22
TON-lBL Q oscilloscope, 657, 664
TON-lGA Q oscilloscope, 657, 664
Torque, measurement of, 456
Torque Amplifier, 443
Torque Unit, 443
Tracking, 174
Transconductance bridge, 532, 570
Transfer functions, 230-232, 266

feedback, 230, 266
Transfer locus, 270
Transformations, 157–171, 226

bipolar to rectangular, 169
coordinate, 477
Fourier, 231
Laplace, 226
mathematical expression of, 158
polar to rectangular, 160
rectangular to polar, 160
special coordinate, 165

Transformers, saturable, 44o
Sickles circular sweep, 634

Transient analysis, 225+265
Transmission ratio, 230
Transient error, correction of, s40
TRE general-purpose monitor, 652457
Triangle sulution, curve-fitting methods

for, 143
H+ B,40
phase-shift, 149

Triangle solver, 189
algebraic, 137
parabolic-sweep, 139

Triangle solver, phase-shift, 182
using resistance squaring and bridge,

139
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Triangle solving using elect ronic multi-
plication, 140

Trigger-delay unit, variable, model PH,
659

Trigger generator, 587, 596, MM, 619,
628, 637, 642

Trigonometric functions, 55, 104–120
inverse, 118

TS-28/UPN synchroscope, 657
TS-34/AP, oscilloscope, 611+17, 664
TS-34A/AP, oscilloscope, 611
TS-51 /APG-4 test set, 663
TS- 100/AP, oscilloscope, 62~635
TS-102/AP crystal-controlled range mrwk

generator, 66”
TS-126/AP test oscilloscope, 641-647
TS-239/UP general-purpose oscilloscope,

657
TS-262/TPS-10 test oscilloscope, 658
TS-262A/TPS-10 oscilloscope, 663
Tube, cathode-ray (see C’nthode-ray

tube)
glow, 495
reference, Victoreen filament-type, 502
6AS7-G, 418, 520
VR (see VR tube)

Tuning forks, 548
II range calibrator, 664
2API cathode-ray tube, 577, 611, 641,

657
200D oscillator, Hewlett-Packard, 465
256-A range scope, 617

256-B A/R range scope, 617-626

u

United Cinephone Corporation, 626
U.S.War and Navy Departments, 663,664

v

Vacuum-tube control of a-c motors, 437
of d-c motors, 417-427

Vacuum tubes, thermionic, as reference
elements, 506

Van der Pol, B., 355
Van Driest, E. R., 247
Variable gear ratio, 59
Variables, interchange of, 20
Variation, de6nition of, 22
Varigear, 59

Varistor, Western Electric, 503,548
VCR-97 cathode-ray tuhe, 652
Vectors, two-dimensional, 157–171
Velocity error coefficient, 463
Velocity servo, 199, 205, 220, 480-489

with a-c amplifier, 487

with Z?C feedback, 487

Velodyne, 424, 488

Vibrator, Brown Converter, 5]4

Leeds and Northrup, 514
Victoreen filament-type referenre tllhc,

502
Victoreen Instrument Compnn y, 502
Video amplifier, 584, 604, 610, 620, 626,

628, 637, 642, 652
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